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INTRODUCTION 


Expository books on the theory of Lie groups generally confine 
themselves to the local aspect of the theory. This limitation was 
probably necessary as long as general topology was not yet sufficiently 
well elaborated to provide a solid base for a theory in the large. These 
days are now passed, and we have thought that it would be useful to 
have a systematic treatment of the theory from a global point of view. 
The present volume introduces the main basic principles which govern 
the theory of Lie groups. 

A Lie group is at the same time a group, a topological space and a 
manifold; it has therefore three kinds of “structures,” which are 
interrelated with each other. The elementary properties of abstract 
groups are by now sufficiently well known to the general mathematical 
public to make it unnecessary for such a book as this one to contain a 
purely group-theoretic chapter. The theory of topological groups, 
however, has been included and is treated in Chapter II. The great- 
est part of this chapter is concerned with the theory of covering spaces 
and groups, which is developed independently from the theory of 
paths. Chapter III is concerned with the theory of (analytic) mani- 
folds (independently of the notion of group). Our definition of a 
manifold is inspired by the definition of a Riemann surface given by 
H. Weyl in his book “Die Idee der Riemannschen Flache”; it has, 
compared with the definition by overlapping system of coordinates, the 
advantage of being intrinsic. The theory of involutive systems of 
differential equations on a manifold is treated not only from the local 
point of view but also in the large. In order to achieve this, a defini- 
tion of the submanifolds of a manifold is given according to which a 
submanifold is not necessarily a topological subspace of the manifold 
in which it is imbedded. 

The notions of topological group and manifold are combined 
together in Chapter IV to give the notions of analytic group and Lie 
group. An analytic group is a topological group which is given a 
priori as a manifold; a Lie group (at least when it is connected) is a 
topological group which can be endowed with a structure of manifold 
in such a way that it becomes an analytic group. It is shown ‘that, if 
this is possible, the manifold-structure in question is uniquely deter- 
mined, so that connected Lie groups and analytic groups are in reality 
the same things defined in different ways. We shall see however in 
the second volume that the difference becomes a real one when complex 
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analytic groups are considered instead of the real ones which are 
treated here. 

Chapter V contains an exposition of the theory of exterior differen- 
tial forms of Cartan which plays an essential role in the general 
theory of Lie groups, as well in its topological as in its differential 
geometric aspects. This theory leads in particular to the construction 
of the invariant integral on a Lie group. In spite of the fact that this 
invariant integration can be defined on arbitrary locally compact 
groups, we have thought that it is more in the spirit of a treatise on Lie 
groups to derive it from the existence of left invariant differential 
forms. 

Chapter VI is concerned with the general properties of compact 
Lie groups. The fundamental fact is of course contained in the state- 
ment of Peter-Weyl’s theorem which guarantees the existence of 
faithful linear representations. We have also included a proof of 
the generalization by Tannaka of the Pontrjagin duality theorem. A 
slight modification of the original proof of Tannaka shows that a 
compact Lie group may be considered as the set of real points of an 
algebraic variety in a complex affine space, the whole variety being 
itself a Lie group on which complex coordinates can be introduced. 

The second volume of this book, now in preparation, will be mainly 
concerned with the theory and classification of semi-simple Lie Groups. 

In preparing this book, I have received many valuable suggestions 
from several of my friends, in particular from Warren Ambrose, 
Gerhardt Hochschild, Deane Montgomery and Hsiao Fu Tuan. I was 
helped in reading the proofs by John Coleman and Norman Hamilton. 
I have also received precious advice from Professor H. Weyl and 
Professor[^S. Lefschetz. To all of them I am glad to express here my 
deep gratitude. 


C. C. 
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Some Notations Used in This Book 


I. We denote by 0 the empty set, by {a} the set composed of the 
single element a. 

If / is a mapping of a set ^4 into a set B, and if X is a sub-set of B, 

. -1 

we denote by / (X) the set of the elements aeA such that/(o)€X. If g 
is a mapping of B into a third set C, wc denote hy g of the mapping 
which assigns to every atA the element gif{a)). 

We use the signs w, to represent respectively the intersection 
and the union of sets. If Ea is a colleetion of sets, the index a running 
over a set A, we denote by Ua.A Ea the union of all sets Ea and by 
their intersection. We denote by 5,/ the Kronecker symbol, 
equal to 1 if f = j and to 0 if i 9 ^ j. 

II. If G is a group, we call “neutral element” the element e of (? 
such that «r = <r for every o-eG. 

We say that a sub-group // of 0 is “distinguished” if the conditions 
<reG, reH imply TaT~^eII. 

If <r = (o„) represents a matrix, the symbol |(r| 
determinant of the matrix; dpa stands for the trace of the matrix. 

If 21?, 2? are vector spaces over the same field K, we call product 
of 21? and 2?, and denote by 21? X 2?, the set of the pairs (e, f) with 
6621?, f62?, this set being turned in a vector space by the conventions 
(e, f) -H (e', f') = (e + e', f -b f ) 

a(e, f) = (oe, of) for ckK. 

III. Topology. We call topological spaces only the spaces in which 
Hausdorf separation axiom is satisfied. 

A neighbourhood of a point p in space 35 is understood to be a set 
N such that there exists an open set U such that p&U N; N need 
not be open itself. 

The adherence A of a set A in a topological space is the set of 
those points p such that every neighbourhood of p meets A. Every 
point of A is said to be adherent to A. We shall make use of the 
possibility of defining the topology in a space by the operation A — ^ A 
0 / adherence (cf. Alexandroff-Hopf, Topologie, Kap. 1). 

Intervals. If a and b are real numbers such that o ^ 6, we denote 
by ]o, b[ the open interval of extremities a and b. We set ]a, 6] = 
]o, 6[w {6), [a, b[ = ]o, 6[w {a}, [a, 6] = ]a, 6[w {a} w {b}. 


an stands for the 



CHAPTER I 


The Classical Linear Groups 

Summary. Chapter I introduces the classical linear groups whose study 
is one of the main objects of Lie group theory. The unitary and orthogonal 
groups are defined in §1, together with a series of other groups. Their funda- 
mental property of being compact is established. 

Section II is concerned with the study of the exponential of a matrix. 
The property for a matrix of being orthogonal or unitary is defined by a 
system of non-linear relationships between its coefficients; the exponential 
mapping gives a parametric representation of the set of unitary (or orthogonal) 
matrices by matrices whose coefficients satisfy linear relations (Cf. Proposi- 
tion 5, §11, p. 8). The reader may observe that the spaces M*, 

which are introduced on p. 8 all contain YX — XY whenever they 
contain X and Y. Although we could have given here an elementary expla- 
nation of this fact, we have not done so, on account of the fact that the 
full importance of this result can only be grasped much later (in Chapter IV). 
In the cases of the orthogonal and unitary group, the linearization can also 
be accomplished by the Cayley parametrization (which we have not intro- 
duced); however, the exponential mapping is more advantageous from our 
point of view because it preserves some properties of the ordinary exponential 
function (Cf. Proposition 3, §IV, p. 13). 

Sections III and IV are preliminary to the result which will be proved 
in Section V (Proposition 1, p. 14). Hermitian matrices are defined in 
terms of the unitary geometry in a complex vector space (unitary geometry 
is defined by the notion of hermitian product of two vectors, just as euclidean 
geometry can be defined in terms of the scalar product). Proposition 2, §III, 
p. 10 shows that the unitary matrices are the isometric transformations of 
a unitary geometry. 

The proposition which asserts that the full linear group can be decomposed 
topologically into the product of the unitary group and the space of positive 
definite hermitian matrices (Proposition 1, §V, p. 14) is the prototype of the 
theorems which allow us to derive topological properties of general Lie groups 
from the properties of compact groups. A similar decomposition is given 
for the complex orthogonal group (Proposition 2, §V, p. 15). 

Sections VI and VII are preliminary to the definition of the symplectic 
groups. The symplectic group is defined to be the group of isometric trans- 
formations of a symplectic geometry (Definition 1, §VII, p. 20). In §IX, we 
construct a representation of Sp{n) by complex matrices of degree 2n. The 
consideration of the conditions which the matrices of this representation 
must satisfy leads to the introduction of a new group, the complex symplectic 
group *Sp(n, (7). It can be seen easily that <8p(n, C) stands in the same rela- 
tion to Spin) as GL(n, G) to C/(w) or as 0(n, C) to 0(n). A proposition 
of the type of Proposition 1, §V, p. 14 could be derived without much diffi- 
culty for iSp(n, C). However, we have not found it necessary to state this 
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2 THE CLASSICAL LINEAR GROUPS [Chap. I 

proposition, which is contained as a special case of a theorem proved later 
(Corollary to Theorem 5, Chapter VI, §XII, p. 211). 

§1. The Full linear Group and Some of Its Subgroups 

The n-dimensional complex cartesian space (7" may be considered 
as a vector space of dimension n over the field C of complex numbers. 
Let Ci be the element of (7" whose i-th coordinate is 1 and whose other 
coordinates are 0. The elements Ci, • • • , e» form a base of (7” 
over C. 

A linear endomorphism a of (7" is determined when the elements 
a^i = are given. There corresponds to this endomorphism 

a matrix (a<,) of degree n; we shall denote this matrix by the same 
letter a as the endomorphism itself. Conversely, to any matrix of 
degree n with complex coefficients, there corresponds an endomorphism 
of C”. 

Let a and /3 be two endomorphisms of (7", and let (atj) and (6„) 
be the corresponding matrices. Then a o /S is again an endomorphism, 
whose matrix (cf,) is the product of the matrices (oj,) and (6 ,-,) ; i.e. 

( 1 ) ~ 

We shall denote by 9Iln(C) the set of all matrices of degree n with 
coefficients in (7. If (o<,)s9Tl„(C), we set 6j+(,_j)n = and we associate 
with the matrix (a,-,) the point of coordinates 6i, • • • , in C”’. We 
obtain in this way a one-to-one correspondence between 9Tl„((7) and 
C"*. Since (7'*’ is a topological space, we can define a topology in 
31l«(C) by the requirement that our correspondence shall be a homeo- 
morphism between 9Tl„(C) and C"’. 

Let (S be any topological space, and let ^ be a mapping of (S into 
3En((7). If <e@, let aij(t) be the coefficients of the matrix <p(t). It is 
clear that <p will be continuous if and only if each function a„(0 is 
continuous. 

It follows immediately from this remark and from the formulas 
(1) that the product or of two matrices <t, r is a continuous function 
of the pair (<r, r), considered as a point of the space sni„(C') X 9Tl»(C). 

If a = (oij), we shall denote by *a the transpose of a, i.e. the matrix 
(aj,), with a'ij = a,i. We shall denote by a the complex conjugate 
of a, i.e. the matrix 5 = (a<,). It is clear that the mappings a —**a, 
a — » a are homeomorphisms of order 2 of SIE„(C) with itself. If a and 
/3 are any two matrices, we have 


‘(a/S) = ‘/3‘a ap = 5^ 
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A matrix c will be called regular if it has an inverse, i.e., if there 
exists a matrix a~^ such that = (r“V = €, where e is the unit 
matrix of degree n. A necessary and sufficient condition for a matrix r 

to be regular is that its determinant 0 be 9 ^ 0. 

If an endomorphism a of maps C” onto itself (and not onto 
some subspace of lower dimension), the corresponding matrix <r is 
regular and <r has a reciprocal endomorphism 
If O’ is a regular matrix, we have 

= (v)~i ^-1 = 

If O’ and r are regular matrices, err is also regular and we have 

(o-r)""^ = 

It follows that the regular matrices form a group with respect 
to the operation of multiplication. 

Definition 1. The group of all regular matrices of degree n with 
complex coefficients is called the general linear group. We shall denote 
it by GL(ny C), 

Since the determinant of a matrix is obviously a continuous func- 
tion of the matrix, GL(n, C) is an open subset of 2nin(C). We may 
consider the elements of CrL(n, C) as points of a topological space, 
which is a subspace of 9Tln(C'). 

If <7 = (a<;) is a regular matrix, the coefficients of are given 
by expressions of the form 

hii = 

where the ily’s are polynomials in the coefficients of <t. It follows 
that the mapping tr <r“* of GL{n, C) onto itself is continuous. Since 
this mapping coincides with its reciprocal mapping, it is a homeo- 
morphism of order 2 of GL{n, C) with itself. 

The mappings a — *9 and a —**<t are homeomorphisms of GL{n, C) 
with itself. The first but not the second is also an automorphism of 
the group GL(n, C). 

If <reGL{n, C), we shall denote by <r* the matrix defined by the 
formula 

ff* = ‘cr~‘ 

We have 

{(tt)* = <x*T* ((T*)-1 = 

Hence, the mapping <r — ♦ a-* is a homeomorphism and an automorphism 
of order 2 of GL{n, C). 
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Definition 2. A matrix a is said to be orthogonal if <r = 9 = a*. 
The set of all orthogonal matrices of degree n mil be denoted by 0{n). 
If only a = a*, a is said to be complex orthogonal; the set of these matrices 
will be denoted by 0{n, C). If only 9 — a*, a is said to be unitary. The 
set of all unitary matrices will be denoted by U(n). 

Since the mappings <r — » and a —* a* are continuous, the sets 
0{n), 0{n, C) and U{n) are closed subsets of GL{n, C). Because 
these mappings are automorphisms, 0{n), 0(n, C) and U{n) are sub- 
groups of GL{n, C). We have clearly 

0(n) = 0(n, C) ^ U{n). 

Definition 3. We shall say that the matrix a is real if its coefficients 
are real, i.e. if a = 9. The set of all real matrices of degree n will be 
denoted by 2ITl„(J2). The set '3fl„{R) GL(n, C) will be denoted by 
GL{n, R). 

Therefore, we have also 

0(n) =GL(n, R) ^ 0(n, C) 

The determinant of the product of two matrices being the product 
of the determinants of these matrices, it follows that the matrices of 
determinant 1 form a subgroup of GL{n, C). 

Definition 4. The group of all matrices of determinant 1 in GL(n, C) 
is called the special linear group. This group is denoted by SL(n, C). 
We set SLin, R) = SL{n, C)^GL{n, R);SO{n) = SLin, C) ^ 0{n)\ 
SU(n) = SL(n, C) ^ U{n). 

It is clear that SL{n, C), SL{n, R), SO(n), SU{n) are subgroups 
and closed subsets of GL{n, C). They may be considered as subspaces 
of GL{n, C). 

Theorem 1. The spaces U(n), 0{n), SU{n) and SO{n) are compact. 

Since 0(n), SU{n) and SO{n) are closed subsets of U{n), it is 
sufficient to prove that U{n) is compact. A matrix a is unitary if 
and only if = e, where e is the unit matrix (in fact, this condition 
implies that a is regular and that o-* = 9). If er = (a<,), the equation 
‘vff = € is equivalent to the conditions 

'Z^ajidik = hik 

Since the left sides of these equations are continuous functions 
of a, U(n) is not only a closed subset of GL(n, C) but also of 9Il„(C). 
Moreover, the conditions ^,a,id,i — 1 imply lo,-,| ^ 1(1 ^ i, j ^ n). 
It follows that the coefficients of a matrix azUin) are bounded. If we 
take into account the homeomorphism established between 9Il„(C') 
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and C”’, we see that XJ (n) is homeomorphic to a closed bounded subset 
of O'"*. Theorem 1 is thereby proved. 


§11. THE EXPONENTIAL OP A MATRIX 

Let a be any matrix of degree n, and let be an upper bound 
for the absolute values of the coefficients x,v(a) of a. Let Xif’(a) be 
the coefficients of a’’(0 ^ p < <» ; we set a® == e = the unit matrix). 
We assert that lXif’(a)l ^ (n/t)*’. This is true for p = 0. Assume 
that our inequality holds for some integer p ^ 0 ; then 

lx|?'*‘^’(a)| = (a)x*,(a)| ^ 


which proves that the inequality holds for p + 1 . 

It follows that each of the n* series converges uni- 

formly on the set of all a such that |xjX«)| ^ M- In other words, the 
ct cc^ oc^ 

series + '''is always convergent, and 


uniformly so when a remains in a bounded region of the set 3Tl„(r'). 


Definition 1. 


We denote by exp a the sum of the series 


sy — , a” 

® p! 


The function exp a is thus defined and continuous on 9Tl„(C) and 
maps SKnCC) into itself. 

Proposition 1. If <r is a regular matrix of degree n, then 


exp (tra<r ') = <r(exp a)<r ^ 

In fact, we have o-aV"* = and hence exp (o-a<r“*) = 

^ <r-i = <7 ^Sy ^ = ( 7 (exp a)<r-K 

Proposition 2. // Xi, • • • , X„ are the characteristic roots of a, each 
occurring a number of times equal to its multiplicity, the characteristic 
roots of exp a are exp Xi, • • • , exp X„. 

We shall prove this by induction on n. It is obvious for n = 1 , 
because then a is a complex number. Now, assume that n > 1 and 
that the proposition holds for matrices of degree n — 1. 

Let Xi be a characteristic root of a; then there is an element a 5 ^ 0 
in C" such that aa = Xia. Let Ci be the point whose coordinates are 
1, 0, • ' • , 0. Because a 5 ^ 0, there exists a regular matrix a such 
that <ra = Cl. Then ffa<r~*ei = Xci; in other words. 
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<raff * = 


/Xi 

0 


(d) 



where the *’s indicate complex numbers and a is a matrix of degree 
n — 1. We have 


and therefore 


aa^a * 


/X? 

0 


(«") 


0 


/exp Xi * 
0 


exp (<7a<T~*) = 


(exp a) 


1 0 


If X2, • • • , X„ are the characteristic roots of 6 c, those of a, which 
are the same as those of <raa~', are Xi, X2, • • • , X„. The proposition 
being true for matrices of degree n - 1, it follows that the character- 
istic roots of exp a are exp X2, • • • , exp X„, and those of exp {aacr-^) 
are exp Xi, exp X2, • • • , exp X„. But these are also the character- 
istic roots of (7(exp a)<r~^ (Cf. Proposition 1) and hence of exp a. 
Proposition 2 is thereby proved. 

Corollary 1. The determinant of the matrix exp a is exp Sp a. 

This follows at once from the facts that the trace and the deter- 
minant of a matrix are respectively the sum and the product of the 
characteristic roots. 

Corollary 2. The exponential of any matrix is a regular matrix. 

Proposition 3. If a and 0 are permutable matrices (i.e. if a0 = /3a) 
then exp (a -|- /3) = (exp a) (exp /3). 

Since a and 0 are permutable, we can expand (a -|- /?)*’ by the 
binomial formula: 


1 


a’’ 
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Therefore, for any integer P, we have 




where Rp is the sum S(*,i) extended over all combinations 

{k, 1) such that max (k, 1) > P, k I ^ 2P. The number of these 
combinations of indices is P(P + !)• On the other hand, if n is an 
upper bound for the coefficients of a and /3, the absolute value of any 
coefficient of a'‘/k\ ^’■/V. is at most n{nnY /k\{nny /l\ ^ 
where juo is some number > 0. It follows that the coefficients of Rp are 
smaller than P(P + l)(n/io)^^/P’. in absolute value and that Rp tends 
to 0 as P increases indefinitely. The formula to be proved is an 
immediate consequence of this fact. 

Corollary. // t is a real variable and a a fixed matrix, the mapping 
t — > exp ta is a continuous homomorphism of the additive group of real 
numbers into GL{n, C). 

If a is any matrix, we have clearly 

exp (*a) = ‘(exp a); exp a = exp a 


It follows from the Corollary to Proposition 3 that we have also 


exp ( — a) = (exp a)~^. 

Proposition 4. There exists a neighbourhood U of 0 in 9Il»(C) which 
is mapped topologically onto a neighbourhood of e in GL(n, C) by the 
mapping a — > exp a. 

We represent a matrix aS3Tl„(C) by the point of C'’*’ whose coordi- 
nates are the coefficients Xi,{a) of a (these coefficients being arranged 
in some fixed order). From the uniform convergence of the series 
SS’a^’/P! it follows that the coefficients j/i,(a) of exp a are integral 
analytic functions P<,(' • • ,Xkiia), • • •) oi the coefficients of a. It 
is clear that the terms of degrees < 2 in the Maclaurin expansion of 
Pi)(- • • • • •) are Xi,. It follows immediately that the 

Jacobian of the n* functions Pi, with respect to their n* arguments is 
equal to 1 when xh = 0(1 ^ A:, Z ^ n). By the theorem on implicit 
functions, we know that the mapping of C"’ into itself which assigns 
to the point of coordinates xa the point of coordinates Pi,(' • • , xn, 
• • •) maps topologically some neighbourhood of the origin onto a 
neighbourhood of the point of coordinates yi, = 5i/. Proposition 4 
follows immediately. 
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Definition 2. A mcArix a is said to be skew symmetric *a + a = 0, 
skew hermitian if *a + a = 0. 

We shall denote by Af* the set of skew symmetric matrices, by 
M** the set of skew hermitian matrices, by Af® the set of matrices of 
trace 0 and by Af* the set of real matrices. 

Lemma 1. We can find a neighbourhood U of O in 9ll„(C) which 
satisfies the following conditions: 1) it is mapped topologically onto a 
neighbourhood of e in GL{n, C) by the mapping a —* exp a; 2) the trace 
of any azU is smaller than 2ir in absolute value; 3) the condition azU 
implies —aZU, *aZU, aZU. 

Let f/i be a neighbourhood of O which satisfies the first and second 
conditions; we denote by —Ui the set of matrices —ot with aZUi, 
and we define similarly ‘Ui, Ui. The set U = f/i l/i) (‘f/i) 
^ Ui satisfies the conditions of Lemma 1. 

Proposition 6. Let U be a neighbourhood of 0 in 91l„(C') which 
satisfies the conditions of Lemma 1. The sets M^^U, 

M’>' ^ U, A/* ^ U, Af « ^ M® ^ t/, Af« ^ ^ f/, Af® ^ M® 

«A u mapped topologically under the mapping a — » 

exp a onto neighbourhoods of e in the following groups: SHn, C), U(n), 
SUin), GL{n, R), SL(n, R), 0(n), SO{n), 0(n, C). 

We know that the mapping a —* exp a maps every subset of U 
topologically. If azM^, we have exp aS SL(n,C) by Corollary 1 
to Proposition 2 above. If azM‘, we have *(exp a) = exp (‘a) = 
exp ( — a) = (exp a)”‘, which proves that exp a is complex orthogonal. 
In a similar way, we prove that, if azM*’', then exp a is unitary. 
Conversely, if exp aZ SL(n, C), aZU, the conditions exp {Sp a) = 1, 
|5p al < 25r imply Sp a = 0, whence aSAf®. If exp azO(n, C), aZU, we 
have *azU, —aZU and exp (‘a) = exp ( — a), whence *a = — a and 
aSAf*. In a similar way, we see that if azU and exp a is unitary, then 
azM’’'. If a is real, exp a is also real; conversely, if aZU is such that 
exp a is real, we have exp a = exp 5 whence a = a. Proposition 6 
follows immediately from these facts. 

The sets Af®, M •», Af“, M® ^ ijf •*, Af® ^ Af®, Af ® ^ M® ^ M® 
^ Af*‘, Af* may all be considered as vector spaces over the field R 
of real numbers; as such, their dimensions are 2n* — 2, n*, n^, n* — 1, 
n® — 1, n(n — l)/2, n(n — l)/2 and n(n — 1) respectively. We have 
therefore proved: 

Proposition 6. In each of the groups GL(n, C), SL{n, C), U(n), 
SU(n), GL{n, R), SL(n, R), 0(n), SO(,n), Oin, C) there exists a neigh- 
bourhood of the neutral element which is komeomorphic to an open set 
in a real cartesian space of suitable dimension. These dimensions are: 
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2n^ for GL(n, C), 2n® — 2 for SL{n, C), n'^ for U(n), n® — 1 for SU{n), 
ra® for GL{n, R), n® — 1 for SL{n, R), n(n — l)/2 for 0{n) and SO{n), 
n(n — 1) for 0(n, C). 

§III. HERMITIAN Product 

As we have already observed, the space C” may be considered as 
a vector space of dimension n over C, with the base {ei, • • • , e„} 
introduced in §1, p. -2. In this section, we shall use the notation 
iz (instead of 2a) for the product of a vector a by a number 2; this 
notation will be preferable when we come to quaternions. 

Definition 1. Let a = S^e,2i and b = be vectors in C". We 

define their hermitian product a • b by 

a • b = 

We define the length of a to be the number ||a|| = (a • a)* = (272i2i)^ 

We see immediately that ||a|| ^ 0, and that |{a|| =0 implies a = 0. 

The number a ■ b is, for a fixed, a linear function of b ; i.e. 

a • (biMi -j- lozU^ = (a • bj)^! -1- (a • bj)^* 

However, if b is fixed, a • b is not a linear function of a, for we have 

b a = (iTb) 

whence 

(ai2i + & 2 Z 2 ) • b = (ai • b)2i + (aj • b)z2 

Definition 2. A vector a is called a unit vector i/ l|aj| = 1. Two 
vectors a and b are said to be othogonal a • b = 0. A set of vectors 
is said to be orthonormal if every vector of the set is a unit vector and any 
two different vectors of the set are orthogonal. 

Proposition 1. Let ai, • • • , a^ be m linearly independent vectors. 
Then there exists an orthonormal set {bi, • • • , bm) such that, for each k 
{I ^ k ^ m), the sets {ai, • • • , a*} and {bi, • • • , b*) span the same 
subspace of C". 

We proceed by induction on m. Proposition 4 holds for m = 1; 
in fact, we have ai 5^ 0, and we may define bi to be ai|lai|l“^ Assume 
that m > 1 and that Proposition 1 holds for systems of w — 1 vec- 
tors. Then, we can find vectors bi, • • • , bm-i such that, for every 
k ^ m — 1, the sets {ai, • • • , a*} and {bi, • • • , b*} span the 
same subspace of C". Now let us consider the vector c = am — 
22ri^bf(b< • am). Because am is linearly independent of ai, • • • , 
am-i, c does not lie in the space spanned by ai, • • • , am_i. We 
define bm to be c|lcll“‘. Obviously, ||bmil = 1 and (using the orthogo- 
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nality of bi, • • • , 

bm • bi = (a„ • bi - a„ • bi)|lcl|-‘ = 0 

which shows that bm is orthogonal to bi, • • • , bm-i. Then {bi, 
• * * , bm} is an orthonormal set which spans the same space as 
{ai, • • • , a„»} : Proposition 1 is proved for systems of m vectors. 

Corollary 1. Any vector subspace of C” has an orthonormal base. 

Corollary 2. Any unit vector a of belongs to an o'rthonormal base 
of C\ 

In fact, a may be taken as the first element of a base of If we 
apply to this base the construction of the proof of Proposition 1, we 
obtain an orthonormal base of (7'* whose first element is a. 

We shall now consider the matrices of degree n as endomorphisms 
of C”, in the way which was explained in §1. 

Proposition 2. A necessary ami sufficient condition that a matrix <t 
be unitary is that ||(ra|| = ||a|| for all asC^'*. This condition implies 
that (T^. • ah = a * b for any two vectors a and b in C". 

First, let a = (a,;) be any matrix. We have ae< = whence 

dii = (aet) • 6;. We have also ‘ae, == whence = e< • ('ae^ 

and (aOt) • ey = e* • (^ae^). It follows easily that 


(1) (aa) • b = a • (^ab) 

for any two vectors a = 2^tetai and b = 

If <r is a unitary matrix, we have aa • ab = a • (Wb) = a • b, 
and, in particular, HaaH^ = ||a|p, whence HaaH = l|all. 

Conversely, assuming that this condition is satisfied for every a, 
we have 

(aa + <rh) • (aa + o^b) = (a + b) • (a + b) 

whence 

aa • ab + ab • aa = a * b + b • a. 

Replacing b by \/ — 1 b, we have also 

aa • ab — ab • aa = a • b — b * a 

whence aa • ab = a • b = a • Wb. We have therefore a • (b — ^erab) 
= 0 for every a^ whence b = Wb (we may for instance take a = 
b — ^9ah). The formula b = Wb being true for every b, *^a is the unit 
matrix, which proves that a is unitary. 

Because the set {ci, • • * , e»} is orthonormal, it follows that 
the set {aei, • • • , aCn} is orthonormal for every unitary a. Con- 
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versely, let {an • • • , a„} be any orthonormal set; then there exists 
a matrix a = («<,) such that o-Ci = ai(l ^ ^ n). Since 

{rGj * (TCa; “ — a^ ‘ &k “ ^ik 

we see that a is unitary. In particular, we obtain 

Proposition 3. If a is a unit vector, there exists a unitary matrix a 
such that o-ei = a. 

We shall say that a vector a = Sie,Xi is real if its coordinates xi, 
Xi, • • • , x„ are real. If a and b are real vectors, the number a • b 
is also real. 

Proposition 4. A matrix tr is orthogonal if and only if the two 
following conditions are satisfied: 1) va • ffb = a • b for any two real 
vectors a and b ; 2) f/ a is any real vector, aSL is also real. 

These conditions are certainly satisfied if <r is orthogonal, since 
in that case <r is unitary and real. Conversely, let us assume that 
the conditions are satisfied. Let a = S<eiX, and b = 2,e,r// be any 
two complex vectors. Since ei, • • • , e» are real vectors, we have 

<ra • <rb = S„x,-?/,(o-e< • ae,) = Si,x,?/,(e< *6;) = a • b 

and hence a is unitary. Since <r is also real, it is orthogonal. 

The process of orthonormalisation which was used in proving 
Proposition 1, if applied to a system of real vectors, leads to real 
vectors. Hence: 

Corollary 2a to Proposition 1. Any real unit vector belongs to an 
orthonormal base of C" composed of real vectors. 

In the same way that we proved Proposition 3, we derive: 

Proposition 3a. If a is a real unit vector, there exists an orthogonal 
matrix a such that <rei = a. 

§IV. Hermitian Matrices 

Definition 1. A matrix a is called hermitian if *a = a. 

The reader will observe that the mapping a — ‘a is not an auto- 
morphism of GL(n, C) and that the hermitian matrices do not form a 
subgroup of GL{n, C). 

Proposition 1. A matrix a is hermitian if and only aa • b = a • ab 
for any two vectors a and b in C". 

In fact, if a is hermitian, the result follows immediately from 
Formula (1), §III, p. 10. Conversely, if the condition is satisfied, 
and if b is any vector in C”, we have a • ab = a • ‘ab for all asC”, 
whence ab = *ab and a = ‘5. 
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Proposition 2. If a is a hermitian- matrix and a is unitary, <raa~^ 
is again hermitian. Moreover, there exists a unitary matrix <ro such 
that is a diagonal matrix. If a is real, oq may be assumed to he 

orthogonal. 

The first part of the proposition follows at once from the fact that 
'(<raor“*) = = <r*5*<r = 8a9~^ = 

We shall prove the second part by induction on the degree n 
of the matrix a. It is obvious for » = 1. Assume that n > 1 and 
that our assertion holds for matrices of degree n — 1. 

Let Xi be a characteristic root of a. Then there exists a vector 
ai 7 ^ 0 in C" such that aai = Xiai; multiplying ai by a number 9 ^ 0 , 
we may assume that | |ai| | = 1. Hence, there exists a unitary matrix at 
such that <riai = Ci (Proposition 3, §III, p. 11). Set ai = ffiaat'; 
then ai is hermitian and moreover we have aiBi = XiCi. Suppose that 
aiC,- = 2,e,a,i (I ^ i ^ n). We have Un = Xi, aji = 0 (2 ^ j ^ n); 
since ai is hermitian, we have a,-, = d,i. It follows that Xi is real and 
that fly = 0 (2 ^ j ^ n). Knowing that Xj is real, we see that, if 
a is real, we may assume ai to be real (the coordinates of ai have to 
satisfy a system of linear equations with real coefficients); we may 
therefore assume in this case that <ri is orthogonal (Proposition 3o, 

§III, P. 11). 

The matrix ai has the form 



where ai is a hermitian matrix of degree n — 1 and is real if a is real. 
By our induction assumption, there exists a unitary matrix 02 of 
degree n — 1 such that ? 2 dior*~* is a diagonal matrix; if a is real, 
may be assumed to be orthogonal. We denote by 02 the matrix 
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which is obviously unitary. If <ro = atfri, <ro is also a unitary matrix 
and is orthogonal if a is real. Since <roa<ro~‘ is a diagonal matrix, we 
see that Proposition 2 holds for matrices of degree n. Moreover, our 
proof contains the following result: 

Proposition 3. The characteristic roots of a hermitian matrix are 
real numbers. 

We shall say that a vector a is an eigenvector of a matrix a if a Ls a 
unit vector and if aa = Xa, where X is a number; X is necessarily a 
characteristic root of at. We shall say that a belongs to the root X. 
If a is a diagonal matrix, the vectors ei, • • • , e„ are eigenvectors 
of a, and conversely. If a is an eigenvector of a, and if <r is any regular 
matrix, <ra is an eigenvector of Hence, an equivalent formula- 

tion of Proposition 2 is the following: 

Proposition 4. If a is a hermitian matrix, the space C" has an 
orthonormal base composed of eigenvectors of a. 

Definition 2. A hermitian matrix a is called positive (semi-definite) 
if its characteristic roots are all ^0', if none of these roots is equal to 0, 
a is called positive definite. 

If a is a hermitian matrix, exp a is also hermitian, because we have 
*(exp a) = exp *a = exp 5 = (exp a). Moreover, each characteristic 
root of exp a is of the form exp X, where X is a characteristic root of a, 
and hence real (Proposition 2, §11, p. 5). It follows that exp a is a 
positive definite hermitian matrix. 

Conversely, let d be any positive definite hermitian matrix. We 
know that there exists a unitary matrix <r such that, if we set a.- = ve,- 
(1 ^ ^ n), w'ehave /Saj = m&i wdth ju, real >0(1 We set 

Xf = log (1 ^ ^ w) and define a matrix a by aaf = X,ai (1 ^ t ^ n). 

We have (r~*a<re,- = X,et, which show’s that a~'aa is a real diagonal 
matrix, hence hermitian; then ct = cr((r~^ac)ir~^ is hermitian. More- 
over, we have (exp a)af = (exp Xj)ai = (Uiat(l ^ ^ n), whence 

exp a = 

We assert furthermore that the repie-sentation of d as the exponen- 
tial of a hermitian matrix is unique. In fact, let a' be any hermitian 
matrix such that exp a' = d- Let a' = be any eigenvector of 

a', belonging to a characteristic root X' of a'. Then we have 
= (exp a')a' = (exp X')a' = 2<a,(M<x<), which proves that xj = 0 if 
m 9 ^ exp X'. Let io be an index such that x,-, 9 ^ 0; then we have 
Hi, = exp X' = exp X<„ whence X' = X,, since X' and X,-, are both real. 
On the other hand, we have aa' = 2a<(x< log in) = X'a' = a'a'. 
Since a' produces the same effect as a on each of its eigenvectors, it 
follows from Proposition 4 that a = a'. We have proved : 
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Proposition 6. The mapping a — > exp a maps in a univalent way 
the set of all hermitian matrices onto the set of all positive definite hermitian 
matrices. 

This mapping is clearly continuous. We shall prove that it is 
topological. In fact, let (^ 1 , • • • , jSp, • • • ) be a sequence of positive 
definite hermitian matrices which converges to a positive definite 
hermitian matrix d- The characteristic polynomial of dp converges 
to the characteristic polynomial of d; it follows that the characteristic 
roots Mi.P) • • • I t^n.p of dp (arranged in a suitable order) converge to 
the characteristic roots ni, • • • , ixn of d- Since /x, > 0 (1 ^ i ^ n), 
the numbers log yii,p remain bounded when p increases indefinitely. 
It follows that, if is the hermitian matrix such that exp ap = 0p, 
the characteristic roots of «p remain bounded. For each p, there 
exists a unitary matrix <Tp such that (TpapG'^^ = Sp is a diagonal 
matrix, whose diagonal coefficients are the characteristic roots of ap\ 
hence the coefficients of 5p remain bounded as p increases indefinitely. 
Since < 7 p is unitary, any coefficient of oTp is ^1 in absolute value. 
Therefore the coefficients of ap remain bounded and the sequence 
(oji, • • • , ttp, * * • ) belongs to a bounded i.e. compact, subset of 
9Tln(C). It follows that we can extract from the sequence (ai, • * • , 
ttp, • • • ) a subsequence which converges to a matrix a. Since 
^otp = «p, we have also — a and a is hermitian. The exponential 
mapping being continuous, exp a is the limit of a subsequence extracted 
from (i^i, • ’ • , /?p, • ’ • whence exp a = 0. But we know that 
the representation of ^ as the exponential of a hermitian matrix is 
unique; therefore all convergent subsequences of the sequence (ai, 
have the same limit a. It follows immediately that 
limp_ oo ttp = a. This proves that the mapping a — > exp a is topological. 

A hermitian matrix a = (ai,) is obviously determined by the 
knowledge of the coefficients an (which must be real) and an for 
i < j (which may be arbitrary complex numbers). Hence the set 
of all hermitian matrices is homeomorphic to i?" X i.e. also 

to R^\ We have proved 

Proposition 6. The set of all hermitian matrices of degree n and the 
set of all positive definite hermitian matrices of degree n are both homeo- 
morphic to R^\ The mapping a exp a is a homeomorphism of the 
first of these sets onto the second. 

§V. Representation of GL(n,C) as a Product Space 

Proposition 1. Any regular matrix r may be written in one and only 
one way as the product r = aa of a unitary matrix <r and a positive 
definite hermitian matrix a. 
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We consider r as a linear endomorphism of the vector space C~. 
If a is any vector in C”, we have (Cf. Formula (1), §III, p. 10) 

a • (^rr)a = ra • ra = (*fr)a • a ^ 0 

By Proposition 1, §IV, p. 11, it follows that the matrix ai = is 
hermitian. Moreover, if a is an eigenvector of ai, corresponding to a 
characteristic root /x, we have /i(a - a) = ra • ra, whence /x ^ 0. 
Since ^fr is regular, it is a positive definite hermitian matrix. 

By Proposition 2, §IV, p. 12, there exists a unitary matrix p such 
that paip~^ is a diagonal matrix Si. Since the coefficients of the 
diagonal of Si are real positive numbers, there exists a real diagonal 
matrix 5 such that S^ = Si; moreover, the diagonal coefficients of S 
may be taken to be positive. It follows that a = p~^Sp is a positive 
definite hermitian matrix and that = ai. 

We set O' = ra~^, whence o-* = = V“'a. We have 

= ai = Vf, whence = a; a is unitary, and we have 

T = era. 

Suppose now that ciai = <J2«2, with ai and 0-2 unitary, ai and a2 
positive definite hermitian. We set 0*3 = then 0-3 is unitary 

and we have asai = 0:2. It follows that a2 = ^^2 = ^ai^ffs = 
and al = aicrjVaai = a?. By Proposition 5, §IV, p. 14, we have 
ai = exp pij «2 = exp ^2, where Pi and P2 are hermitian matrices, and 
consequently exp 2 Pi al = al = exp 2 p 2 » By Proposition 5, §IV, 
p. 14, it follows that 2Pi = 2p2, Pi = P 2 and ai = 0:2. Hence <73 
is the unit matrix and <ri = <t2, which completes the proof of Proposition 
1 . 

Remark. It follows easily from Proposition 1 that a regular matrix r 
can also be written in one and only one way in the form r = a<7, where 
G is unitary and a positive definite hermitian. 

Proposition 2. Any complex orthogonal matrix p may he written in 
one and only one way in the form a (exp y/ — ip) where a is a real 
orthogonal matrix and where P is a real skew symmetric matrix. 

By Proposition 1, we have p = aa, where <r is unitary and a her- 
mitian positive definite. The orthogonality condition ‘pp = ^ gives 
= a~^. We know that a can be represented in the form exp jSi, 
with a hermitian pi; hence a~^ = exp { — Pi) is again hermitian. The 
matrix and therefore also W, is unitary. Since ^a = exp {^Pi) is 
hermitian, the uniqueness assertion in the remark which follows Pro- 
position 1 gives W = c, ^a = Since W = €, = € we have 

(T = er, which proves that a is real orthogonal. 

The equality *a = a~^ gives exp = exp Making use 

of Proposition 5, §IV, p. 14, we see that ^pi = —jSi, i.e., pi is skew 
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symmetric. Since also */3i = jSi, we have jSi — — /8i. If we set 
/3r = — 1 j8, |8 is real skew symmetric. 

Conversely, any real orthogonal matrix is also unitary, and, if 
is real skew symmetric, \/ — 1 d is hermitian and exp \/ — 1 jS is positive 
hermitian. Hence the uniqueness assertion of Proposition 2 follows 
from Proposition 1. 

The factors a, a of the decomposition of r given in Proposition 1 are 
continuous functions of r. In fact, let (ti, • • • , Tp, • • •) be a 
sequence of regular matrices which converges to a regular matrix t, 
and suppose that Tp = a-pap, aptU{n), Up positive hermitian. Because 
U (n) is compact, the sequence (o-j, • • • , ffp, • • •) has a subsequence 
which converges to a limit aeU(n). The corresponding matrices 
ap = o-pVp clearly converge to the limit a = Since the set of 

positive hermitian matrices is oi)viously closed, a is positive hermitian. 
Since <r and t are regular, a is positive definite. But there exists only 
one decomposition of t in the product of a unitary matrix and a 
positive definite hermitian matrix. It follows that all convergent 
subsequences of the sequence (<ri, ' ' ‘ , <rp, • ■ ■) have the same limit 
<r, which proves that limp_ „(Tp = a and limp_« ^ Up = a. Our assertion 
is thereby proved. It follows easily that the matrices a and d of 
Proposition 2 are continuous functions of the complex orthogonal 
matrix p. 

The set of all positive definite hermitian matrices of degree n is 
homeomorphic to 72”’ (Proposition 5, §IV, p. 14). The set of all 
skew symmetric real matrices of degree n is obviously homeomorphic to 
Hence we obtain the following results: 

Proposition 3. The space GL{n, C) is homeomorphic to the topological 
product of the spaces U{n) and 72"’. The space 0(n, C) is homeomorphic 
to the product of the spaces 0{n) and 72”^""^^^’'. 

§VI. Quaternions 

The algebra Q of quaternions is an algebra of dimension 4 over 
the field 72 of real numbers, with a base composed of 4 elements 
Co, Cl, 62 , cj whose multiplication table is given by the following formulas: 

(1) eoCi = e,eo = e<; e? = —eo; eiC,- = -eye,- = ca 

(1 ^ b ^ ^ 3 ; the mapping 1 — ^ t, 2 — » j, 3 — > fc is assumed to be an 
even permutation of the set {1, 2, 3}). Therefore, a quaternion q 
may be expressed in the form 2;|_oa<e,, with real coefficients ao, Oi, a^., a». 
Addition and multiplication are defined by the usual distributivity 
laws and the formulas (1). 



§VII 


QUATERNIONS 


17 


From these formulas we see at once that co is the unit element of Q. 
Moreover, it is easy to check that {eie,)ek = Ci(eyet) (0 ^ *, j, k ^ Z)', 
hence Q is an associative but not commutative algebra. 

Ifg = OoCo + 2|Lia<e« is a quaternion, we denote by g* the quaternion 

g* = OoCo — 2?.iaiei 

and call g‘ the conjugate of q. 

We have gg* = g*g = (So^Deo. The number So«i is a non negative 
real number which can be equal to 0 only if g = 0. This number is 
called the norm of g; it is denoted by JVCg). 

If g' is another quaternion, it is easy to see that 

(og + 6g')‘ = + &(?')'; (?30‘ = 

(g‘)‘ = g. 

We express these facts by saying that the conjugation g — » g‘ is an 
involutory anti-automorphism of the algebra Q. We have 

W(gg')eo = gg'(gg0‘ = q(N{q')eo)q^ = N(q')eoN(q)e, 

whence 

mqq') = Nrniq') 

From the existence of the norm, we deduce that Q is a division algebra, 
i.e. that every quaternion q 9 ^ 0 has an inverse g~‘ such that gg“' 
= g“‘g = Co, namely q~^ = (iV’(g))“’g‘. 

Let Cl be the set of quaternions of the form Ooco -}- OiCi (with Oo, 
oiSfJ). The sums and products of elements of Ci are in Ci; if geCi 
and asR, then agsCi. Hence Cj is a subalgebra of Q. If we assign 
to every element Ooco + aiCiSCi the complex number oo -f- Oi 1, 
we clearly obtain an isomorphism of Ci with the field C of complex 
numbers. 

Since Q contains a field isomorphic with C, it can be considered 
as a vector space over C. To be more specific, we shall make the 
following definition: if qeQ and x = ao + ai \/ —i eC, qx will represent 
the quaternion g(ooeo + oiCi). We have 

(g -1- q')x = qx + q’x; q(x + x') = qx + qx'; 

q{xx') = (qx)x' = (qx')x 

and these formulas show that Q may be considered as a vector space 
over C (we write the multiplier x to the right of g for convenience). 
Any quaternion g = SX"®* “*>'7 b® written in the form 

g = eo(fflo 4 * fli \/— 1 ) + 62(02 “ o» V^ — 1 ) 

It follows immediately that Q is of dimension 2 over C. 
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To every quaternion q there is associated a mapping T, of Q into 
itself, defined by the formula !r,(g') = qq'. We have T ,(gi + gi) = 
Tq{q\) + Tq{q '^ ; furthermore, we have clearly {qq')x = q{q'x) (where 
xtC)-, it follows that Tqiq'x) = Tq{q')x, which shows that T, is an 
endomorphism of Q, considered as a vector space over C. As such T , 
can be represented by a matrix of degree 2, whose coefficients are defined 
by the formulas 

^’9(^0) = eoXii + 62X21 
T 9(62) = C0X12 + 62X22 

In particular, we have 

= C 1) - V-i) 

.., = (? -i) = 0-'^-) 

whence 

7- _ A -y\ 

On the other hand, we have Tg,„ = T,, o 7 %,. It follows that the 
mapping 7 T, is a representation of the algebra Q by matrices of 
degree 2 with coefficient in C. 

Finally, we observe that 

(2) (eox 4 - Ciy) ‘ = 6oX - Czy 

whence = *Tq. 

§VII. Symplectic Geometry 

Let Q be the algebra of quaternions; n being .some integer > 0 , 
we denote by Q" the product of n sets identical with Q. An element 
(oi, • * • , (OjEQ, 1 ^ i ^ n) will be called a (quaternionic) 

vector; ai, ■ • • , a„ will be called the coordinates of this vector. The 
addition of vectors is defined by the addition of the corresponding 
coordinates; if a = (ai, • • • , a„) is a vector and qzQ, we denote by 
ag the vector (oig, • • • , a„g). The vectors obviously form an addi- 
tive group with respect to addition. Moreover, we have 

(ai + a2)g = aig -f a2g; a(gi + 92) = agi + ag2 
a( 7 i? 2 ) = (a 7 i )72 

where a, an a2 are vectors and q, qi, qt are quaternions. (We coulc 
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also define the left multiplication {q, a) — ^ ga; however, we shall not 
use this type of multiplication.) 

If a = (oi, ‘ , a„) and b = (bi, • • * , 6») are vectors,- we shall 

define their symplectic 'product a • b to be the quaternion 

a • b = 2?_ia56< 

This product has properties which are similar to those of the hermitian 
product introduced in §111. We have ‘ 

(ai + a2) • b = ai • b + aj • b; 
a • (bi + ba) = a • bi 4- a • bz; a • (bg) = (a • b)g 
(ag) • b = g‘(a • b) 

We have a-a = 2,?.iala< = l|a|leo, where ||a|| is a real number ^0 
which is called the length of a. This length is always 7>^0 if a 0. 

A vector subspace of Q" is a subset 5DZ such that the conditions 
asSD?, beSD? and gsQ imply a + bsSO? and agsSK. If ai, • • • , a* are a 
finite number of vectors, the set of all vectors of the form aigi + ’ • * 
+ aAg/,(gi, • • • , gjiS Q) is a vector subspace of Q" which is said to be 
spanned by ai, • • • , a*. If moreover the condition Sia,g,- = 0 implies 
gi = • • • = ga = 0, we say that ai, • • • , a/, are linearly independent. 

In particular, the space Q" itself is spanned by the n linearly 
independent vectors Cl, • • • , e», where e< is the vector whose j-coordi- 
nate is Si,eo. 

Exactly as in the usual case, it can be proved that: 

1) every vector subspace iDZ of Q“ can be spanned by a finite 
set of linearly independent vectors; such a set is called a base of the 
.space StU; 

2) all bases of 9)1 have the same number of elements, called the 
dimension of 9)1; 

3) if 9)1' is a vector subspace of 9)1, the equality dim 9)1' = dim 9)1 
implies 9)1' = 9)1. 

An endomorphism of Q" is a mapping <t of Q" into itself such that 
^(a + b) = ca -h (rb; ®^(&g') = 

for^ any a, bsQ" and g£Q. Such a mapping is obviously entirely 
determined when the vectors 

are given. Hence, the linear endomorphisms of Q" are in a one-to-one 
correspondence with the matrices (g<j) with coefficients in Q. We 
shall denote by the same letter a the endomorphism itself and the 
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corresponding matrix. If ff = (qij) and r = (r;,) are two of these 
matrices, we denote (as usual) by or the matrix (si,) with 

Si/ = ^^iQikTkj 

and then we have ar — c o t, i.e. (oT)a = ffCra) for every vector a. 

If ff is any matrix, either there exists a vector a 5 ^ 0 such that 
«ra = 0 , or 0 - has an inverse matrix (i.e. = <r~'^a = «, where € 

is the diagonal matrix of degree n whose diagonal coefficients are all 
equal to co). In fact, if the condition a 0 implies (ra 5 ^ 0, a is an 
isomorphism of Q" with a subspace SD? of Q”; hence dim 9!JJ = dim Q", 
whence 51)1 = Q". It follows that <r has a recij/rocal mapping, which is 
obviously also an endomorphism 

The set of all matrices of degree n with coefficients in Q will be 
denoted by 9rc„(Q). 

• A matrix <rS 9 f 1 l„(Q) is said to be symplectic if l|<ra|| = |{a|| for every 
asQ". Exactly as in §III, p. 9, we can prove the following facts: 

1 ) if <r is symplectic, then era • <rb = a • b for any two vectors a, b 
in Q"; 

2) a necessary and sufficient condition for <r to be symplectic is 

that *or‘ • <r = €, where e is the unit matrix defined above. * 

Therefore, if <x is symplectic, the condition era = 0 implies a = 0; 
a has an inverse, which is obviously V*. We have also cr • V* = e, 
which shows that <r~'- is also symplectic. 

It follows easily that the symplectic matrices form a group. 

Definition 1. We define the symplectic group for the dimension n 
{denoted by Sp{n)) as the group of all matrices <rS3nfl„(Q) stLch that 

<f a • <rb = a • b 


holds for any two vectors a and b in Q". 

Definition 2. A vector a is called a unit vector if the length of a. is 1. 
The vectors a and b are said to be orthogonal if a • h = 0. The set of 
vectors {ai, • • • , a*} is said to be orthonormal if we have a; • a, = fi</eo. 

For instance, the n basic vectors Ci, • • • , e„ form an orthonormal 
set. 

Proposition 1. Let ai, • • • , a„ 6e m linearly independent vectors 
in Q”. There exists an orthonormal set {bi, • • • , bm) such that, for 
each k {\ ^ k ^ m), the set of vectors {bi, • • • , b*} spans the same 
subspace os {ai, • • • , a*}. 

The proof is entirely similar to the proof of Proposition 1, §III, 
p. 9. 
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On the basis of Proposition 1, we can obtain the following result 
by an argument similar to one used in §III : 

Proposition 2. If a is any unit vector in Q”, there exists a sym- 
plectie matrix it such that <rei = a. 

§VIII. The Linear Symplectic Groups 

Let us again consider the vector space Q” which was introduced in 
the previous section. If a = (oi, • • • , o„)sQ", we may represent 
a< in the form a,- = eoXi + e 2 X„+„ where Xi and Xn+i are complex numbers 
(1 ^ i ^ n; Cf. §VI, p. 16). We assign to a the vector a' of C*" 
whose coordinates are xi, • • • , • • • , X 2 n- This correspondence 

preserves addition. Moreover, if a corresponds to the vect or a^sC*”, 
then a('weo + vef) corresponds to the vector a'(M + v (where 

u and V are real numbers), because we have 

a,(ueo + vef) = a,(M + v y/ —\) = e(TXi{u + v \/ — 1) 

+ eiXn+x{u + V V— 1) 

It follows immediately that there corresponds to every endomorphism 
<T of Q" an endomorphism a' of such that 

<tsl — > (t's! if a — * b! 

Moreover, to the product <tt of two endomorphisms a and r of Q" 
there corresponds the product <t't' of the corresponding endomorphisms 
of 

The correspondence <7 — > or' gives an isomorphism of Sp(n) with a 
subgroup of GL{2n, C). The latter group will be called the linear 
symplectic group. The set of elements of the linear symplectic group, 
being a subset of GL{2n, C), may be considered as the set of points 
of a subspace of GL{2n, C). Hence, we may introduce in Sp{n) a 
topology such that the mapping a — ><r' is a homeomorphism. When 
we speak of Sp(n) as a topological space, we shall always have this 
topology in mind. 

We shall now determine algebraically the linear symplectic group. 
Let IT = iqii) be any matrix in Sp{n), and let <r' = (rw) (1 ^ fc, i ^ 2n.) 
be the corresponding matrix in GL{2n, C). If a' = (xi, • • • , X 2 ») 
is any vector in C^", <r'a' is the vector (xi, • • • , X 2 „) with 

( 1 ) X* = 2 f“|r*,xi 

Suppose that a' is the vector which corresponds to a vector asQ". 
Let b be another vector in Q", and let b' = (j/i, * • * , yin) be the 
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corresponding vector in C*". Then, we have, by an easy computation, 

a • b = eo2j“x,yi + e 22 ,^i(x<yi+i, Xj+ny») 

= eo(a^ * b^) "f" C2^i^\{xiyt+n ^t+nV^ 

Moreover, we have a'h' = (jli, • * * , with 

( 2 ) Pk = ^Ihrktyi 

Since <ra • ab = a • b, we see that the linear substitutions (1) and (2), 
performed on the variables x and y, leave unchanged the quantities 
and 2?(x<2/<+„ - x<+„i/<). The first property shows that v' 
belongs to U{2n) ; we shall express the second by saying that a' leaves 
invariant the bilinear form I,”{xiyi+n — x.+„yi). 

Conversely, let v' be a unitary matrix which leaves invariant the 
expression S?(x<?/<+« “ We may assign to a' a mapping (r of 

Q” into itself such that o-'a' corresponds to aa. if a' corresponds to a 
(under the correspondence which was established above between 
vectors of Q“ and of C^”). We have <r(a + b) — a& + ah and aa • ah 
— a h (where a and b are arbitrary vectors in Q"). This does not 
yet prove that a is an endomorphism of Q”; we still have to show that 
{aa)q = a(aq), where q is any quaternion. It will be sufficient to prove 
that b • ((<ra )3 - o-(ag)) = 0 for any bsQ". We have 

(<rc) • {{aa)q - a(aq)) = ((ffC) • {aa))q - (<rc) • a(aq) = (c ■ a)q 

— (c • aq) = 0 

which proves our assertion. We have proved 

Proposition 1. The linear symplectic group is the group of all 
unitary matrices in GL(2n, C) which leave invariant the bilinear form 

2i(Xi2/t+n 

This group is obviously a closed subset of GLi{2n, C). Hence: 
Theorem la. The space Sp(n) is compact. 

Let us now consider the set Spin, C) of matrices <r'£31l2n(C') which 
are not necessarily unitary, but which leave invariant the bilinear form 
2?(x,-yi+n — Xi+nPi)- Now, the matrix J of the coefficients of this 
bilinear form is 

;•) 

where €» is the unit matrix of degree n. Thus our condition may be 
expressed by the equality 

(3) 


*a'Ja' = J 
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Since the determinant of J is 5 ^ 0, it follows immediately that any 
matrix (r'sSpin, C) is regular. Moreover, the product of two matrices 
of Sp(n, ■C) and the inverse of a matrix of Sp(n, C) again belong to 
Spin, C). Hence Sp{n, C) is a subgroup of GLi2n, C). 

Definition 1. The subgroup of GLi^n, C) composed of the matrices 
<r' which satisfy condition (3) is called the complex symplectic group and 
is denoted by Spin, C). 

We have seen in §II that the matrices of a suitable neighbour- 
hood of « in (?L(2n, C) can be represented in the form exp X, with 
X£3Tl2»(C'). We shall now investigate under which condition we have 
exp XeSpin, C). 

The condition ‘c'Ja' = J may be written in the form V' = 

Since J(exp X)~^J~^' = exp i—JXJ~^) and exp *X = *(exp X), we 
see that we shall certainly have exp XsSpin, C) if ‘X = —JXJ~^, or 
JX -f ‘XJ = 0. Conversely, let f/ be a neighbourhood of 0 in Sfll 2 „(C) 
which satisfies the conditions of Lemma 1, §11, p. 8, and let C/i be 
the neighbourhood U ^ JUJ~^. If we observe that J* = — e and 
that */ = —J, we see that U 1 also satisfies the conditions of the lemma, 
and that furthermore JUiJ~^ = Ui. It is clear that the conditions 
XsUi, exp XeSpin, C) imply JX + *XJ = 0. 

The matrices X for which JX ‘XJ = 0 form a vector subspace 
@ of SfIl 2 »(C). If we write X in the form 



where Xi, X 2 , Xs, X 4 are matrices of degree n, the condition JX -|- *XJ 
= 0 gives 

X 4 = -‘Xi Xi = ‘Xs X 2 = ‘Xs 

It follows that © is of dimension n® -H 2n(n -f- l)/2 = 2n^ + n over 
C; © may also be considered as a vector space of dimension 2 i 2 n^ -f- n) 
over R. 

The matrices XtUi for which exp XeSpin) are the matrices of © 
which satisfy the supplementary condition ‘X -f- X = 0. They form 
a vector space of dimension 2ra* -|- n over the field of real numbers. 
Therefore we have proved 

Proposition 2. In each of the groups Spin), Spin, C) there exists a 
neighbourhood of the neutral element which is homeomorphic with an 
open subset of a cartesian space of suitable dimension. These dimen- 
sions are 2n* n for Spin) and 2(2»® + n) for Spin, C). 
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Now, let y = (ya) be any matrix in 31l.(Q); set 

y<l = + yl!‘e, +J!!re. + vt^) _ 

= + yip V- 1) + ^2(yiP - !/iP V - !)• (1 ^ J ^ «) 


Let X = (Xi,) (1 ^ i, j ^ 2n) be the corresponding matrix in 3Tr2„(C). 
If a' = (xi, • • • , X 2 „) is the vector in C*" which corresponds to the 
vector a = (oi, • • • , a„) in Q", then Xsl' is the vector which cor- 
responds to La. Set La = (fii, ■ ■ ■ , dn), Aa^ = (xi, ‘ , X 2 n)j 

we have 

Oi = eoXi -t- e2X„+,- fii = eoXj + e2X„+,- 
X( = 2y^]Xi/Xj flj — 


It follows by an easy computation that 

X« = yir + ylP VJT ; *.-.»+/ = -vf - 

Xn+i.,- = ylP - yir = C - vlP V-i (i ^ bi ^ n) 

It follows immediately from these formulas that, if a matrix A'e£(Tl 2 „(C') 
satisfies the conditions *XJ JX = 0, ‘A -f- A = 0, it is the cor- 
responding matrix of a matrix L«3n[l„(Q) which satisfies the condition 
‘-L -1- L‘ = 0. 

The mapping which assigns to every matrix in ‘JEnCQ) the cor- 
responding matrix in MzniC) is an isomorphism of the ring SJR»(Q) 
with a subring of S(n; 2 „(C). On the other hand, this mapping may be 
used to define a topology in 9Il„(Q) (we require our mapping to be a 
homeomorphism). If Le91l„(Q) and if A is the corresponding matrix 

in 9 Tl 2 »(C'), the convergence of the series s" X” implies the con- 

t' * 

00 1 oe 1 

vergence of the series 2* ^ L'’. We set exp L = So ^ L'’. Let 2) 

be the set of matrices L€9Il„(Q) such that ‘L -1- L* = 0; it follows 
from what we have said that the mapping Y — > exp L maps some 
neighbourhood of 0 in ?) topologically onto a neighbourhood of the neutral 
element in Sp{n). 



CHAPTER II 


Topological Groups 

Summary. Chapter II is concerned with the properties of groups which 
result from the existence in these groups of a topology. Section I contains 
the definition of a topological group, of a topological subgroup and of products 
of topological groups. It turns out that, in many cases, the study of a topo- 
logical group in a neighbourhood of the neutral element will give valuable 
information on the whole group (Cf. for instance Proposition 5, §III, p. 35; 
Theorem. 1, §IV, p. 35; Theorem 3, §VII, p. 49 and Proposition 2, Chapter 
IV, §XIV, p. 134). In view of this, it is important to characterize locally 
the topological structure of a topological group: this is accomplished in §11. 

If ^ is a closed subgroup of a topological group @, the cosets modulo ^ 
form a topological space ®/^. The spaces which can be obtained in this 
way are called homogeneous spaces. The definition of such spaces is the object 
of §III. One of the reasons of the importance of homogeneous spaces is 
that they provide the most general representations of groups as transitive 
groups of transformations (satisfying certain topological conditions). In 
particular, the spheres are homogeneous spaces relative to the linear groups 
which were introduced in Chapter I. A good part of the knowledge we have 
of the topology of these groups is derived from this fact (Cf. Proposition 3, 
§IV, p. 33 and Proposition 5, §X, p. 59). 

If $ happens to be a distinguished subgroup of (^, then is not only 
a space, but also a topological group. These factor groups are also considered 
in Section III. 

Section IV is concerned with the connectedness properties of topological 
groups. The essential fact there is contained in the statement of Theorem 1, 
p. 35 which allows us in many cases to pass from the local to the global in 
the study of a topological group. 

If (5j is a connected group, the elements of a neighbourhood V of the neutral 
element form a set of generators of @. Following the idea of studying a 
group locally, it is natural to inquire whether it is possible to construct all 
relations between these generators when the law of composition of the group 
is known only in V, Section V introduces the study of this question and 
correlates it with the notion of local isomorphism of topological groups. 
Examples are given which show that, in general, the answer to our question 
is negative. 

A more profound study of the problem requires the development of a num- 
ber of purely topological considerations centering around the notion of cover- 
ing space. Sections VI, VII, VIII and IX are concerned with the elaboration of 
this notion and its applications to group theory. Following an idea of 
H. Cartan, we have departed from the usual method of using closed curves 
in order to define simple-connectedness. We feel that the notion of covering 
space (as introduced in Definition 3, §VI, p. 40) is the essential notion; 
roughly speaking, we define a simply connected space as a space which cannot 
be covered any more (Definition 1, §VII, p. 44). It seems to us that the 
main property of simply connected spaces is what we call the principle of 
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monodromy (Theorem 2, §VII, p. 46). Theorem 3, §VII, p. 49 states 
the main property of simply connected groups; it is again a principle of exten- 
sion from the local to the global. It should be noted that the proof of Theorem 
3 gives a typical example of the method of application of the principle of 
monodromy. 

In §VIII, we define the notion of Poincar4 group for spaces which admit a 
simply connected covering space. The Poincar4 group is the group of auto- 
morphisms of the simply connected covering space, playing therefore a role 
similar to that played by the Galois group of an algebraic extension. It is 
shown that the Poincar4 group of a topological group is always abelian and may 
be identified with a subgroup of the center of the simply connected covering 
group. In section IX, we prove the existence of simply connected covering 
spaces for a large class of spaces. 

In section X, we determine the Poincar4 gToups of some of the classical 
groups. The method consists in using the fact that the groups in question 
operate on spheres. Proposition 5 then yields an algorithm which allows us to 
proceed to an inductive determination of the Poincar4 groups. However, the 
case of SO{n) cannot easily be completely settled by this method. Although 
it is possible to prove by purely topological methods (making use of the notion 
of the second homotopy group of Hurewicz) that the Poincar6 group of SO(n) 
is of order 2 for n ^ 3, we have prefered to follow an algebraic approach by 
actually constructing the simply connected covering group of SO{n)» This is 
accomplished in Section XI by making use of the algebra of Clifford numbers. 

The algebraic properties (center and ideals) of Clifford numbers are 
established by an elegant method which was communicated orally to me by V, 
Bargmann. We then define the spinor group (Definition 1, p. 65) and we 
prove that this group is the simply connected covering group of SO{n), 

§1. Definition of a Topological Group 

A topological group @ is the composite object formed by a group G 
and a topological space S3 which satisfy the following conditions: 1) the 
set of points of S3 is the same as the set of elements of G; 2) the mapping 
(<r, r) — > (rr“^ o/ S3 X S3 into S3 is continuous. The group G is called 
the underlying group of the topological group and the space S3 is called 
its underlying space. 

Any notion which is either group-theoretical (such as being abelian, 
for example), or topological (such as being connected, or compact, etc.) 
has a meaning when applied to a topological group. 

It is clear that the mapping r of a topological group ® onto 

itself is a homeomorphism and that the mapping (o*, r) o-t of ® X © 
onto ® is continuous. Conversely, these two conditions together 
imply condition 2) above. 

Examples of topological groups 

1) The additive group of real numbers is the underlying group of a 
topological group, whose underl 3 dng space is the usual space of real 
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numbers R ; in fact, the difference x — y is a. continuous function of the 
pair (x, y) of real numbers. 

2) The group GL{n, C), with the topology which has been defined 
on it in §1, Chapt. I, p. 2, gives a topological group, which we shall 
denote also by GJj{n, C). 

3) Let G bo any group, and let 35 be the discrete topological space 
whose set of points is the set of elements of G. The group G and the 
space 35 together make up a topological group. Such a group is called 
discrete. 

We shall now indicate how we can construct new topological 
groups, starting with those which wc have already defined. 

Subgroups of a topological group 

Let be a subgroup of a topological group ®. The set of elements 
of H is also the set of points of a subspace of ®, and this subspace 
forms with // a topological group which will be called a topological 
subgroup of ®. 

For instance, the groups GL{n, R), 0{n), 0{n, C), U{n), SL(n, C), 
SL(n, R), SO(n), S[I(n) (which were defined in §1, Chapt. I) are the 
underlying groups of topological subgroups of GL{n, C). The groups 
Sp{n), Sp(n, C) (which were defined in §VII, Chapt. 1) are the under- 
lying groups of topological subgroups of GL{2n, C). 

Products of topological groups 

Let (®„) be a family of topological groups, a running over some set 
of indices. Let Ga and 33a be the underlying group and the underlying 
space of ®a. The direct product G = IlaCra is a group, and the product 
35 = na35a is a space. The group G and the space 33 have the same 
set of elements. The mapping (a, t) —* (tt~^ of 35 X 33 into 35 is 
continuous. In fact, the a-coordinate of is <rara\ if Oa and Ta are 
the a-coordinates of a and r; <rar“* is a continuous function of the pair 
(oa, Ta), which is itself a continuous function of the pair (<r, r). There- 
fore, every coordinate of o-t"* is a continuous function of the pair (a, t), 
which proves our assertion. 

It follows that the group G and the space 35 give rise to a topological 
group ®, which is called the product of the groups and which is 
denoted by Ila®®. 

For instance, the additive group of elements of R" is the underlying 
group of a topological group which is the product of n groups identical 
with R and whose underlying space is the usual cartesian space J2". 
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§11. Local Characterization of a topological Group 

Let be a group. To every element tsG there are associated two 
mappings of G onto itself, namely the left translation T,, defined by 
TrV = TO- for every asG, and the right translation T^, defined by T^o 
= err. We have 

T = T o T • T* = T* o T* 

Moreover, Tr-x is the reciprocal mapping of Tr, and T*-i is the recip- 
rocal mapping of Tr . 

If G is the underlying group of a topological group @, the mappings 
Tr, T* are continuous mappings of ® onto itself and so are their 
reciprocal mappings. Hence Tr and T* are homeomorphisms of ® 
with itself. 

It follows that, if we know the complete family V of neighbour- 
hoods of the neutral element e, we can obtain the complete family of 
neighbourhoods of any point ao by applying either of the operations 
T,t or 7’*, to the sets of T). This means that the topology of @ is 
entirely determined when the family V is given. 

But, of course, this family U cannot be given arbitrarily; it has to 
satisfy certain conditions: 

I. The intersection of any two sets of V lies in V. 

II. The intersection of all sets of V is the set {e}. 

III. Any set containing a set of V lies in V. 

IV. If UsU, there exists a set FiSU such that ViVi QY. This 
follows at once from the continuity of the function or at (e, «). 

V. The family of sets V such that coincides with V. This 

follows at once from the continuity of the function o-~^ at e. 

VI. If ffa^G, the family of sets <roF<r7‘, vnth FSU, coincides with V. 

This last property can be proved in the following way : the set of all 

neighbourhoods of <ro coincides with the family of sets of the form o-oF 
(FsU); therefore, every set of the form Fo-oCFeU) can also be written 
in the form o-oF', F'eU, and conversely. 

We shall now prove that, if we have in a group G a family U of 
subsets which satisfies conditions I, II, III, IV, V, VI, we can introduce 
in (? a topology which makes G a topological group and for which V 
is the family of neighbourhoods of e. 

Let 'll be the family of subsets U oiG which satisfy the following 
condition: if <tzU, then U contains some set of the form aV{¥ SU). It 
is clear that any union of sets of 'll belongs to 'll and that CrS'U, ^£*11. 
It follows immediately from I that the intersection of two sets of *11 
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belongs to 'll. Let V be any set in U, and let U be the set of elements 
ffeG which have the following property : there exists a set V iSU such 
that ffVi V. We shall prove that t/S'U. In fact, assume that 
ffZU, (tVi (_ V, FiSD. Let V2 be a set of U such that V2V2 Fi; if 
tsFs, we have TF2 Q V, whence tsU, <tV2 C which proves our 
assertion. If we observe that the sets of *11 are permuted among 
themselves by any left translation T,, we see that any set of the form 
ffV, FeU, contains a set f/e'U, such that aZU. Let <70, <ri be two distinct 
elements of (?; we can find a set FiSU such that does not belong 
to Fi. By IV and V, there exists a set F such that FF~* ([ Fi; it 
follows easily that F (r^ViF = <t), whence aoF <nV = (ft. We can 
find sets Uo, Ui in 'll such that <roeC 7 o, viSl/i, Uo C. Ui Q aiV, 
whence Uq^Ui — 4>. It follows that we can define a topology in G 
in which 'll is the family of open sets. It is clear that the family of 
neighbourhoods cf a point aZG in this topology is the family of sets 
(tF, Feu. 

It remains to prove that the mapping (<r, t) — > <rT“* is continuous. 
Let (ffo, To) be a point of G X G, and let (tot^'F be a neighbourhood of 
o-otJ' (i.e. Feu). Let Fi be a set in U such that FiFi C ^5 by VI, 
the set rj;"'Fi may be written in the form F2 t 7'(F2SU). We have 
(o'oF2)(Fr'ro)“‘ = < 7 oF 2 To'Fi C C ‘^o'^o'F, which proves our 

assertion. 

A subset U' of the complete set of neighbourhoods U of a point p 
in a topological space is said to be a fundamental system of neighbour- 
hoods of p if eveiy set of U contains some set of U'. To the conditions 
I, II, III, IV, V, VI for the set of neighbourhoods of e in a topological 
group, there correspond the following conditions for a fundamental 
system of neighbourhoods of e: 

I'. If V iS,V' , V 2^' , there exists a set V 3S.V' such that V 3 Q Fi'^F2. 

IF. The intersection of all sets of U' is the set {e}. 

IV'. If Feu', there exists a set FiSU' such that ViVi F. 

V'. If FsU', there exists a set FiSU' such that F7* C 

VI'. If FsU', < 7 oe(?, there exists a set FiSU' such that o-oFio-^^ C. 

§ni. Homogeneous Spaces, factor Groups 

Let ® be a topological group, and let $ be a closed subgroup of ®. 
We say that two elements <7, t are congruent modulo ^ if the left 
cosets <7^, coincide. This is obviously an equivalence relation 
among elements of ®, and the corresponding equivalence classes are 
the left cosets modulo 
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To every pe$ we associate the corresponding right translation Tp 
of ®. A necessary and sufficient condition for <r and t to belong to the 
same coset modulo ^ is that there should exist a pS^ such that — r. 
The operations T* form a group of homeomorphisms of ® onto itself. 
Moreover we observe that the set of all pairs (<r, r) for which 
there exists a pe§ such that T*a = t is a closed subset of ® X 
since it is the reciprocal image of ^ under the continuous mapping 
(o-, t) -» (r~V. 

More generally, let 35 be a topological space, and let H be a group 
of homeomorphisms of 35 onto itself. The group II defines an equiv- 
alence relation in 35, two points p and q being considered as equivalent 
if there exists an element rfSH such that rjp = q. Assume that the 
subset 7 of 35 X 55 which is composed of the pairs (p, q) such that p 
is equivalent with q is closed in 35 X 35. Then, we shall define a 
topology in the set K of equivalence classes. TiCt X) be the family of 
those subsets 0 of A for which the set Uxeo X is open in 35. It is 
clear that any union or finite intersection of sets in V belongs to V, and 
that KsV, </>e‘U. Let U be any open subset of 35 : then the set of classes 
X which have an element in common with U belongs to V. In fact, let 
O be this set, and let p be a point of Uaso X. The point p belongs 
to a class X which has a point q in common with (/; there exists an 
element qeH such that p = riq. The set is open, contains p and 
is contained in Uxeo X, which proves that the latter set is open. Let 
Xi, X 2 be two distinct equivalence classes, and let o, be a point of Ai 
{i = 1, 2), Then (at, oj) does not belong to 7; since 7 is closed, there 
exists open sets U 1, V 2 in 35 such that (at, X IJ 2 , X U 2 ) 

= </). Let Oi be the set of equivalence classes which have at least 
one point in common with Uiii = 1,2); we have O.SU, A.eO, (i = 1,2) 
and Oi O2 = </>• It follows that we can define a topology in K 
in which V is the family of open sets. Let w be the mapping which 
assigns to every p£35 its equivalence class; it is clear that w is a con- 
tinuous and interior mapping of 35 onto K. 

Returning to the consideration of the group ® and of its closed 
subgroup we see that we can define a topology in the set of all 
cosets modulo Let be the topological space obtained in this 
way. The space is called the factor space of ® by Any space 
which may be obtained in this way by means of a topological group © 
and a closed subgroup of ® is called a homogeneous space. 

The mapping which assigns to every <re@ its coset modulo $ is 
called the natural mapping of ® onto ©/^. We shall denote this 
mapping by w. 
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If X = and tS®, is a coset modulo $ which we denote 

by TX. This shows that any element tS® defines a mapping of ®/f) 
onto itself; in other words, the group ® operates on ®/^. 

If j/s®/$, there always exists a re® such that tx = y, therefore, 
@ operates transitively on ®/§. A necessary and sufficient condition 
for the equality tx = x to hold is that raZa^, whence There- 

fore, if X = «(it), the group of elements t which leave x invariant is 
o-§<7“h 

Now, we prove that the mapping (cr, x) —> ax oi& X (®/$) onto 
®/^ is continuous. Let U be an open subset of ®/$, and let Ui 

be the set of pairs (<r, x) such that ax&U. We have to prove that Ui is 

-1 

open; let (<to, xq) be a point of Ui, and let V be the open subset w (U) 
of ®. If To is any point such that w(to) = Xo, U is a neighbourhood of 
(ToTo; therefore, there exist open sets Vi, Vi such that aoSVi, roSVi, 
V 1 V 2 C ^2 lio the .set w(F 2 ); since w is an interior mapping, 

U 2 is open in ®/$. Therefore Vi X U'^ is open in ® X (®/§); 
moreover, we have (<ro, Xo)£Fi X U'^, V\X U'^ Ui, which proves 
that f7i is a neighbourhood of (o-©, xo). It follows that Ui is open. 

In particular, if we fix a, the mapping x —* ipa{x) = ax of ®/$ 
onto itself is continuous; <p„-i is the reciprocal mapping of and is 
also continuous. It follows that, for every fixed a, <pr is a homeo- 
morphism of ®/§ onto itself. 

Let / be a mapping of ® into some set X. If the value of f{a) 
depends only upon the coset a^ of a, we can define a mapping /i 
of ®/^ into X such that / = /i o we set fi{a^) = f{a). Sup- 
pose that X is a topological space. Then, if / is continuous, /i is 

-1 

also continuous. In fact, let Y be any open subset of A; the set fi{Y) 
-1 -1 

coincides with w(/ (F)). Since / is continuous, f (7) is open, and 
-1 

therefore also /i (7), which proves that /i is continuous. If / is 

an interior mapping, so is /i; in fact, if U is an open subset of ®/$, 

-1 

fi{U) coincides with /( a (U)) which is open because w is continuous 
and f is interior. 

Proposition 1. If ^ and ®/$ are compact, the group ® is compact. 
In fact, let be a family of closed subsets of ® which has the finite 
intersection property (i.e. every finite sub family of $ has a non-empty 
intersection). We have to prove that the intersection of all sets of 4> 
is not empty. We may assume without loss of generality that the 
intersection of a finite number of sets of belongs to Let 'F be 
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the family of the sets w(F), for 'i' is a family of subsets of 
and has the finite intersection property. Since is compact, it 
contains a point x which is adherent to all sets of 

Let U be any neighbourhood of the neutral element e in and let 
(To be an element of G such that w(<ro) = Then w(CVo) is a neigh- 
bourhood of X, and therefore meets all the sets w(F), Fe^; it follows 
that, if Fe<^, we have F'^ f7<ro§ 5 ^ <j>, or 17~‘F'^<ro$ 5 ^ <^. Let <5i 
be the family of sets U~^F <ro^, F running over all sets in 4> and U 
over all neighbourhoods of e. Then 4>i has again the finite intersec- 
tion property. In fact, if Fi, • • • , Fme4> and Ut, • • ■ , Um are 
neighbourhoods of «, the set f|Hi ^ contains U~'^F <ro^ 

(where U — flUi Ui and F = F<), and the latter set is not empty 

because Fs4> and U is a neighbourhood of e. But ffo^ is homeomorphic 
to and therefore compact. Consequently, there exists a point 
which is adherent to all sets of ‘I>i, and, a fortiori, to all sets U~^F. 
If we keep F fixed and let U run over all neighbourhoods of «, U~^ 
also runs over all neighbourhoods of «, and it follows that ai is adherent 
to F, Since F is closed, we have oiSF; Proposition 1 is thereby proved. 

Spheres as homogeneous spaces 

Let us consider the group ® = 0{n), with n ^ 2. Those matrices 
(tS® which are of the form 

I 

(1) 

'0 

obviously form a closed subgroup $ of ®. The matrices a- which 
occur in the matrices are clearly the matrices of, 0(n — 1); it 
follows immediately that ^ is isomorphic (as a topological group) 
with 0(n — 1). 

Let us now consider the real matrices Of degree n as endomorphisms 
of the vector space F”, in which we select the base (ei, • • • , e„) 
composed of those vectors whose coordinates consist of n — 1 zeros 
and a 1. If a is any element in 0(n), we set a.(a) = (Te„. Since <t 
is orthogonal, a(<r) is a unit vector. If then o-Cn = e„. Con- 
versely, if <re„ = e„, and if <r = (Xj,), we have x,„ = 5,„(1 ^ j ^ n). 
Since <t is orthogonal, we have = 1; since x„n = 1, it follows 


n 1 / 
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that Xni = 0 for i < n, whence <r€^. Therefore, a necessary and 
sufficient condition for the equality a((7) = a(o-') to hold is that 
The element &{a) depends only upon the coset a; of tr modulo 

we may therefore set a(<r) = a(x). 

The set of unit vectors aeiJ" is the unit sphere S”"* of dimension 
n — 1. Hence, we have an obviously continuous mapping x -* a(x) 
of into S^~\ Moreover, this mapping is univalent. Proppsition 
3a, §III, Chapt. I, p. 11 shows that every aEjS”"' is the image of some 
element xe&/^ under our mapping. Since @/ ^ is compact (being a 
continuous image of 0(n)), the mapping x — ^ a(a;) is topological. 

We may identify 0(n — 1) with the subgroup and get the follow- 
ing result: 

Proposition 2. The factor space of 0(n) by 0(n — 1) is homeo- 
morphic with /S'*”* if n ^ 2. 

We observe next that, if ass’*”*, there always exists an element 
<reSO(n) such that (re„ = a. ' In fact, let us select an element ffieO(n) 
with the required property; if Q = — 1, we replace o-i by o- = aiao, with 

-1 0 0 

0 1 0 


0 0 1 

We have aeSO{n), <re„ = a. Therefore, we have 

Proposition 2a. If n 2, the factor space of SO{n) by SO{n — 1) 
is homeomorphic with /S’*”*. 

If we observe that the set of unit vectors of C** is homeomorphic with 
g 2 n-*, obtain, by entirely similar arguments. 

Proposition 3. The factor spaces of U (n) by U (n — 1) and of SU (n) 
by SU{n — 1) are homeomorphic with for n ^ 2. 

Finally, let us consider the group Sp{n), with n > 1. The elements 
of Sp(n) are matrices of degree n with coefficients in the division 
algebra Q of quaternions. Let us introduce the vector space Q" over 
Q, as we did in Chapter I, §VII, p. 18. Those elements ffeSp(n) 
which leave the basic element e„ = (0, • • • , 0, 1) invariant are the 
matrices of the form (1) with veSp(n — 1). They form a subgroup 
of Sp(n) which we may identify with Sp{n — 1). 

We have defined (Chapt. I, §VIII, p. 21) a one-to-one cor- 
respondence between Q** and C^**; this correspondence allows us to 
introduce in Q’* a topology, and the operations of Sp{n) are continuous 
mappings of Q** (with this topology) onto itself. The images of e« 
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under these operations are all the unit vectors of Q", as follows from 
Proposition 2, §VII, Chapt. I, p. 21. On the other hand, Formula 
(2), §V1II, Chapt. I, p. 22 shows that the unit vectors of Q" are 
those which correspond to the unit vectors of C*"; they are the ele- 
ments of a set which is homeomorphic with Hence: 

Proposition 4. The factor space of Sp{n) by Sp{n — 1) is homeo- 
morphic with the sphere if n 2. 

Factor groups 

Let us now consider the case where ^ is a closed distinguished sub- 
group of ®. Let G and H be the underlying groups of & and $ ; then 
the factor group G/II is a group whose set of elements is the set of 
points of the space ®/$; the natural mapping w of ® onto is a 
homomorphism of G onto G/II. We shall see that the group G/II, 
together with the space ®/^, gives a topological group. Let Xo and 
yo be elements of G/II ; we set zo = xoyo^ and we denote by U an open 

subset of ®/^ containing zq. Let <ro, to be elements of G such that 

-1 

w(<ro) = Xo, w(to) = 2/0 ; then w (f7) is an open set in ® and contains 

(totJ^ It follows that there exist open sets Fi, Fo in ®, such that 

- 1 ' 

(roSFi, roSFo, FiFj* C ^ (U). The sets Hi = «(Fi), Ho = wfFo) 
are open in ®/^, and the conditions xtUi, yzU^ imply xy~HU, which 
proves that the mapping (x, y) —^xy-^ of (®/^) X (®/^) onto 
is continuous. 

The topological group which we have defined is called the factor 
group of ® by it is denoted by ®/^. 

For instance, let H be the subgroup of R’' composed of the points 
with integral coordinates. The group H is obviously a closed discrete 
subgroup of R". The factor group R^/H is called the n-dimensional 
torus and is denoted by T”. The group is also denoted by T; it is 
homeomorphic to the circumference of a circle in 72*. It is easy to 
see that T’* is isomorphic (as a topological group) with the product of n 
times the group T. 

Let ^ be a continuous homomorphism of a topological group ® into 
some other topological group ®i. The kernel of this homomorphism 
(i.e. the set ^ of elements of ® which are mapped upon the neutral 
element by ip) is a distinguished subgroup of ®, and is closed because 
<p is continuous. The element <p{a) depends only upon the coset <t^ 
of <r modulo §, and hence <p defines a continuous homomorphism of 
®/^ into ®i. The homomorphism <pi is univalent, but it should be 
ob.served that <pi is not necessarily a homeomorphism. 
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Proposition 6. Let <p be a homomorphism of a topological group & 
into a topological group ®i. If ip is continuous at the neutral element 
€ of ®, it is continuous everywhere. 

Let (To be any element of ®, and let ^(<ro)Fi be a neighbourhood of 
^(<ro) in ®i (7i being a neighbourhood of the neutral element in @i). 
By assumption, there exists a neighbourhood F of e in ® such that 
^(F) QVi, whence ^(<roF) C <p(.<ro)Vi, which proves that <p is con- 
tinuous at (To. 

§IV. Components of a Topological Group 

Proposition 1. The component of the neutral element e in a topolog- 
ical group @ is a closed distinguished sul^group of ®. 

In fact, let K be this component, and let t be an element in K. 
The right translation associated with being a homeomorphism of 
® onto itself, the set is connected and contains tt~‘ = «; it follows 
that Kt-'^ C whence KK~^ (_ which shows that X is a subgroup 
of ®. Now, let p be any element in the mapping a pa is a 
homeomorphism of & onto itself. It follows that pKp~^ is connected; 
since eZpKp^^ we have pKp~^ Q K, which proves that K is distinguished. 

The factor group &/K is called the group of components of its 
elements are the cosets of K, which are also the components of ®. If 
the group ® is locally connected (i.e., if there exists a connected 
neighbourhood V of «), the group ®/K is discrete. In fact, the image 
of V under the natural mapping of ® onto ®/K is a point (because 
V Q K) and is a neighbourhood of the neutral element in ®/X 
(because the natural mapping is interior). 

Theorem 1. In a connected topological group, any neighborhood of 
the neutral element is a set of generators of the group. 

In fact, let F be a neighbourhood of the neuti’al element in a con- 
nected group @, and let II be the subgroup generated by the elements 
of F. If azH, we have also Vazll ; therefore H is an open set. But, 
any open subgroup H of a topological group ® is also closed, for every 
coset modulo H is an open set, and H is the complement in ® of the 
union of the cosets different from H. It follows that the set H is 
open and closed in ®; ® being connected, and H being not empty, we 
have H = ®. 

Remark. More generally, we have the following result: Let @ be a 
topological group, and assume that F is a connected neighbourhood 
of the neutral element e in &. Let IF be any neighbourhood of e; 
then, any element aSV may be written in the form aiai • • ' am, with 
a^W (1 ^ i ^ m) and aiai • • • aiS.V (1 ^ ^ m). To prove this 
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result, we may assume without loss of generality that W = TT"* 
and that TT F (if these conditions were not satisfied, we would 
replace IF by a smaller neighbourhood). Let E be the set of elements 
of V which may be written in the form indicated above. It is clear 
that, if <tzE, we have also aW '^V Q E] therefore E is relatively open 
in V. Let vo be a point of V which is adherent to E ; then <toW has a 
point cr in common with E. We have <roS<rlF“‘ = crW, whence aoeE, 
which proves that E is also relatively closed in V. Since e^E and V 
is connected, we have E = V, which proves our assertion. 

Proposition 2. Let & be a topological group, and let ^ be a closed 
subgroup of If the group ^ and the factor space &/ $ are connected, 
then @ is connected. 

In fact, assume that ® = f/ w F, where U and F are non empty 
open sets. The natural mapping of ® onto ®/$ maps U and F onto 
open subsets Ui and Fi of ®/$, and we have ®/§ = f/i w Fi. It 
follows that (7i Fi contains at least one element of ®/^. This 
means that o-i$ meets both U and F. We have U) 

w F). On the other hand, is homeomorphic with and 

hence connected. It follows that U and F have at least one point in 
common in Proposition 2 is thereby proved. 

Lemma 1. The sphere S’'{n ^ 1) is connected. 

S’* is the subset of defined by the equation 

xl + + i 

Let E be the set composed of the points of S” for which a:n+i ^ 0. If 
we map the point (xi, • • • , Xn+OeS upon the point (xi, • • • , x„)tR’', 
we clearly obtain a homeomorphism of E with the set 5” composed 
of the points (xi, • • • , x„) such that SJ^jX? ^ 1. The set B” is 
obviously connected; hence E is connected. Similarly, the lower 
hemisphere E' of S”, defined by the condition x„+i ^ 0 is connected. 
Since n ^ 1, the set E ^ E' is not empty. It follows that /S" is 
connected. 

Lemma 2. The groups SO{l), U{1), SU{1), Sp{l) are connected. 

The groups SO{l), SU{1) contain only their neutral elements. The 
group 1/(1) is the multiplicative group of complex numbers of absolute 
value 1 ; it is homeomorphic to S*, and hence connected. The group 
/Sp(l) is the multiplicative group of quaternions of norm 1. A 
quaternion of norm 1 may be written in the form ooCo + OiCi + OjCs 
4- Uses, with = 1. It follows easily that Sp{\) is homeomorphic 

with )S*, and hence connected. 
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Proposition 3. The groups SO{n), U(n), SU(n), Sp(n) are all con- 
nected for n ^ 1. 

This is proved by induction on n, making use of Proposition 2, 
Lemmas 1 and 2 and of Propositions 2o, 3, 4, §III, p. 33. 

On the other hand, the group 0(n) has exactly two connected com- 
ponents. In fact, it contains a matrix of determinant —1, namely 



Since the determinant is a continuous function which does not vanish 
on 0(n), 0(n) cannot be connected. On the other hand, 0(n) con- 
tains SO(n) as a distinguished subgroup of index 2. Hence it has 
exactly two connected components, one of which is SO(n), and the 
other the set of orthogonal matrices of determinant —1. 

§V. Local Isomorphism. Examples 

Let ® be a connected topological group, and let « be the neutral 
element of ®. We know that any neighbourhood F of e is a set of 
generators of ® (Theorem 1, §1V, p. 35). We shall now inquire 
about the relations between these generators. 

Let us assume that we have an analytic apparatus which permits 
the computation of products <tt only in the case where a, t and vt lie 
in V (we shall see later that this situation arises in many cases). 
Then, to each pair (c, r) of elements of V such that ar sF, there 
corresponds a relation ar = p between our generators of ®. The 
question is: are all the relations which hold between elements of F 
consequences of relations of the type we have just described? 

We shall see in a moment that the answer to this question is 
negative in general. Before doing that, we shall first formulate our 
problem in a different, but equivalent, way. 

Definition 1. Let ®, ®i fee two topological groups. A local isomor- 
phism of ® into @1 is a homeomorphism f of some neighbourhood V 
of the neutral element e of & onto a neighbourhood Fi of the neutral 
element tiof Vi which has the following properties: 

1) the conditions <rSF, tSF, o-tsF imply /(o-t) = /(ff)/(T); 

2) the conditions o-sF, tSF, /((rT)sFi imply <ttzV. 

In terms of this notion, our original question may be formulated 
as follows: f being a local isomorphism of ® with ®i, is it always pos- 
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sible to extend the domain of definition of / to all of ® in such a way 
that f becomes an isomorphism of the underlying group of ® with the 
underlying group of ®i? 

We shall give two examples which show that this extension is not 
always possible; 

1) Let <f> be the mapping which assigns to every real number x its 

residue class tp{x} modulo 1 ; let / be the contraction of <p to the interval 
] — It is clear that / is a local isomorphism of R into T. But 

/ cannot be extended to an isomorphism of R with T, because these 
groups are not isomorphic. 

2) Let us consider the group Sp{\), i.e. the multiplicative group 
of the quaternions g = aco + hei + ce-i + dez Such that 

+ To every such quaternion q there is associated a linear 

mapping T, of Q (the algebra of quaternions) onto itself, defined by 
the formula = qrq~'^(r&Q). We have 

= gr‘g-1 = iq-^)'r‘q‘ = (T,(r))‘ 

because = q~^. It follows that jT, maps onto itself the set P of 
pure quaternions (a pure (juaternion is a quaternion of the form 
XiCi + Xzez + Xz^z)] in fact, the pure quaternions p are characterized 
by the condition pt = — p. If 

T,(xiei + xzcz + Xzez) = x[ei + x'^ez + x'^ez 

we have 

( 1 ) 

Let d{q) denote the matrix {ai,{q)). We have Tgq' = Tq o whence 
Hence the mapping q 0{q) is a representation 
of )Sp(l) by matrices of degree 3. 

If r, r' are any two quaternions, we have 7’,(rr') = Tq{r)Tq{r'). 
Since the coefficient of eo in the expression of is — ^IxiPi, 

we see that the linear substitution (1), performed on the variables 
X and y, leaves invariant the expression SiXij/i. In other words, the 
matrix 6{q) is orthogonal. 

We know that (Sp(l) is connected (Lemma 2, §IV, p. 36). The 
mapping q—* 6i,q) being clearly continuous, it follows that d{q) belongs 
to the connected component of the neutral element in 0(3), i.e. to 
<S0(3). We shall now prove that 0(Sp(l)) is the whole group 50(3). 
An easy computation shows that 

/I 0 0 \ 

^(Cos Xco 4- Sin Xci) = I 0 Cos 2X — Sin 2X J 

\0 Sin 2X Cos 2x/ 
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It follows that S((Sp(l)) contains the group gi of all rotations around 
the xi-axis; similarly, we would see that 0 (/Sp(l)) contains the group gt 
of rotations around the X 2 -axis. Our assertion will therefore be proved 
if we show that g\ and gi generate ;SO(3). Let r be any rotation, and 
let Ml be the extremity of the unit vector of origin O carried by the 
xi-axis. We can find an operation Si of gi such that Si(rMi) is a 
point of the a: ix 3 -plane; this point being at unit distance from the 
origin, we can find an operation S 2£(72 such that S 2 SirMi = Mi] it 
follows that SiSirBgi, which shows that r is in the group generated by 
gi and gt. 

Let us now determine the kernel of the representation q —* 6(q). 
If 6(q) is the unit matrix, q must commute with every pure quaternion, 
in particular with ei, e^, €3. We see at once that this condition implies 
b = c = d = 0, whence a = + 1 . It follows that the kernel of our 
representation consists of the two quaternions Co, —eo. 

Let F be a compact neighbourhood of co in /SIp(l) such that — Co does 
not belong to FFF“‘; then 6 maps F in a continuous univalent way. 
Since F is compact, the contraction of 0 to F is a homeomorphism of F 
with some subset of SO(S). We shall prove that ${V) is a neighbour- 
hood of the neutral element in SO{Z). I^et Fi be an open neigh- 
bourhood of Co in <Sp(l) such that Vi Q V. The complement A of 
Fiw( — eo)Fi in Sp{l) is compact. Let U run over ail compact 

neighbourhoods of the unit matrix in <80(3); if the family of sets 
-1 

0 (TJ) ^ A had the finite intersection property, there would exist a 
point q^A such that 0{q)eU for every U, whence 0{q) = E (the unit 

matrix), and this is impossible. Since any finite intersection of sets 
-1 

of the form 0 (17) .4 is again of the same form, it follows that there 

-1 

exists a neighbourhood (7 of S in 50(3) such that 6 (U) ^ A — <t>, 
-1 '-1 

whence 0 (O) C ^ w (-eo)F. Since 17 = 0(0(1/)) and 0 (F) 

= 0(( — eo)F), it follows that 0(F) ) 17, which proves ourassertion. 

Let / be the contraction of 0 to F. If qzV, q'zV, f(.qq')sf(y), there 

exists an element r in F such that/(gg'') = /(r), i.e. qq'r~'^ = ±eo. Since 

—Co does not belong to FFF“‘, we have qq'r~^ 9^ — co, whence qq' = 

rsF. It follows that / is a local isomorphism of 5p(l) into 50(3). 

Suppose now that it would be possible to extend / to an isomorphism 

0' of 5p(l) with 50(3); since 0 and 0' are both homomorphisms and 

coincide on F which is a set of generators of 5p(l), we would have 

0 = O', which is impossible, since 0(— eo) is the unit matrix. 

Let H be the subgroup of 5p(l) which is composed of the elements 
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Co, —Co. There corresponds to 5 a continuous univalent homomor- 
phism 01 of Sp{\)/H onto SO(3.). Since Sp{l)/H is compact, 0i is 
also a homeomorphism. Hence, we have proved 

Proposition 1. The group SO(S) is isomorphic {as a topological 
group) with the factor group of Sp{l) by the subgroup composed of the 
elements co and — co. 

A necessary and sufficient condition for the equality d{q) = 6{q^) 
to hold is that q = ±q\ If we represent q — aeo + bei + ce^ + dca 
by the point (a, 6, c, d)zS^j we see that SO(3) is homeomorphic to the 
space obtained by identifying the pairs of antipodal points on S®, 
i.e. to the three dimensional projective space. 

gVI. Notion of Covering Space 

Definition 1. A topological space is said to he locally connected if 
any neighbourhood of any point p of the space contains a connected 
neighbourhood of the point. 

Proposition 1. In a locally connected space j every component of an 
open set is an open set. 

In fact, let if be a component of an open set U. If psif, [7 is a 
neighbourhood of p, and therefore U contains a connected neighbour- 
hood V of p. Since if is a component and V ^ K 4), we have 
y (] if, and p is interior to if. Proposition 1 is thereby proved. 

Remark. It follows immediately that any neighbourhood of a 
point p in a locally connected space contains an open connected neigh- 
bourhood of the point. 

Definition 2. Let f be a continuous mapping of a space 9S into a 

space 53. A subset E of "ii is said to be evenly covered by S {with respect 
-1 -1 

f) / (^) ^^ot empty and every component of f {E) is mapped 
topologically onto E by the mapping f. 

It is clear that any set which is evenly covered is ipso facto connected. 

^ Definition 3., Let ® he a topological space. A covering space 
(S, /) of 35 is a pair formed by a connected and locally connected space S 
and a. continuous mapping f of % onto 35 which has the following prop- 
erty: each point of 35 has a neighbourhood which is evenly covered by S 
{with respect to f). 

It is clear that a space cannot have a covering space unless it is 
connected and locally connected. Conversely, if 35 is a connected 
and locally connected space, 93 admits at least one covering space, 
viz. (93, e)y where e is the identity mapping. 

/) ct covering^space of 93, / is an interior mapping. In fact, 
let U be an open set of and let p = f{p) (with psU) be any point of 
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f{U). The point p has a neighbourhood V which is evenly covered 

by Let V be the component of ^ in /(F); then F"'^ 0 is rela- 
tively open in F. Since / maps F topologically onto F, the set 
f(V^ ^ tj) is relatively open in F, and is therefore a neighbourhood 
of p. Since /(F U) Q fiO), f{U) is a neighbourhood of p, which 
proves our assertion. 

Lemma 1. Let f he a continuous mapping of a locally connected 
space ^ into a space 9S. Let pbe a point of S, and let V be a neighbour- 
hood of p = f{p) in 93. The component V of p in f (F) is a neigh- 
bourhood of p in 

-1 

The set F contains an open set U such that psU. We have pzf 

-1 -1 

let tj be the component of p in f (JJ). The set / {U) is open because 
/is continuous; tj is open by Proposition 1. Since tj Q V, Lemma 1 is 
proved. 

Lemma 1 shows that, if (®, /) is a covering space of 93, / is a local 
homeomorphism, i.e. every point of ® has a neighbourhood which is 
mapped topologically by /. This condition, however, is not sufficient 
to make (®, /) a covering space of 93, as will be shown by the following 
example. Let /i be the mapping of R into T which assigns to every 
xeR its residue class modulo l;‘it is easy to verify that (R, /i) is a 
covering space of T. Let /a be the mapping of R^ into which is 
defined by Mx, y) = (/i(x), fx{y))', here again, it is easy to see that 
f^ is a covering space of T^. Let now S be the space obtained 
by removing one point from 72*; ® is connected and locally connected. 
If / is the contraction of fi to / is a local homeomorphism and maps 
^ onto nevertheless, (®, /) is not a covering space of T^. ^ 

Lemma 2. Let f be a continuous mapping of a space ® into a 
space 93. If E is a subset of 93 which is evenly covered by ® {with respect 

to /), then every connected subset F of E is also evenly covered. The 
-1 -1 
components of f (F) are the intersections of the components of f {E) with 

}\f). 

-1 

Let S, be the components of / (F), p running over some set of 

indices. Set F„ = f (F). Then / maps P, topologically onto 

F, which proves that P, is connected. Conversely, any connected 

subset of / (F) is contained in some component S, of / (F) ; Lemma 2 
is proved. 
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Lemma 3. Assume that (®, /) is a covering space of the space 33. 
If p is any point of SB, every neighbourhood of p contains an open con- 
nected neighbourhood which is evenly covered by S. 

Lemma 3 follows immediately from Lemma 2 and Proposition 1. 
Lemma 4. Let fi be a continuous mapping of a locally connected 
space Si into a connected space S. Assume that every point psS has a 
neighbourhood which is evenly covered by Si {with respect to /i). Let 
S a component of Si, and let f be the contraction of fito^. Then 
(S, /) is a covering space of S, and S is open in Si. 

We first prove that /(S) = S. Let p be a point of S, and let 
F be a neighbourhood of p which is evenly covered by Si. Let V v be 

-I 

the components of /i(F), v running over a set of indices AT. If a 
set Vy meets S, it is entirely contained in S, whence 

MV) = \Jy^mVy 

where N' is the set of indices v such that F, S 0. It follows 

that, if F meets /(S), we have F Q /(S) ; in particular, if p is adherent 

to /(S), then p is interior to /(S). It follows immediately that /(S) 

is open and closed in S, whence /(S) = S, since S is connected. 

-1 ^ 

The components of /(F) are the sots F„ for vzN\ because each Vy 

-1 -1 

is a maximal connected subset of /i (F), and, a fortiori, of / (F). 
It follows that (^, /) is a covering space of SS. The fact that ® is 
open follows immediately from Lemma 1. 

Lemma 6. Assume that (S, /) is a covering space of the space 33. 
Let 'X. be a connected and locally connected subspace of If X is any 

_i ^ -1 

component of f {X), X is relatively open in f {X)\ if g is the contraction 
of f to X, (36, g) is a covering space of X. 

Let p be a point of 36, and let F be an open neighbourhood of p 
which is evenly covered by S (Cf. Lemma 3). Since X is locally 

connected, we can find a connectedjieighbourhood X of p with respect 

-1 

to 36 such that X Q V, The components Xy of / {X) are the inter- 

sections of / (X) with the components Vy of /(F) (Cf. Lemma 2). 

If py is the point of Xy which is mapped on p by /, py is interior to Vy 

-1 

and Xy is therefore a neighbourhood of py with respect to / (36). It 
-1 

follows easily that / (36) is locally connected, and that every point of 
36 has a neighbourhood which is evenly covered by / (36) with respect 
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-1 

to the contraction of / to / (X). Lemma 5 then follows from Lemma 4. 

In Definition 3, we have required the space ® to be locally con- 
nected. The following lemma describes the situation which we obtain 
if we omit this condition. 

Lemma 6. Let ^bea connected and locally connected space. A ssume 
that a space ® has a continuous mapping f onto SS such that every point 
of 33 has a neighbourhood which is evenly covered by S with respect to f. 
Let 3C be the family of subsets of ^ which can be represented as unions of 
components of open sets of Then 3C can be taken to be the family 
of open sets of a space W which has the same points as The space S' 
is locally connected. Every point of S3 has a neighbourhood which is 
evenly covered by with respect to f. 

It is clear that any union of sets of 3C is in 3C and that every open 
set of ® is in 3C. It follows that, pi and pi. being any two points of S 
distinct from each other, there exist sets Ri and Ri in 3C such that 
pizRi, pi&Ri, Ri^ Ri = 4>. 

Now, let Ri and Ri be any sets in 3C which have a point p in com- 
mon. It follows immediately from Lemma 2 that p = f{p) has an 
open connected neighbourhood Uz in 33 which is evenly covered by ® 
with respect to/. On the other hand, we can find open subsets Ui of 

S such that the component of p in Ui is contained in Ri {i = 1, 2). 

^ ^ -1 

Let R be the component of p in C7i C/z / {Uz). Then R belongs 

to 3C, contains p and is contained in Ri. This proves that 

Ri RiZX; the first assertion of Lemma 6 follows immediately from 

-1 

this. Let Rz be the component of p in / (Uz)', then R is also the 
component of p in Oi'^Ui'^Rz. By assumption, / maps Rz 
(considered as a subspace of topologically onto Uz- Hence Rz 
is locally connected and therefore R is relatively open in Rz. Taking 
Ri = Rz, we see that the topologies induced by ^ and S' on the set 
R'z coincide with each other, and this proves that S' is locally con- 
nected. Furthermore, it is clear that Uz is evenly covered by S' with 
respect to /. Lemma 6 is now completely proved. 

§VII. SIMPLY Connected Spaces. The Principle 
OF Monodromy 

In conformity with the general notion of isomorphism, we shall say 
that two covering spaces (Si, fi) and (S2, fz) of the same space 33 
are isomorphic if there exists a homeomorphism vj of Si with S2 such 
that fi = fiO <p. 
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Definition 1. A space SB is said to be simply connected if it is con- 
nected and locally connected and if every covering space of 58 is isomorphic 
to the trivial covering space (5B, e), where e is the identity mapping. 

The word “every,” used in connection with the class of all covering 
spaces of a space 58, might arouse the suspicions of a trained logician, 
because the notion of “all” covering spaces involves in particular the 
notion of all sets with a given cardinal number. We shall avoid this 
difficulty by showing that, 58 being given, we can construct by legiti- 
mate logical proces.ses a set C of covering spaces of 58 such that any 
given covering space can be proved to be isomorphic to one of these. 
We may then restrict the meaning of the “every” of Definition 1 
to only those covering spaces which arc elements of 6. 

Let po be a point of 58. We construct the set 2 composed of all finite 
sequences S = (po, t/o, pi, f/i, • • • , Pn, Vn, Pn+i) composed alterna- 
tively of points p, and of open sets and which satisfy the following 
conditions: 1) the first term of S is po; 2) both p, and p,+i belong to 
Ui (0 ^ f ^ n); 3) the last term of <S is a point. Let (®, /) be a 
covering space of 35; we shall prove that the cardinal number of 58 
is at most equal to the cardinal number of 2. Let 2' be the subset 
of 2 composed of the sequences S = (po, Vo, Ph V\, • • • , p„, f7„, 
Pn+i) which have the property that each (/,• is evenly covered by ® 
with respect to /. Let po be a fixed point of S such that f{po) — po. 
If )Ss2', we define p^ (I ^ A: ^ n -|- 1) by induction on k in the follow- 
ing way: p* being already defined, we denote by Uk the component 
-1 

of pk in / (Vk), and we denote by pk+\ the point of Uk which is 

mapped upon pk+i by / {tfk contains one and only one point with this 

property because Uk is evenly covered). Wc denote the point 

p„+i by <p{S ) ; ^ is a mapping of 2' into We shall prove that this 

mapping is onto Let ^ be a point of the point p = /(p) belongs 

to at least one open set U which is evenly covered by ® (Lemma 3, 

^ -1 

§VI, p. 42), and the component of ^ in / {U) is open (Proposition 1, 
§VI, p. 40). If U meets it is entirely contained in 

In fact, assume that ^(S) = § is a point of U, with S = (po, Uo, pi, 
C7i, • • • , p„, U„, p„+i)£2'. Then p„+i = /(§) is in U and, r being 
any point of U, the sequence 5, = (po, Uo, pi, U\, ‘ , Pn, Un, 

Pn+i, U, r) belongs to 2'; the point f = (p{Sr) belongs to 0, and 
/(f) = r, which proves our assertion. It follows that every point of S 
which is adherent to ^(2') is interior to v’(2') ; therefore, ^(2') is open 
and closed in S, whence ^(2') = We conclude that the cardinal 
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number of S is at most equal to the cardinal number of S', and, 
o fortiori, of S, 

We can legitimately speak of the set of all topological spaces 
whose points are elements of S (such a space is determined by giving 
a subset A of Z and a family of subsets of A). We may therefore 
construct the set of all pairs composed of a space ® whose points 
belong to S and of a mapping of ^ into SS. Finally, we may single 
out among these pairs those which are covering spaces of SS; we 
obtain in this way a constructible set Q of covering spaces of SS. It 
follows from what we have said that any given covering space of SS is 
isomorphic to a member of the set 6. 

The following lemma is sometimes useful to prove that a space is 
simply connected: 

Lemma 1. Let (®, /) be a covering space of a space 35. If ^ 

contains an open set A which is mapped in a univalent way onto 35 by 

f, then f is a homeomorphism of ^ with 35. 

Since / is continuous and interior, the contraction of / to A is a 

homeomorphism of A with 35. Therefore, we have only to prove 

that A = this in turn will be established if we show that A is 

closed in Let p be a point of ® which is adherent to A, and let 

y be a neighbourhood of f{p) which is evenly covered by We 

-1 _ 

denote by ^ the component of p in / (F) ; both V and the set F' = A 
-1 

^ f (F) are mapped topologically onto F by /. On the other hand, 

F is a neighbourhood of p (Lemma 1, §VI, p. 41) and therefore 

meets A ; it follows that V ^ V' 9 ^ <f>. Since F' is connected, we 

have V' V; since / maps F in a univalent way, we have F' = V, 

peA ; Lemma 1 is thereby proved. 

Proposition 1. // 35i and 352 are simply connected spaces, the space 

35 1 X 352 is likewise simply eonnected. 

It is clear that 35i X 352 is connected and locally connected. Let 

(355, /) be a covering space of 35 1 X 352) by a horizontal fiber we shall 

-1 

mean a component of a set of the form / (35i X with some 

-1 

«2£352, by a vertical fiber, a component of a set of the form / ({vi} X 352), 
with some t)i£35i. It follows immediately from Lemma 5, §VI, p. 42 
that / maps every horizontal fiber topologically onto 35 1 (and every 
vertical fiber topologically onto 352). Let be a fixed vertical fiber. 
We denote by A the union of the horizontal fibers which meet ® 2 - 
It is clear that f maps A in a univalent way onto 35 1 X 352. Proposi- 
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tion 1 will follow from Lemma 1 above if we can prove that A is open 
in SB. 

Let ffii be a horizontal fiber which is contained in A, and let E be 
the set of points of which are interior to A. The set E is relatively 
open in ®i. If we can prove that E is closed and not empty, it will 
follow that E = and that A is open. 

Let w be any point of Si; if f(w) = (vi, V2), we can find connected 
neighbourhoods Fi, V2 of vi, V2 with respect to Si, S2 respectively 

which are such that Vi X F2 is evenly covered by SB. Let W be the 
-1 ^ 

component of tc in / (Fi X F2). If {v\, t)2)sFi X F2, we set V'liv'i) 

= IF^ /(Fi X {«:!), F2(«;') = IF^ f(lv[] X F2);/maps Vx{v'^) 
topologically onto Fi X {t^aj and F 2 (t '0 onto {t)') X F2. It follows 
that Fi(«^J) is contained in a horizontal fiber Si(t^2) that V2(v'i) 
is contained in a vertical fiber S2 (pI)- "Fhe fibers Si(i^2) and ^2{v'i) 
have in common the point of IF which is mapped upon (v\, V2) by /. 
On the other hand, wc have 

( 1 ) IF = = U«/sv, F 2 (t ;0 

Assume first that w is the point where Si meets S®; then S2(t'i) 
coincides with S®, whence SiC^a) C for all V2&V2. . It follows from 
Formula ( 1 ) that IF ([A, whence wsE: E is not empty. 

Assume next that w is adherent to E] then Fi(t»2) has a point w' 
in common with E, We set f{w') — (v*, V2). We can find a neigh- 
bourhood F* of «;2 with respect to S2 such that F* C ^2 

/ ({v*} X V*) is contained in A. If v^sV*, the horizontal 

-1 

fiber Si(i;*) meets A, whence SiCy* ) C The set IF ^ / (Fi X F* ) 
= IF' is the union of the sets FiCt;*) for all J^^sF*, whence IF' Q A. 
Since IF' is a neighbourhood of w, we have weE, which proves that E 
is closed. Proposition 1 is thereby proved. 

We shall now' prove the fundamental property of simply connected 
spaces: 

Theorem 2 (Principle of monodromy). Let ^ be a simply connected 
space. Assume that we have assigned to every pe 58 a non empty set Ep 
(Ep is an abstract set, not related to SB). Assume furthermore that we 
have assigned to every point (p, q) of a certain subset D of X ^ a 
mapping tpp, of Ep into E,, in such a way that the following conditions 
are satisfied: 

1 ) The set D is a connected neighbourhood of the diagonal in X ^ 
(the diagonal is the set of all pairs (p, p), psSB) ; 
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2) Each <ppq is a one-to-one mapping of Ep onto E^; <ppp is the identity 
mapping; 

3) If <Ppq, (pqr, <ppr are all defined, we have tppr = ipqr o <ppq. Then 
there exists a mapping ^ which assigns to every peH an element \p{p)BEp 
in such a way that \l/{q) = <Ppq{}l/{p)) whenever <ppq is defined. More- 
over, if po is a given point of 58, ^ may be selected in such a way that 
^ipo) is any preassigned element of Ep„ and ^ is then uniquely 
determined. 

Let V be the union of all sets {p} X Ep, for psSS. We shall define 
a topology in Let *11 be the family of those subsets U oi V which 
satisfy the following condition; if (p, ep)iU, there exists a neighbour- 
hood JV of p in 58 such that N X N Q D and (q, <(>p,fif)tV for all 
qzN. It is clear that and the empty set belong to 'll, that any 
union of sets of 'll belongs to 'll and that the intersection of two sets 
of 'll belongs to 'll. 

Let w be the mapping of V into SS which is defined by w(p, Cp) = p. 

The following statements follow immediately from the definition: if 

-1 « « 

U is an open subset of 58, w ([/) belongs to 'll; if Cue'll, w(£7) is open. 

Let U be an open subset of 58 such that U X U Q D. Let p be a 
point of U and let ep be an clement of Ep) we denote by {/(p, U, ep) 
the set composed of the {q, <(>pq{ep)) for qzU. This set belongs to 'll. 
In fact, let {q, (PpqiCp)) be a point of U (p, U, ep ) ; if r is any point of U, 
<Ppq, <Pq, and (fipr are defined, and we have 

(^) ^qri<Ppq(Sp))) — (r, <Ppr{Sp))SU(p, U, ep), 

which proves our assertion. 

Let (p, ep) and (p', be distinct points of t^. If p p', we can 
find open sets U', U" in 58 such that psC/', p'sXJ", U' ^ U" = 4>‘ 

We have (p, ep)g w ({/'), (p', e;.)e w {U"), w ({/') ^ w (C7") = <t>. 
Assume now that p = p', whence ep ^ e^. If f/ is an open set con- 
taining p such that U X U C ^'he sets U (p, U, ep) and U (p, U, e'p) 
belong to 'll and are disjoint because the mappings <pp, are univalent. 
It follows that 'll can be taken as the family of open sets in a topology 
on "V. Let ^ be the topological space obtained in this way. It is 
clear that w is a continuous interior mapping of ^ onto 58. 

Every point ps58 has a connected open neighbourhood U such that 
-1 ^ 

U X V C 'The set w (t/) is the union of the sets Dip, U, ep) for 
all epSEp (because each v»p, maps Ep onto £?,). These sets are open 
in ® and w maps each of them in a univalent way onto U. It follows 
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that w maps each U (p, U, Cp) topologically onto U. Since U is con- 

-1 

nected, the sets U{p, U, e,) are the components of w (17), and U is 
evenly covered by ® with respect to w. 

Let ^0 be the component of (po, Cp,) in and let wo be the con- 
traction of u to ®o. By Lemma 5, §VI, p. 42, (So, «o) is a covering 
space of 33. Since 93 is simply connected, wo is a homeomorphism. 
We define the mapping rp by 

-1 

wo(p) = (p, Hp)) 

Let D* be the set of all pairs (p, q)eD such that p(q) = ^po(^(p)), and 
let (pi, gi) be any element of D. We can find open connected neigh- 
bourhoods Ui and Vi of pi and qi such that Ui X U\ C A X Vi 
(_ D, Ui X Vi CD. As.sume that UiXVi has an element (p2, q^ 
in common with Z)*, i.e. ^(92) = <pptg CP{Pi))- The set t7(pi, U\, iA(pi)) 
is connected, and therefore contained in So, whence 

( 1 ) iiPi) = <PpiVt{'P{pi)) 

The mappings ^p.p„ ^p„,, ^p„„ being defined, we have 

(2) ^( 92 ) = VpiqtiVpiPii^iPl))} ~ fpigti^ipi)) ~ ¥’«i«2(<Ppi9i(\^(Pl))) 

On the other hand, we have (by the same argument which was used 
to prove (1)): 

( 3 ) 1 ^( 92 ) = <(>q,qX'PiQl)) 

Because^^p,,, is a one-to-one mapping of Ep, onto Eg^, it follows from 
(2) and (3) that v’p, 9 .(^(Pi)) = ^(9i), i-e. (pi, 9 i)SjD*. It follows 
immediately that D* is relatively open and closed in D, whence 
D* = D. 

It .remains only to prove the uniqueness of the mapping yp. Let 
\p' be any mapping which satisfies the same conditions as ^ (includ- 
ing yp'ipo) = Cp,). Let A be the set of points p such that yp'{p) = yp{p ) ; 
we know already that A is not empty. Let p be any point of 93 and 
let W be a neighbourhood of p such that N X N C E. Assume that 

N has a point Pi in common with A; then ^p,p(l^'(p)) = 'P'CpO — 'Pipi) 

= <PpivCP{p))i whence ^(p) = yp'{p). It follows immediately that A is 
open and closed in 93, whence A = 93. Theorem 2 is proved. 

Definition 2. Let & be a topological group. A local homomorphism 
of ® into a group H is a mapping r} of a neighbourhood V of the neutral 
element of ® into H which satisfies the condition that •q{(TT) = vM'ni'’') 
whenever <r, t and trr belong to V. 
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Theorem 3. Let & be a simply connected topological group. Let ij 
he a local homomorphism of ® into a group H. If the set on which y is 
defined is connected, it is possible to extend y to a homomorphism of the 
whole of ® into H. 

Let V be the set on which y is defined. We denote by D the subset 
of ® X ® composed of the pairs (<r, t) such that T<r~‘sF. It is clear 
that D is a neighbourhood of the diagonal in ® X ®. Moreover, D 
may be represented as the union of the sets {a} X Va, o-s®. Since 
each of these sets is connected (and meets the diagonal of ® X ®, 
which is connected), it follows that D is connected. 

If ((T, t)zD, we denote by <p„ the mapping a — > y(Tff~^)a of H into 
ibself. If (ff, t), (t, p) and (<r, p) are all three in D, we have 

<iP<rp(«) = y(p<T~^)oi = y(pT-')y(T<T-^)a = <prp(<p>p(a)) 

We can therefore apply Theorem 2 and obtain a mapping ^ of @ into 
H such that ^(e) is the neutral element of i/ and such that 

Hr) = y(Ta-^)4i{a) 

whenever r(T~HV. Putting o- = e, we see that ^ coincides with y on 
V. The formula H^<r) = holds when fsF. Since ® is 

connected, every p£® may be written in the form fi • • • f* with 
TiSTfl ^ i ^ h) (this follows easily from Theorem 1, §IV, p. 35 if 
we observe that V is a neighbourhood of e). An easy induction 

shows that 

^(ri • • • h<r) = H^i) • • • 

Putting <T = S, we get Hp) = H^i) ‘ ’ ' Hh), whence ^(po-) = 
^(p)^(<r):^ is a homomorphism. Theorem 3 is thereby proved. 

Scholium. Let ® be a simply connected topological group. If a 
connected topological group ®i is locally isomorphic to ®, ®i is isomorphic 
to the factor group of @ by a discrete subgroup of the center of ®. 

Let t; be a local isomorphism of a connected neighbourhood of the 
neutral element e of ® into ®i. Then y can be extended to a homo- 
morphism ^ of ® into ®i. Because is a homomorphism and is 
continuous at the neutral element, ^ is continuous everywhere. 
(Cf. Proposition 5, §III, p. 35.) The set \^(®) is a subgroup of ®i 
and contains a neighbourhood of the neutral element ei of ®i; ®i 
being connected, it follows that i^(®) = ®i (Cf. Theorem 1, §IV, 
p. 35). Because 4^ maps a neighbourhood of « in ® onto a neighbour- 
hood of €i in ®i, ^ maps any open set onto an open set. It follows 
easily that ®i is isomorphic to &/K, where K is the kernel of 
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There exists a neighbourhood of € in ® whose intersection with K 
contains only € ; therefore K is discrete. The fact that K belongs to the 
center of ® follows from 

Proposition 2. A discrete distinguished subgroup K of a connected 
topological group @ belongs to the center of ®. 

I^et K be any element of K. Let N he & neighbourhood of k in ® 
such that N '^K = {k}, and let F be a neighbourhood of e in ® 
such that FkF~‘ C. Because K is distinguished, we have = k 
for all o-eF. The elements of ® which commute with k form a subgroup 
G' of & which contains F. Since ® is connected, we have G' = ®. 
Proposition 2 is thereby proved. 

§VIII. the PoiNCARfi Group, Covering Groups 

Let S3 be a space which admits a simply connected covering space 
(i.e. a covering space (S,/) such that ® is simply connected). We shall 
then prove that this covering space is unique, except for isomorphisms. 
We must first prove 

Proposition 1. Let SSi be a simply connected space. Let ^ be a 
space, and assume that (^, /) is a covering space of S5. Let (pbe a con- 
tinuous mapping of SB into S5. Then there exists a continuous mapping 
^ of into ^ such that <p = f o If wo is a point of SB and if po 
is any point of ^ such that f{po) = po = v’(w’o), ^ may be constructed 
so as to map wo upon po, and is then uniquely determined. 

Let Xi be the set of pairs {w, p)eS8 X ^ such that <p(w) = /(p). The 
contraction to of the projection of SB X S onto SB is a continuous 
mapping of Xi onto SB. If u^sSB, we can find a connected neigh- 
bourhood F of p = ((>(w) in S5 which is evenly covered by let V, 
-1 

be the components of f (V), v running over some set of indices. Let 
IF be a connected neighbourhood of in SB such that (p{W) ^ F; if 
w'tW, we denote by w'„ the point (w’, pi), where pi is the point of F, 
defined by /(^') = ipiw'). The mapping w'—>wl maps IF continu- 
ously upon a subset of and 4'i{wl) is the point w'. It follows 

that ^1 maps topologically onto IF. The set f i(IF) is the union 

-1 

of the sets V^,‘, if W' is any connected subset of ^i(IF), the mapping 

-1 

{w, p) —*p maps onto a connected subset of /(F), i.e. upon a 

subset of some V,. It follows that the sets W, are the components of 
-1 

\pi (IF) and that IF is evenly covered by Xi with respect to 
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Let 3£ be the component of (lOo, Po) in 3£i, and let 4' be the contrac- 
tion of 4/1 to X. By Lemma 5, §VI, p. 42, (X, 4') is a covering space 

of Since 3B is simply connected, is a homeomorphism. We 

-1 

can now define <p by the formula 4' («’) = («’> ^(«’))- It is clear that 
^ has the required properties. The uniqueness of ^ will follow from 
Lemma 1. Assume that (®, f) is a covering space of a space 58. 
Let <f>, be continuous mappings of a connected space 2B into ^ such 
that f o tp = f o (p'. If ip{wo) — <p'{wo) for at least one point Wo, then 
<P = <p'- 

Let A be the set of points such that ip{w) = A is clearly 

closed and not empty. Lemma 1 will be proved if we can show that A 
is open. If wzA, then v = fifpiw)) has a neighbourhood V which is 

evenly covered by S. The component V of (p{w) = <p'{w) in / (F) 
is a neighbourhood of (/>(w) in ® (Cf. Lemma 1, §VI, p. 41). It 
follows that there exists a neighbourhood IF of w; in 95B such that 
v»(IF) C t^, <p’iW) C Because / maps F topologically, w'sW 
implies whence IF C Lemma 1 is proved. 

Remark. The statement of Proposition 1 is to a certain degree 
similar to the principle of monodromy. In fact. Proposition 1 can 
be deduced from the principle of monodromy in the case where wc 
assume that SB is normal. 

Let now (^, /) and (®', /') be simply connected covering spaces 
of a space 58. Let p be a point of 58, and let p, p' be points of 
respectively such that f(p) = p, f'(p') — p. By Proposition 1, 
there exist continuous mappings; v’ of ® into and <p' of S' into S 
such that 

/' o ^ = /; / o ^' = /'; ^{p) = p'; = p 

Then, tp' o tp is a (!ontinuous mapi)ing 0 of S into itself such that 
f o 0 = f and 0{p) = p. By Proposition 1, ^ is the identity mapping 

of S. In the same way, we see that ^ o is the identity mapping 

-1 

of S'. It follows that ^ is a homeomorphism and that <p' = tp. We 
have proved 

Proposition 2. If a space S admits a simply connected covering 
space, it admits only one {except for isomorphisms). 

■ Let us furthermore apply our previous considerations to the 
case where S = S', / = /'. We see that, if p, p' are points of S 
such that/(p) = fip'), there exists a uniquely defined homeomorphism 
of S with itself such that f o <p = f, ip{p) = p'. 
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Definition 1. Let 33 6e o space which admits a simply connected 
covering space (®, /). The group of those homeomorphisms <p of % with 
itself such that f o (p = f is called the Poincari group {or fundamental 
group) of 

The Poincar4 groups of any two simply connected covering spaces 
of the same space 33 are isomorphic (as follows immediately from 
Proposition 2). If we think of the abstract group which is isomorphic 
to the Poincar^ group of any simply connected covering space, we call 
this group the Poincar^ group (or fundamental group) of 33. We have 
proved 

Proposition 3. Assume that the space 33 admits a simply connected 
covering space (®, /). If p, p' are points of ® such thatf{p') = f{p), 
then there exists a uniquely determined operation of the Poincar6 group 
of 33 which maps p upon p'. 

Lemma 2. Let 33i, 352 he two spaces; assume that (^„ /<) is a covering 
space ofiQi {i = 1, 2). Ifjjoe setj{vi, Vi) = (/i(t'i),/ 2 (t' 2 )), tlwn (Si X ^ 2 , 
f) is a covering space 0 / Si X S 2 . 

Let V = {vi, V2) be any point of Si X S 2 . We can find a neigh- 
bourhood Vi of Vi with respect to Si which is evenly covered by Si 

-1 

{i = 1, 2). If I^i is any component of /i(Pi) {i = 1, 2), / maps 

X F 2 topologically onto Fi X F 2 . The set Fi X Vj, being con- 

-1 

nected, is contained in a component F of / (Fi X F 2 ); the projection 

-1 

of Si X S 2 onto S, maps F into a component of /i(Fi), whence 

-1 

F = Fi X F 2 . Any point of /(Fi X F 2 ) belongs to a set of the 

form Fi X F 2 ; it follows that the sets 1^i X 1^2 are the components of 
-1 

/ (Fi X F 2 ) and that Fi X F 2 is evenly covered by Si X S 2 with 
respect to /. Since SiX S 2 is connected • and locally connected, 
Lemma 2 is proved. 

Proposition 4. Assume that the spaces- Si, S 2 both admit simply 
connected covering spaces. Then Si X S 2 admits a simply connected 
covering space and its Poincare group is isomorphic to the product of 
the Poincar& groups of Si and S 2 . 

Let (®»> /•) be a simply connected covering space of Si {i = 1 , 2). 
If we define the mapping / as in Lemma 2, (Si X S2, /) is a covering 
space of Si X S2, and is simply connected by Proposition 1 , §Vn, 
p. 45. Let Fi be the fundamental group of (Si, /i) (f = 1 , 2); if 
(pjiF I, the mapping ^ of Si X S2 into itself defined by ^(tJi, tJ2) = (v>i(I>i), 
^ 2 ( 52 )) clearly belongs to the Poincar6 group F of (Si X ^ 2 , /). The 
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mapping {<pi, ^ is easily seen to be an isomorphism of Fi X F^ 

with a subgroup of F. If (iJi, and (i>i, ffj) are any points of Si X ^2 
such that /(0i, Hi) = fiv'i, i>5), we have fi{vi) = f,{Vi) (i = 1, 2), and 
there exists an element ipiSFi such that (Pi(vi) = The operation <p 
of F which corresponds to (^ 1 , tpi) maps (vi, h) upon il^). Taking 
Proposition 3 into account, it follows that the mapping (^ 1 , ^ 2 ) tp 
maps F\ X F^ onto F. Proposition 4- is proved. 

Let us now consider the notion of a covering space in the case 
where the space which is covered is a topological group. 

Definition 2. Let & be a topological group. By a covering group of 
we mean a pair (®, /) composed of a topological group & and of a 
homomorphism f of @ into @ such that (®, /) is a covering space of ®. 

Proposition 6. Assume that a topological group @ has a simply 
connected covering space (@, /). It is then possible to define a multipli- 
cation in ® which turns the space @ into a topological group and the 
covering space (®, /) into a covering group. 

Let e be the neutral element of ®, and let e be any element of ® 
such that /(e) = e. The space ® X ® is simply connected (Proposi- 
tion 1, §VII, p. 45); by Proposition 1 above, there exists a continuous 
mapping v? of (S X ® into @ such that f{<p{a, f)) = f{a){f{f))~^, 
^(e, e) = e. We have /(v>(of, e)) = /(v) and »>(?, i) = e. Making 
use of the uniqueness statement in Proposition 1 (applied this time 
to the mapping of —* f{<p{a, e))), we conclude that v>(a, i) = a. We set 

= ¥j(e, f) fff = <p{a, f->) 

whence f{f~^) = (/(?))~S f(af) = f{o-)f{f). Making use again of the 
uniqueness statement in Proposition 1, we derive-easily the formulas 

(crf)j5 = v(fp), ffi = iff — a. The continuous mapping 5 — » orcr~* maps 

-1 

the connected space ® into the discrete space / (e) and maps e upon 
itself, whence ffff~^ = i; in the same way, we would prove that or-‘or = i. 
It follows that our law of composition (a, f) — > af turns ® into a 
topological group: Proposition 5 is proved. 

The law of composition which we have defined in ® depends upon 
the choice of e. Neverless, we shall prove 

Proposition 6. If a topological group admits a simply connected 
covering group (@, /), this covering group is unique except for isomor- 
phisms; i.e. if (©', / ) is an other simply connected covering group of @, 
there exists an isomorphism 0 of the topological group ® with ®' such that 
f = foe. 

Let e, e', e be the neutral elements of ® respectively. We 



54 


TOPOLOGICAL GROUPS 


[Chap. II 


can find neighbourhoods V, F', V of e, i', € such that the contractions 
of /, /' to V, F' are local isomorphisms of these sets with F. It 
follows that we can find a local isomorphism d of F with F' and a local 
isomorphism 6' of F' with F such that 6' o d and 6 o 0' are the identity 
mappings of F, V' respectively and furthermore such that f'oO 
coincides with / on F. By Theorem 3, §VII, p. 49, 0 and may be 
extended to homomorphisms of @ into &' and of &' into @ respec- 
tively; we shall also denote by 0, 0' these extended homomorphisms. 
Because F, F' are sets of generators of ©' respectively (Theorem 1, 
§IV, p. 35), 0' o d and 0 o 6' are the identity mappings of ® and 
respectively. It follows that 0 is an isomorphism of ® (considered 
as a topological group) with ®'. Moreover, since/ and/' o d are both 
homomorphisms of @ into they coincide everywhere. Proposition 6 
is thereby proved. 

Proposition 7. Assume that the topological group ® admits a simply 
connected covering group ((§, /). Then the Poincare group of & is 
isomorphic to the kernel of the homomorphism f; in particular ^ this group 
is abelian. 

Let D be the kernel of /; if 5eZ), the left translation (p^ associated 
with S in ® is a homeomorphism of © with itself such that f o = /. 
It follows that <pi belongs to the Poincare group of (®,/). Making use 
of Proposition 3 above, we see easily that the mapping 8 <ps is an iso- 
morphism of D with the Poincar6 group of (@, /). Proposition 7 
then follows from Proposition 2, §VII, p. 50. 

§IX. Existence of Simply Connected Covering Spaces 

Definition 1. A space 33 is said to be locally simply connected if 
every point of ^ has at least one simply connected neighbourhood. 

Observe that we do not require that every neighbourhood of the 
point should contain a simply connected neighbourhood. 

A locally simply connected space is of course ipso facto locally 
connected. 

Theorem 4. Let ^bea connected and locally simply connected space. 
Then 33 has a simply connected covering space. 

We select arbitrarily a point t;o£33. By a specified covering space 
of $8 we shall mean a triple (®, v^, f) such that (®, /) is a covering 
space of 33 and v^ is a point of S with f{v^) — vq. Two specified 
covering spaces (S, v^, f) and (®i, v\y fi) are said to be of the same 
type if there exists a homeomorphism t? of S with Si such that fiOrj 
= / and ri{v^) = i;?. We know that we can construct a set of covering 
spaces of S such that every covering space is isomorphic to one of 
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them; it follows easily that we can construct a complete system of 
representatives (®a, i?®, /..) for all types of specified covering spaces 
(a running over some set of indices). Let Xi be the subset of the 
product space composed of those elements x = ' Va • • •) 

for which the fa{va) are all equal; if xsXi, we denote by the 

common value of the elements It is clear that/* is a continu- 

ous mapping of 3fi onto 35 and that the point x® = (• • • 5® • • •) 
belongs to Xi. 

Let i) be a point of 35, and let F be a simply connected neighbour- 

-1 

hood of V. We denote by Va., the components of /„ (F), v running over 
a set of indices Na which depends on a. It follows immediately 
from Lemma 5, §VI, p. 42 tht /aa maps each Va.p topologically onto 
F. 

Now set Z — TlaNa', if fsZ, we denote by f(a) the a-coordinate of f 
and set 

Ff = Xi^n„F„.r(„) 

Let /{• be the contraction of /* to Ff. It is clear that f{ is univalent 

and continuous. On the other hand, if vbV, the a-coordinate of 
-1 

ft (v) is the point of Va,tU) which is mapped on v under /„; this point is a 

-1 

continuous function of v, and it follows that ft is continuous. There- 
fore ft is a topological mapping of Ff onto F. In particular, we see 
that Ff is connected. Clearly, 

Ikv) = Ufez Vt 

If we assign to every x = (• • • *;« • • •)e3Ei the element = Va, 

-1 ^ 

we obtain a continuous mapping g„ of 36i into The set ga{Va,y) 

is the union of the sets Ff for which f (a) = v. If & is any component 
-1 ^ “1 

of /*(F), ga(K) is a connected subset of /« (F) and is therefore con- 

^ -1 

tained in some Fa,,. It follows that each Ff is a component of /*(F) 

-1 _ 

and that the components of {Va,p) are the sets Ff such that f (a) = u. 
From the facts that /f is a homeomorphism and that/a and g^ are con- 
tinuous, we deduce easily that g^ maps Ff topologically onto Fa.r(a)- 
Let be the space which has the same points as 3£i, and, for open 
sets, the unions of components of open sets of 9£i (cf. Lemma 6, §VI, 
p. 43). Then is locally connected. Every point of 33 has a 
neighbourhood which is evenly covered by with respect to /*; 
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every point of has a neighbourhood which is evenly covered by Xi 
with respect to gt- Let X be the component of a:® in X(, and let / 
and Qa be the contractions of /* and gt to X. Then (X, /) is a covering 
space of 53 and (X, ga) is a covering space of (cf. Lemma 5, §VI, 
p. 40). Theorem 4 will be proved if we can show that X is simply 
connected. 

Let (t, ip) be a covering space of X. We shall see that (X, f o <p) 

is a covering space of 53. Let x be any point of X, and let F^be a 

simply connected neighbourhood of /(x) in 55. Denote by F the 
-1 

component of x in /(F); then it follows from Lemma 1 and 5, §VI, 
p. 40 that F is a simply connected neighbourhood of x in X and is 
therefore evenly covered by X with respect to <p. This proves our 
assertion. 

Let X® be a point of X such that ^(x®) = x®. Then (X, xo, f o tp) 
is a specified covering of 53, and, as such, it is of the same type as 
(^a, j^a) fa) foT somc a. There exists a homeomorphism h of with 
X such that (J o ,p) o h = fa and A(ii®) = x®. We set xp = <p o h', then 
(®a, xp) is a covering space of X. We have xp{vl) = Xo and f o yf/ = f^. 
In order to prove that v> is a homeomorphism, it will be sufficient to 
prove that ^ is a homeomorphism. The mapping o ^ maps ^a 
continuously into itself, and we have /o o (fifo o ^) = / o = fa, 
(g„ o f)(5a) = By Lemma I, §VIII, p. 60, it follows that o ^ 
is the identity mapping of ®a, which proves that xp is univalent. 
Since (Sa, xp) is a covering space of X, it follows that is a homeo- 
morphism. Theorem 4 is thereby proved. 

§X. The PoiNCARfe Groups of Some Special Spaces 

Proposition 1. The additive group R of real numbers is simply 
connected. 

Let {R, f) be a covering group of f2. We can find a neighbourhood 

F of the neutral element in R which is mapped topologically by / 

upon an interval ] — o, +a[ in R (with o > 0). Because / is a homo- 

-1 

morphism, the elements of F /(] — o/2, +o/2[) commute with 
each other. It follows that R is abelian; we shall write the law of 
composition in R additively. Let d be an element of R such that 
fid) = 0; we may write d in the form -f- • • • + with dfiV 
(1 ^ ^ h). Set fidi) = di) we have -1- • • • + d* = 0. Let k 

be an integer such that |A:“‘(di + • • • + di)\ < a (1 ^ i ^ h), and 
let £i be the element of F which is mapped upon k~'^di by /. Because 
/ is a local isomorphism, we have /(aii + • • • + i?*) = /(^i) + • • • 
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+ f(,Xh) = 0, whence *1 + • • • + = 6 (where 6 is the neutral ele- 

ment of R). Again because / is a local isomorphism, we have di = kxi, 
whence 5 = S3, = = 0. This proves that /is univalent. Propo- 

sition 1 is thereby proved. 

Lemma 1. Assume that (S, f) is a covering space of the space 95. 

Let A and B be two closed, connected and locally connected subsets of 95 

which are both evenly covered by ^ with respect to f. If A^ B is 

connected and not empty, the set A kj B is evenly covered by 

-1 

Let A, be the components of f (A), v running over some set of 

indices N (we assume that A, ^ At> for v ^ v'). Set C = A ^ B, 
^ -1 

A, ^ f (C) = C,’, we know that / maps A, topologically ont(^ A; 

it follows that / maps C, topologically onto C. In particular, C, is 

connected; as such, it belongs to a uniquely determined c.)mponent 

-1 

B, of / {B). It is clear that B, 5 ^ B,>, for v v' and that every 

-1 « 
component of / (B) occurs among the sets B,. We set R, = A, w B„ 

= U i^^pRp>‘, S., is clearly a closed set. We haveZ,, = (Ui^Tii. A,>) 

-1 

W (U^v^ ^»')> we know that A, is relatively open in / (A) and that 

-1 

B, is relatively open in / (B) (Cf. Lemma 5, §VI, p. 40). It follows 

that the sets Ui-v>' ^p'> therefore also L„ are closed. 

-1 

Because = /(Aw B), ft. is relatively open and closed 

-1 

in / (A w B). It follows that the sets R. are the components of 

-1 

/ (A w B). If fp is the contraction of / to R., {R„ f,) is a covering 
space of A w B (Lemma 5, §VI, p. 40). On the other hand, f, maps 
Rp in a univalent way. In fact, assume that f{p) = f{p'), with p, 
p'zRp. If p, p' belong to the same one of the sets A„ B„ we have 
clearly p = p'; if not, we have /(p) = f{p')eC and again p — p' 
because /, maps both A, and B. in a univalent way. It follows that / 
maps R, topologically onto A w B: Lemma 1 is proved. 

Proposition 2. Any interval in R is simply connected. 

Let us consider first the case of the half-open interval, 95 = ]o, b] 
(where a < b). Let (®, /) be a covering space of 95. There is then 
some closed neighbourhood [c, 6 ] of b evenly covered by 95. Now 
]o, b [is homeomorphic to R. It is easy to see that ]a, b [is evenly 
covered by S. Select a c' such that c < c' < b. Then ]o, c'] is 
evenly covered by The set ]a, c'] [c, b] = [c, c'\ is connected 

and not empty. Therefore, using Lemma 1, we see that 95 is evenly 
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covered by It is then easy to see that 53 is simply connected. A 
similar argument now applied to a instead of b shows that [a, 6] is 
simply connected. Proposition 2 is proved. 

Corollary. The product of a finite number of intervals in R is simply 
connected. 

It follows that an open or closed ball in 12" is simply connected 
(the open ball of center p and of radius r is defined to be the set of 
points whose distances from p are <r; the closed ball is the adherence 
of the open ball). 

Proposition 3. 2'he Poincare group of is isomorphic to the additive 
group of integers; if n > S’* is simply connected. 

/S* is homeomorphic to 2’*, which is the factor group of 72 by the 
group of integers. Since 72 is simply connected, the Poincard group 
of is isomorphic to the additive group of integers (Cf. Proposition 7, 
§VIII, p. 50). If n > 1, we denote by A and B the sub.sets of 72"+* 
defined by the conditions 

A: Xn+i^O, S?+‘a:?=l 

B: ^ 0, S?+\? = 1 

The mapping (xi, • • • , x„, x„+i) — » (xi, • • • , x„) maps A and B 
topologically onto a closed ball in 72"; it follows that A and B are simply 
connected. The set A B is homeomorphic to <8"“*, which is 
connected for n > 1. Proposition 3 follows therefore from Lemma 1. 

Proposition 4. Let (^be a connected and locally connected topological 
group, and let ^ be a closed locally connected subgroup of @. Let 
be the component of the neutral element in §. Then there exists a mapping 
f of ®/^o into @/$ such that (®/^o, /) is a covering space of ®/S>. 
If ^ is distinguished, f) is a covering group of @/$. 

Since ^ is locally connected, we know that is relatively open 
in $ (Proposition 1, §VI, p. 40). It follows that there exists a 
neighbourhood V of the neutral element in & such that 
(_ ^ 0 . We may assume without loss of generality that V is open and 
connected. 

Let w and wo be the natural mappings of & onto ®/^ and ®/^o 
respectively. If ms®/$o, m is a coset modulo §o, say u = <r^o; this 
coset is entirely contained in the coset modulo li w = we 
set w = f{u). Then / is a mapping of ®/^o onto ®/$. Since w 
and wo are both continuous and interior, it is easy to see that / is 
continuous and interior. 

If ffS®, we set W{<t) = w(ffF). We select a complete set of repre- 
sentatives A for all cosets of $ modulo $o; we have ^ = UjsaS^o. 
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The set /(Tr(<r)) is the union of the sets = wo(<7F5), 8sA. Each 

of these sets is mapped onto W{<t) by/. The sets are mutually 

disjoint and each of them is mapped in a univalent way by /. In 
fact, assume that co(<rTi5) = w(ffT25'), ti,t 2 SF, S,6'sA. We have <rri5 
= (TTii'i], whence t^’ti = On the other hand, 

belongs to whence t^\i<S.V~W assume 5 = , 

we see that »?S$o (we know that §o is a closed distinguished subgroup 
of cf. Proposition 1, §IV, p. 35), whence woCariS) = wo((rT25), 
which proves that each Vf^siv) is mapped in a univalent way. If, on 
the other hand, we assume that wo(<rri6) = wo(<rT25'), we have »;e^o, 
whence 5'7;5~*s5'§o5“^ = we therefore have 

$0 5 ^ </>, whence S' = 5. This proves that the sets 
are mutually disjoint. 

Each Wiia) is open in ®/§o; therefore / maps Wti<r) onto TF(<r) 
in a continuous, interior and univalent way, i.e. topologically. Since 

each l^«(o-) is connected (it is a continuous image of ffVS), we see that 
-1 

the components of / (IF (a)) arc the sets If follows immedi- 

ately that (®/^o, /) is a covering space of ®/^. 

If § is a distinguished subgroup of ®, is also distinguished. 
In fact, if is a connected subset of ^ and contains the 

neutral element, whence C ^o. Furthermore, the mapping / 

is clearly a homomorphism of ®/^o onto ®/^. Proposition 4 is 
thereby proved. 

Corollary 1. The notation being as in Proposition 4, if ®/$ is 
simply connected, then ^ is connected. 

In fact, if is simply connected, / must be univalent, whence 

^ = § 0 . 

Corollary 2. Let ® be a connected and locally connected topological 
group. If, ^ is a discrete distinguished subgroup of ®, and if f is the 
natural mapping of ® onto ®/^, then (®, /) is a covering group of @/^. 

Using the notation of Proposition 4, it is clear that @/^o = ® 
and that the mapping / which has been constructed in the proof is 
the natural mapping of ® onto ®/^. 

Proposition 6. Let ®be a connected and locally connected topological 
group, and let ^ be a closed locally connected subgroup of ®. Assume 
that is simply connected and that ® and ^ are locally simply con- 
nected. Then the PoincarS group of ® is isomorphic to a factor group 
of the Poincari group of 

Let (@, g) be a simply connected covering group of ®. We set $ 
-1 « « 

= 9 (^) > it is clear that g maps every coset of ® modulo ® onto a coset 
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of ® modulo ^ and maps two distinct cosets onto two distinct cosets. 
Let w and <5 be the natural mappings of ® and ® onto and 
respectively; we see that there exists a univalent mapping g* of 
onto such that 

fif*(<S(cr)) = <o(5f(or))(ff€®) 

From the fact w and w are continuous interior mappings, it follows 
immediately that g* is also continuous and interior. Therefore g* 
is a homeomorphism, from which we conclude that is simply 

connected. 

The group ^ is locally connected. In fact, let F be a neighbour- 
hood of the neutral element i of ® which is mapped topologically 

by g. The set gf(F) ^ contains a locally connected neighbourhood 

-1 

IF of € = g{i) with respect to The set V ^ g (IF) is homeo- 
morphic to IF, and therefore locally connected; this set being a 
neighbourhood of e with respect to our assertion is proved. 

It follows from Corollary 1 to Proposition 4 that ^ is connected. 
Let go be the contraction of gr to it follows from Lemma 5, §VI, p. 40 
that ($, go) is a covering group of 

The Poincar6 group of ® is isomorphic to the kernel F of the 
homomorphism g, and we have F Q Let now (^i, g\) be a simply 
connected covering group of It is easy to see that we can find 
a local isomorphism tj of a connected neighbourhood IFi of the neutral 
element of into a neighbourhood of the neutral element of ^ such 
that go(v(p)) = ffi(p) for all psTFi. By Theorem 3, §VII, p. 50, we 
can extend to a homomorphism h of into The set of elements 
pS^i for which go(/f(p)) = ffi(p) is a subgroup of and contains IFi; 
by Theorem 1, §IV, p. 35 it follows that this set coincides with ^i, 
whence go^ h = gi. Let Fi and H be the kernels of the homomor- 
phisms gi and h respectively; the kernel of go being F, it is clear that 
F is isomorphic to Fi/H. Since Fi is isomorphic to the Poincar5 group 
of Proposition 5 is proved. 

It follows immediately from Propositions 3 and 5 that the Poincar5 
groups of SO{n) (for n ^ 3), SU(n) and Sp(n) (for n > 1) are isomor- 
phic to factor groups of the Poincar6 groups of SO{n — 1), SU(n — 1) 
and Spin — 1) respectively (Cf. Propositions 2a, 3, 4, §III, p. 29). 
The group 811(1) contains only one element and is therefore simply 
connected. The group Sp(l) is isomorphic with S* and therefore 
simply connected. Thus: 

Proposition 6. The groups SU(n) and Sp(n) are simply connected 
for every n ^ 1. 
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The Poincar6 group of SO (3) is of order 2 by Proposition 1, §V, 
p. 35. Therefore, for every n > 3, the Poincar^ group of SO(n) is of 
order either 1 or 2; we shall prove in the next section that this group 
is actually of order 2. 

We pass now to the consideration of C/(n). We represent by p(^) 
the matrix 

.exp 2ir \/— 1 vJ 0 0. 

0 1 . 


' 0 0....1 

The matrices of the form p{<p) form a subgroup g of U(n) which is 
isomorphic with T*. Let <t be any matrix of U(n); then Q is of 
absolute value 1, and therefore there exists a number such that 
= p(<p)'r, TsSU(n). Since g SU{n) contains only the unit matrix, 
every azU{n) may be written in one and only one way in the form 
<7 = pr, pSg, TeSU{n). The mapping (p, t) —* pr of qX SU{n) onto 
r/’(n) is continuous and univalent; since g X SU{n) is compact, our 
mapping is a homeomorphism, and we have proved 

Proposition 7. The underlying space of U{n) is homeomorphic to 
X SU{n). The Poincare group of U(n) is isomorphic to the additive 
group of integers. 

§XI. THE Clifford Numbers. 

Let iC be a field of characteristic ?^2. We shall construct an 
algebra o over K, which will contain a unit element eo and which 
will be generated by Co and by n other elements ei, • • • , e„ (where n 
is any integer >0) such that the identity 

= -eo2”_iX? 

holds for any xi, • • • , x„eK; i.e. we shall have 

(1) CoCo = eo; eoCi = eteo = ei] CiC, + e,ei = 0 (t j) 
ef = -eo (1 ^ t, i ^ n) 

It follows easily that every element of o will be a linear combination 
of eo and of the products e,-, • • • e<„, with 1 ^ < • • • < I'm ^ n. 

We now proceed to the actual construction of o. To every subset 
A of the set W = {1, 2, • • • , n} we associate a symbol e^, and we 
consider these symbols eji as forming a base of a vector space over K. 
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This vector space has therefore the dimension 2". If ^4 and B are 
two subsets of N, we denote by A + the set of those elements which 
occur either in A or in B, but not in both. If jeN, we denote by 
p(A, j) the number of elements ieA such that i ^ j, and we set 

p{A, B) = 2,sbp(A, j) r(A, B) = (- l)pu.^) 

We define the multiplication of the basic elements Ca by the formula 

CaSb = f(A, B)eA+B 

We shall prove that this multiplication is associative. Let if be the 
field of characteristic 2 with 2 elements 0 and I ; if A Q N, we denote 
by Ja the mapping of N into if defined by /^(i) = I if izA,jA{i) = 0 
if i does not belong to A. Since I + I = 0, we have/x+s = /x + fa, 
whence /(x+«)+e = /x + /b + fc — /x+cb+co and (A + i?) + (7 = A + 
{B + C). 

On the other hand, we have 

p(A, B + C) - S,£b+cp(A, j) s p(A, B) + p(A, C) (mod. 2) 

p(A +B,C) 2,ecp(A + B, j) ^ p(A, C) + piB, C) (mod. 2) 
and it follows that (<’xeB)cc and ex(cBCc) are both equal to 

f(A, B)^{B, C)r(A, C)e(x+B)+c. 

We have therefore defined an associative algebra o over K. If we 
set Co = c^, c, = C(,i (1 ^ f ^ n), we have 
Cx C,, * * ' if A {flj ' * ' J ^ ^ 

and the formulas (2) hold. 

The elements of the algebra o are called the Clifford numbers. 

Now we shall determine the center of o and the ideals in o. To 
every /i(l ^ h ^ n) we associate the linear mapping Qh of o into 
itself defined by Q/,(x) = ^(t — Cfc.rc/,). We shall compute Q/,(cx); 
denoting by s(A) the number of elements in A, we find easily that: 

if s(A) = 0 (mod. 2), then Qa(cx) = 0 if MA, and Qa(cx) = Cx 
if h does not belong to A ; 

if s(A) = 1 (mod. 2), then (2 a(cx) = Cx if heA and QhifiA) = 0 if 
does not belong to A. 

Let Q be the linear mapping Qi o • • • o Q„. If n = 0 (mod. 2), 
we have Q(eo) = co, Q(cx) = 0 for A 5^ <#>. If n = 1 (mod. 2), we 
have Q(eo) = Co, Q(ejv) = Cjv, Q(cx) = 0 ior A ^ 4>, N. It follows in 
particular from this that Cjv belongs to the center of 0 if n = 1 (mod. 2). 

Let c be the center of 0. If arse, we have Qh{x) = x for every h, 
whence Q(x) = x. It follows immediately that c = Keo if n is even, 
and c = Keo + Kck if n is odd. 

Let now a be any ideal 9^ {0) in 0, and let x = SxCxCx be any 
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element ^ 0 in a. Assume that Ca, 5 ^ 0; then ej* x = Sac^Ca belongs 
to 0, and the same holds for Q(eJ„'a;). We have 0. If n is even, 
we have Q(eJ,^x) = c'^eo, whence coSa and therefore a = o. We have 
proved 

Proposition 1. If n is even, the center of the algebra of Clifford 
numbers is Keo (where K is the basic field). The only ideals in the 
algebra are {0} and the whole algebra. 

If n is odd, then Qie^^x) = 4eo + It is easy to see that 

= ( — i)»c»+i )/2 jf (_i)n(n+i )/2 jg ^ square in K, the center 
c = Keo + Kes of o is a field; since a c is an ideal {0) in c, we 
have a c = c, whence a = o. Assume now that ( — = ff, 
jzK. Then the elements u = ^(co + jon) and v = i(co — fen) are 
orthogonal idcmpotcnts in c (i.e. u^ = u, = v, uv = 0), and we 
have c = Ku + Kv. The ideals 5^ { 0 } in c are Ku, Kv and c. It 
follows that a contains one of the elements u and v. Assume that a 
contains u; if there exists an element t/ea such that x = yv 9 ^ 0, then 
a c contains Q(eZ^x) = Q{e'2ly)vzKv (observe that v belongs to the 
center, whence Q(zv) — Q(z)v for every z). It follows that, if wStt, we 
have either a = {0} or o« = { 0 }. In the latter case, we have clearly 
a = ou. We have proved 

Proposition 2. If n is odd, the center of the algebra of Clifford num- 
bers is Kcq + Kcn. If (— is not a square in K, the only ideals 
in 0 are {0} and 0. If ( — 1 ) "(’‘+1)^* = ff, jzK, the ideals in 0 are {0}, 
0, ou and ov, where u = i(eo + jew), v = i(eo — jew). 

If xso, the mapping y — » 0(x)y = xy is a linear endomorphism 
of the vector space 0 over K. After having arranged the basic ele- 
ments Ca in a certain order (in an arbitrary way), we can represent 
this endomorphism by a matrix of degree 2"; we shall also denote this 
matrix by 0(x). We obtain in this way a representation of the algebra 
0 by matrices; this representation is called the regular representation. 
We shall denote by A(x) the determinant of d(x). If n is odd, we 
denote by K' the field obtained by adjunction of \/— 1 to if ; the linear 
combinations of the elements Ca with coefficients in K' form an algebra, 
which is the algebra 0' of Clifford numbers over K'. The matrix $(x) 
may bo considered as defining a linear endomorphism of o'. If we set 
u' = i(eo -H jew), v' = iieo — jew) (where j is an element of K' such 
that = ( — 1)»("+»''2), it is clear that 0(x) maps into themselves the 
subspaces o'u and o’v of o'; we shall denote by 0'(x) and d"(x) the 
contractions of d(x) to o'u and o'v, and by A'(x), A"(x) the determinants 
of the endomorphisms 6'(x), d"(x). If D is any one of the functions 
A, A', A", we have D(xy) = D(x)D(y). 
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An element xzo is said to be regular if it has an inverse, i.e. if there 
exists an element such that = x~H = Co. If x is regular, 

we have A(a:)A(a:“^) = 1 , whence A(a:) 9^ 0 . Conversely, if A(a:) 9^ 0 , 
0 {x) is a regular matrix, and therefore B{x) maps 0 onto itself in a 
univalent way. It follows that there exists an element x~^ such that 
xx~^ = eo; wfe have x{x~^x) = x = xeoj whence also x~~^x = 60: x is 
regular. 

We shall now assume that the basic field K is the field R of real 
numbers. The regular elements of 0 form a multiplicative group which 
we shall denote by 0*. The contraction of 0 to 0* is a faithful rep- 
resentation of 0*. 

If a:So*, the mapping y xyx~^ is an endomorphism of 0, which 
we may also represent by a matrix ^(x). The mapping x —> \l/{x) is a 
representation of 0* whose kernel is the intersection of 0* with the 
center c of 0. 

If we assign to an element x = ^aCaCa of 0 the point of whose 
coordinates are the coefficients Ca (after having arranged the sets A 
in some order), we obtain a one-to-one correspondence between 0 and 
We may define a topology in 0 by the requirement- that this 
correspondence shall be a homeomorphism. The operations in 0 
(addition, multiplication between elements of 0, multiplication by real 
numbers) are obviously continuous with respect to this topology. 
Furthermore, if x£o*, x~'^ is a continuous function of x. In fact, we 
have seen that x~^ is the unique solution of the equation 6 {x)y = eo; 
since the coefficients of the matrix 0 {x) are linear functions of the 
coefficients ca of x, the coefficients of expressed as a linear combina- 
tion of the basic elements Ca, are rational functions of the quantities 
Ca and the denominators of these functions are equal to A(a;). Since 
A(a:) 7*^ 0 on 0*, is a continuous function of x on 0*. It follows 
that 0*, considered as a subspace of 0, becomes a topological group, and 
that 0 and ^ are continuous representations of 0*. 

We observe furthermore that the mapping x 0 {x) not only is 
continuous, but is a homeomorphism of 0 with some subspace of the 
space of all matrices of degree 2 " with coefficients in R. In fact, we 
have 0 {x)eo = Xy which shows that the coefficients of x are also the 
coefficients of a certain column of the matrix 0 {x). 

We have 

«(e. + » + 5-i+ ■ • ■ + ^) - «(e.) + «(x) + 2 (*W)’ + • • ■ 

+ s (»w)- 
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If m tends to infinity, the right side tends to exp 6(x). Therefore 
«o + a: + x^/2\ + • • • + x^lml tends to a limit, exp x, such that 
0(exp x) = exp ${x). We have exp {x + y) = (exp x)(exp y) if xy = yx; 
in particular (exp (— x)) = (exp x)“‘, which shows that exp xSo*. 
We have (by Corollary 1 to Proposition 2, §11, Chap. I, p. 6) 
A(exp x) = exp Sp6{x) ^ 0. 

We shall now compute ^(exp x). The mapping y —*xy — yx 
is a linear endomorphism of o, which we denote by X{x). Let ya be 
any element of o, and set y{t) = (exp ix)j/o(exp ( — <x)), where t is any 
real number. We have 

y{t + h) = (exp hx)y{t)iexp {-hx)) 

== (co + fta: + • • ')y(,t){eo — hx • • •) 

whence 

^ = limfc_o ^ = xyit) - y(t)x = X{x)y{t) 

We know that the solution of this differential equation (which is 
equivalent to a system of 2" linear homogeneous differential equations 
for the coefficients of y{t)) is given by the formula y{t) = (exp <X(x))j/o. 
Therefore we have 


^(exp <x) = exp (<X(x)). 

Let SD? be the vector subspace of o which is spanned by ei, • • • , e„. 
We shall consider the set of those elements xeo* which are such that 
^(x) maps 3D? into itself. This set is obviously a subgroup of o*. 

Definition 1. Let G be the group of elements xSO* such that ^(x)(SW) 
SO?, A(x) = 1 and (if n is odd), A'(x) = A"(x) = 1. The component 
of eo in G (considered as a topological subgroup of o*) is called the spinor 
group. This group will be denoted by Spin (n). 

If X is any element of o* such that ^(x)S0? Q SD?, the contraction 
of ^(x) to 3D? is an endomorphism of SD? which we shall denote by ^(x). 
If ^(x)ei = we have ^(x)(S^iX,ei) = S“_ie,(2^ia/ta;,). Since 

\l/(x) is an automorphism of the algebra o, we have ^(x)(S7xa)* = (^(x) 
(2,?.iXie,))'* = - S;_i(S2.ia,-,Xi)* • eo, whence S,li(S,liO„x,)® = It 

follows immediately that <p(x) is represented by an orthogonal matrix 
in terms of the base {ei, • • • , e„} of 3D?. Therefore, we have <(>(G) 
d 0(n) ; the mapping x — > ^(x) being clearly continuous, we have 
v>(Spin (n)) SO(n). We shall prove that vj(Spin (n)) = SO(n). 

Denote by 3D?2 the vector space spanned by the elements e,e,- with 
i 9 ^ j (1 ^ i, j ^ n). The dimension of this space is n(n — l)/2. 
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We have 

( 0 \l k i, j 

2ej if k = i (1 ^ i, j, k ^ n,i j) 

— 2e,- if k = j 

It follows that, if a:s9D?2, we have X(a:)9K C We have proved 
that ^(exp tx) = exp tX{x); it follows that xeSIJla implies ^(exp te)iOJ 
d 211 for every t. We have Sp — Sp d{ei)d{e,) = Sp 6{ej)9{ei) = 

Sp 0(e,e,); since c,e,- + e,ei = 0, we have Sp = 0 (1 ^ i, j ^ n; 

i ^ j). By the same argument, we sec that, if n is odd, Sp 
= Sp d{e,Cj) = 0. Making use of the formula exp U = exp SpU, we 

see that xe21?2 implies A(cxp x) = A' (exp x) = A" (exp x) = 1. It 
follows that xs 21?2 implies exp txzG for all real t, and therefore also 
exp X e Spin (n). If xs21l2, wc denote by Xi(x) the matrix which 
represents (in terms of the base {ci, • • • , <?„} in 21?) the contraction 
to 21? of the endomorphism X{x). Since exp tXi(x)eSO(n) for every <, 
Xi(x) is skew symmetric; the equality Xi(x) = 0 implies that x belongs 
to the center of o, whence x = 0. It follows that x —>■ Xi(x) is a 
univalent linear mapping of 21?2 into the space of skew symmetric 
matrices of degree n. On the other hand, 21?2 and the space of skew 
symmetric matrices of degree n have the same dimension n(n— l)/2; 
so the latter is covered by the mapping. Since exp Xi(x)£(p(Spin (n)), 
it follows by Proposition 4, §11, Chapt. I, p. 5 that <^>(Spin (n)) 
contains a neighbourhood of the neutral element in SO(n). But 
V>(Spin (n)) is a subgroup of SO(n), and S0(n) is connected; by 
Theorem 1, §IV, p. 35, we see that <p(Spin (n)) = S0{n). 

Let <pi be the contraction of (p to Spin (n). The mapping of 
Spin (n) onto SO{n) is obviously continuous. This mapping is also 
interior. In fact, let V be a neighbourhood of co in o. Since the 
function exp x is continuous, there exists a neighbourhood U of 0 in 
21?2 such that exp xeV for all xe(K We know that, if X runs over all 
elements of a neighbourhood of 0 in the space of skew symmetric 
matrices, the set of the corresponding elements exp X is a neighbour- 
hood of the neutral element in SO(n). Therefore <pi(V Spin (n)) 
contains a neighbourhood of the neutral element in SO{n), which 
proves our assertion. It follows immediately that SO(n) is isomorphic 
(as a topological group) with the factor group of Spin (n) by the 
kernel F of the homomorphism <pi. 

The elements of G which are mapped upon the unit matrix by <p 
are the elements of G r (where c is the center of o). If o is a real 
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number, we have A(aco) = o*"; therefore, the only elements of the 
form aeo which belong to G are +co. If » = 1 (mod. 4), we can write 

aeo + be AT = {a — y/—l b)u + {a + y/ — I b)v 

where u = i(eo + V — 1 v = i{eo — y/ — leti)', since u is the 
unit element of ott, we have A'(m) = 1, from which it follows easily 
that A' (aeo + ben) = (a — y/—ib)^" \ and similarly A"(oeo + ben) 
= {a y/ — \ by" \ It follows that c is the group of elements 
aeo + ben such that (a + \/— 1 = Ij it is a cyclic group of 

order 2"“^ 

If n = 3 (mod 4), we find in the same way that A' (aeo + be at) 
= (a + b)^" ‘, A" (aeo + ben) = (a — b)^"*'. It follows that c'^G 
is composed of the elements +eo, +/. 

In any case, the group F, which is a subgroup of c, is a finite 
group. It follows that F is discrete; therefore (Spin (n), ^i) is a 
covering group of SO{n). An easy computation gives exp teiCz 
= (cos <)eo + (sin f)eie 2 ; it follows that — eo = exp TrciCaS Spin (n), 
whence —e<,zF. Since F contains an element ?^eo, the group SO(n) 
cannot be simply connected. But we know that the Poincar6 group 
of SO(n) is of order at most 2 for n ^ 3. Therefore we have proved 

Proposition 3. The Poincare group of SO{n) is of order 2 for 
n ^ 3. The group Spin (a) is simply connected if n ^ 3. 



CHAPTER III 


Manifolds 

Summary. The manifolds to be considered are exclusively ‘^analytic 
manifolds/' They are defined in §1; our method of definition seems slightly 
preferable to the method of Whitney in that it is ^Mntrinsic"; i.e. it does not 
require a posteriori identifications. 

We define in §IV the notion of tangent space to an abstractly given 
manifold; to every analytic mapping ^ of a manifold V into another manifold 
W is associated a differential mapping which maps the tangent space to V 
into the tangent space to W. The differentials of functions are considered 
as a special case of these differential mappings. 

In §V, we introduce the notion of an infinitesimal transformation, which is 
defined as a law which assigns to every point of the manifold a tangent vector 
at this point; we define the bracket operation" for infinitesimal transforma- 
tions, and we discuss the effect of a mapping on this operation. 

In §§VI, VII, VIII we study the notion of a distribution on a manifold 
*U. A distribution is defined as a law which assigns to every point P of 'U 
a sub-space 9Tlp of the tangent space at P. An integral manifold of this dis- 
tribution is a sub-manifold of V which admits 9TIp as tangent space at any 
one of its points P. The existence of such integral manifolds depends upon 
certain integrability conditions, which we express by saying that the distribu- 
tion must be/^involutive" (Definition 5, §VI, p. 85). We prove in §VII 
that the condition of being ^^nvolutive" is actually sufficient for a distribution 
to have integral manifolds. The integral manifolds are first obtained locally; 
then by a topological process of ** piecing together," we construct in §VIII 
the complete" integral manifolds in the large. 

In §IX we consider those manifolds for which the second axiom of denu- 
merability of Hausdorff holds true. We use this axiom only to prove Propo- 
sition I, §IX, p. 94; but do not know whether this axiom is necessary even 
there. 


§1. Axiomatic Definition of a Manifold 

Let 58 be a topological space. We denote by p a point of 58, and 
consider k + I real valued functions, /o, /i, • * • , /*, which are all 
defined in some neighbourhood of p. We shall say that /o is analytically 
dependent on fiy • • • ^ fk in the neighbourhood of p, or around p, if there 
exists a neighbourhood F of p and a function F{u\j • • • ^Uk) oik real 
arguments, such that the following conditions are satisfied: 

1) The functions /o, /i, * * • , /* are defined on V, 

2) The domain of definition of F includes all systems of values of 
the form Ui = /i(g), • • • , Uk = fk{q)j for qzV. 
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3) If q&V we have 

Mq)=F(Jiiq), • • • ,/*(g)). 

4) The function F is analytic at the point Ui = flip), • • • , w* 
= fkip).^ Let us now assume that 53 is connected and that we have 
assigned to each point pe5S a class Ct(p) of real valued functions, sat- 
isfying the following conditions: 

I. Each function in dip) is defined in some neighbourhood of p (this 
neighbourhood may depend on the function). 

II. Any function which depends analytically around p on a finite 
number of functions in Cl(p) is itself in dip). 

III. It is possible to find an ordered system ifi, • ' • , fn) of func- 
tions in dip), a neighbourhood V of p, and a number a > 0 with the 
following properties: 

1) The functions fi, • • • , fn are defined on V. 

2) If we assign to each point qzV the point ^iq)&R’' whose coordinates 
are Xi = fiiq), • • • , Xn = fniq), the mapping is a homeomorphism of 
V with the subset of composed of the points (xi, • • • , x») such that 

Ixi - /i(p)l < a, • • • , lx„ — /n(p)l < a. 

3) If qzV the functions fi, • • • , U belong to diq), and every function 
in diq) depends analytically on /i, • • • , /» around q. 

Under these conditions we shall say that we have defined a mani- 
fold *0.® Therefore, to define a manifold we must first give a topolog- 
ical space 33 and then select for every point peSS a certain class G(p) 
of real valued functions. 

The space 33 is called the underlying topological space of the mani- 
fold. The class et(p) is called the class of analytic functions on X) 
at the point p. 

The underlying space 33 of a manifold cannot be an arbitrary 
topological space for we have required that it be connected and it 
follows from III that every point of 33 has a neighbourhood which is 
homeomorphic to a cube in some cartesian space. 

* This means that F may be represented in a neighbourhood of this system of 
values by a convergent power series 

* This definition is equivalent to the classical one given by Whitney in “ Differ- 
entiable Manifolds” (Annals of Math., vol. 37, 1936). It should be observed 
that we limit ourselves to the consideration of analytic manifolds. 



70 


MANIFOLDS 


[Chap. Ill 


We observe that, if an ordered system (/i, • • • neighbour- 

hood V, and a number o > 0 have the properties 1), 2), and 3) of 
condition III, these properties also hold if, without changing a or V, 
we perform an arbitrary permutation on the functions /!,•••,/«• 
On the other hand, property 2) implies that the functions fi, ' ' ' , fn 
are distinct. Therefore properties 1), 2), 3), are properties of the 
finite set {/i, • • • , /„} (and, of course, of V and a). 

Definition 1. If the properties 1), 2), 3), of condition III hold 
for the system (/i, • • • , fn), the neighbourhood V, and the number a, we 
shall say that the finite set {/i, • • • , fn} is a system of coordinates on V 
at the point p, and that V is a cubic neighbourhood of p with respect to 
this system of coordinates. The number a is called the breadth of the 
neighbourhood V with respect to the system of coordinates {/i, ■ • • , fn}- 

Remarks. 1) If {/i, •••,/„} is a system of coordinates at p, 
and if F is a cubic neighbourhood of p with respect to this system, the 
set {/i, • • • , /nl is also a system of coordinates at every point of V. 

2) If {/i, • • • ,/„) is a system of coordinates at p, any neighbour- 
hood of p contains a cubic neighbourhood with respect to this system. 

3) If / is a function which is analytic at p on “U, there exists a 
neighbourhood F of p such that / is also analytic at every point qzV. 
In fact, let j/i, • • • , /„| be a system of coordinates at p; there exists 
a neighbourhood Fi of p such that /,/!,•••, fn are defined on F i and 

(1) m =f*ifi(q), ■ ■ ■ ,fM), for qeVr, 

where f*{ui, • • • , ««) is a function of n arguments, which is analytic 
at the point Mi = /i(p), • • • , u„ = fn{p)- This function is also 
defined and analytic at all points of a neighbourhood U of this point in 
/J”; we can find a cubic neighbourhood F of p with respect to the 
system {/i, • • • , /„} such that F ([ Fi and such that gsF implies 
(/i(7)) ■ ■ ■ >fn{q))^U. Then / is analytic at every point gsF. 

We shall say that (1) is the expression of f in terms of the coordi- 
nates /i, •••,/«. It should be observed that the function/* actually 
depends on the way in which the functions of the system of coordinates 
are ordered. 

Proposition 1. Let {xi, • • • , Xn} be a system of coordinates at the 
point p on the manifold V. Let fi, •••, fm be a finite number of 
functions, belonging to et(p). In order that {/i, • • • , /„) should be a 
system of coordinates at p, the following conditions are necessary and 
sufficient: 

1) m = n, and, 

2) if fi = /,• (xi, • • • , Xn) is the expression of /,• in terms of the 
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coordinates xi, • • • , x„, the functional determinant, 


Djf*, • • • ,/!) ^ 

i^ijX\, * * * > 


is 9^ Ofor X\ = Xi(p), • • • , x„ = x„(p). 

1) The conditions are necessary. In fact, if {/i, • • • , /m} 
is a system of coordinates at p, the function Xi may be expressed 
in the neighbourhood of p as a function x, = sr,(/i, • • • ,/.»), where 
Qxiux, • • • , Wm) is a function of m real arguments, defined and 
analytic in a neighbourhood of the point Ui = /i(p), • • • ,Um = /m(p). 
Moreover we have 


/f(!7i(u), • • • , !/»(«)) = “• (I ^ f ^ m) 

OxifiiH), ■ • • ,/:(?)) =^. (1 ^ 

where u = (wi, • • • , «m), J = (xi, • • • , x„) arc points of 7i™, 
72" respectively, belonging to sufficiently small neighbourhoods of 
Uo = {flip), • • • ,fmip)), fo = (xi(p), • • • , x„(p)). We have 



I ^ i ^ m, 


1 ^ fc ^ n. 


set of equations it follows 


that the linear equations = b, have a solution whatever the 

right-hand sides, 6i, • • • , may be. Therefore we must have 
m ^ n, and the matrix (a„) is of rank m. Similarly the second set 
of equations gives n ^ m; therefore m = n and (a„) 5^ 0, which proves 


that the conditions are necessary. 

2) Conversely, let us assume that the conditions 1), 2) are satisfied. 
Let y be a cubic neighbourhood of p with respect to the system {xi, 
• • • , x„|, and let a be the breadth of V. Taking a small enough, 
we may assume that the functions fi, • • • , are defined on V and 
analytic at every point of V. The implicit function theorem gives 
the following: there exist two numbers, ai > 0, 6 > 0 such that if 
J/i, • • ■ , 2/n are n real numbers satisfying 

(2) ly. - /,(p)l <h (1 ^ f ^ n) 


the equations 


fi {Xl, ,Xn) = Vi 
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have one and only one solution (xi, • • • , a;„) which satisfies the 
conditions 

\xi - a:<(p)l < Cl. 

Moreover, this solution is given by equations of the form 

Xi = Qiiyi, • • • , 2 /») 

where the functions gi, ‘ gn are analytic in the cube Q defined 
by the inequalities (2). 

We may assume without loss of generality that oi < a. If we 
assign to every point = (yi, • • • , y„)eQ the point «I>(^)e7 whose 
coordinates are Xi = g,{yi, • • • , y„) (1 ^ i ^ n) we have 

MH^)) = Vi (1 ^ < n). 

It follows that 4' is a homeomorphism of Q with a subset W of V. We 
can find a number 02 such that 0 < 02 < oi and such that the con- 
ditions \xi - a:.(p)| < 02 (1 ^ f ^ n) imply • • • , x„) - /i(p)| 

< b. Therefore W contains all the points q&V for which the inequali- 
ties |x,( 3 ) — Xi(p)l < 02 hold, which proves that W is a neighbourhood 
of p. If rzW, each of the functions xi, • • • , x„ depends analytic- 
ally on /i, • • • , /„ around r, since we have 

Xi{q) = giiSik), • ■ • ,/»(</)) (gelf; 1 ^ f ^ n). 

It follows that any function /sa(r) depends analytically on /i, •••,/„ 
around r. We see that properties 1), 2), 3) of condition III hold 
for the system (/i, • • • , /„), the neighbourhood W, and the number b. 
In other words, {/i, • • • , /„) is a system of coordinates around p, and 
W is a cubic neighbourhood of p with respect to this system. 

Corollary. If V is a manifold and p&V, the number of functions 
in a system of coordinates at p is the same for all systems of coordinates 
at p. 

This number of functions is called the dimension of D at p. This 
number does not depend on p. In fact, it follows immediately from 
Remark 1, p. 70, that p has a neighbourhood V such that the dimension 
of *1) is the same at all points belonging to V. For every integer 
> 0, let Un be the set of points of V at which the dimension of V is n. 
Then the sets are all open; they are mutually disjoint, and every 
point of V belongs to one of them. Since *0 is a connected topological 
space the sets are all empty except one; this proves our assertion. 

The common dimension of *0 at all its points is called the dimension 
of U 
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§11. Examples of Manifolds 

Let V be a set on which are defined n real valued functions, fi, 
with the following property: if we assign to every element 
TptV the point 4>(p)ef2" whose coordinates are/i(p), • • • , /»(p), then 
the mapping p <i'(p) is a univalent mapping of V onto an open 
connected subset of 

Under these conditions there exists a manifold V whose set of 
points is V and which is determined by the property that the func- 
tions /i, • • • , /n form a system of coordinates on V at each point of 
V. In fact, since is univalent, there , exists a topological space SS, 
whose set of points is V, and such that is a homeomorphism of SB 
with the subspace 4>(F) of i?*: the open sets of SB are the sets which 
are mapped by $ onto open subsets of 22”. The topological space SB 
is connected. If psSB let Ct(p) be the class of real valued functions 
defined on neighbourhoods of p and depending analytically on /i, • • • , 
/n around p. It is a trivial matter to verify that the assignment 
p —* dip) satisfies conditions I, II and III of §1. Therefore this 
assignment defines a manifold V, and fi, ■ • • , fn obviously form a 
system of coordinates at any point of ”0. 

If the set V is equipped a priori with a topology, and if <!& is a 
homeomorphism of V, the topological space defined above coincides 
with the one given a priori; the latter space is the underlying space 
of the manifold we have constructed. 

For example, if we take V — R" with its usual topology, and take 
for /i, • • • , /n the coordinates in 22”, we obtain a manifold whose 
underlying space is 22”. This manifold will also be denoted by 22". 
A function /, defined in a neighbourhood of a point pe22”, is analytic at p 
on the manifold 22” if, when expressed as a function of the coordinates, 
it is analytic at the point xi = xi(p), •••,»„ = Xn{p). 

A manifold which can be obtained by the above procedure has the 
property that there exists a set of real valued functions, defined on the 
whole manifold, and forming a system of coordinates at every point 
of the manifold. There exist, however, manifolds which do not have 
this property. In this connection we mention the following problem, 
which seems to be of the utmost difficulty: If D is a manifold, does 
there exist a finite set of real valued functions, /i, • • • , /at, defined 
and analytic at all points of *0, and having the property that at each 
pel) some subset of the set {/i, • • • , /at} is a coordinate system at p? 
In fact, it is not even known whether there always exists on a manifold 
a non-constant function which is everywhere analytic. 
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. We shall now construct a manifold whose underlying space is the 
one-dimensional torus i.e. the factor group of the additive group 
R of real numbers by the group Z of integers. Let f be any point of 
!r^; f is a residue class of R modulo Z, i.e. it consists of a real number x 
and all other real numbers which can be obtained from x by addition 
of arbitrary integers. If f{x) is a periodic function of period 1 it 
takes the same value at all points x of the residue class f; we may 
denote this value by /(f), and then /becomes the symbol of a function 
defined on TK In particular, the functions sin 27rf, and cos 27rf are 
real valued functions defined on Let Ct(f o) be the class of functions 
defined in neighbourhoods of fo in and depending analytically 
around on sin 27 rf, cos 27rf. It is easy to sec that the assignment 
f 0 o) satisfies conditions I, II and III of §1. Hence it defines 
a manifold, which we shall also denote by T^. If the residue class fo 
does not contain i or f the function sin 27rf is a system of coordinates 
at fo; if it does not contain 0 or ^ the function cos 27rf is a system of 
coordinates. It is easy to see, however, that no function can be a 
system of coordinates at every point of T^, 

Let t) be a manifold, U a connected open subset of D, and a(p) 
the class of analytic functions at p on D. If we assign to every peL 
the class of functions of the form / o /, where / is any function in (i{p) 
and I is the identity mapping of U into D, we clearly obtain a manifold 
^ whose underlying space is (7. Such a manifold is called an open 
submanifold of V, 

Definition 1. Let D, W be manifolds and let 4> be a mapping of V 
into W, where V is some neighbourhood of the point peV. The mapping <I> 
is said to be analytic at p if the following condition is satisfied: if g is any 
function on W which is analytic at 4>(p) then g o ^ is analytic at p on V, 
Suppose furthermore that is a homeomorphism of V with W. 

Then ^ is called an analytic isomorphism of V with if both 4> and its 
-1 

reciprocal mapping 4> are everywhere analytic. 

Suppose that W is a given manifold, that 33 is some topological 
space and that 4> is a homeomorphism of 35 with some connected subset 
U of V?, Then U is the underlying space of an open submanifold ‘U of 
W. We may define a manifold D, whose underlying space is 33, by the 
condition that <I> shall be an analytic isomorphism of V with 11. To 
do this we merely assign to each pe33 the class Ct(p) of functions of the 
form/ o with/ any function which is analytic at 4>(p) on 11. 

Remark. A homeomorphism of a manifold V with a manifold 
W may be everywhere analytic without being an analytic isomorphism. 
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In fact, let us take for U the manifold R of real numbers, as defined 
above, and for V? the manifold which has the same underlying space 
as U, but which is characterized by the fact that the mapping x — > 

= is an analytic isomorphism of R with W. Let be the identity 
mapping of R into W; is clearly an everywhere analytic homeo- 
morphism of R with V?. Since the function x is analytic at 0 on 
but not on V?, ^ is not an analytic isomorphism. This example also 
shows that distinct manifolds may have the same underlying space. 

Proposition 1. Le< <I> be a mapping of a manifold V into a manifold. 
V?. In order for <I> to be an analytic isomorphism of V with W it is 
necessary and sufficient that the following conditions be satisfied: 1 ) is 
a homeomorphism of V with W,2)ifp is any point of V, and if [yi, • • • . 
y„] is a system of coordinates on W at the functions yi o , 

yn o ^ form a system of coordinates at p on V. 

1) Suppose that $ is an analytic isomorphism and let be its 
reciprocal mapping. If f is analytic at p on U, / o 'p is analytic at 
4>(p) on V?, and hence depends analytically on yi, • • • , y„ around 
4>(p). Since / = (/ 0 ’F)ocl>, / depends analytically around p on the 
functions yi o 4), • • • , y„ o <i>. It follows that, the functions yi o 4>. 
• • • , yn o •I* form a system of coordinates at p and that if IF is a cubic 
neighbourhood of 4>(p) with respect to the system {yi, • • • , ijn], 
^(IF) is a cubic ncighljourhood of p with respect to this system. 

2) Suppose that the conditions 1), 2) are satisfied. If g is analytic 
on W at 4>(p), i.e. if y depends analytically around ^>(p) on yi, • • • ,yn 
then y o $ depends analytically on yi o • • • , y„ o $ around p, 
and hence y o $ is analytic at p. This shows that <1> is ever 5 'whero 
analytic. If / is any function which is analytic at p on V, f depends 
analytically around p on yi o 4), • • • , y„ o Hence / o ^ depends 
analytically around ^>(p) on the functions (yi o '!>) o 'F = yi, • • • , 
(yn o.$) o 'i' = y„, which shows that / o ^ is analytic at ^>(p) on 
V?. Therefore 'F is everywhere analytic, and hence is an analytic 
isomorphism. 

§III. Products of Manifolds 

Let V and W be manifolds of dimensions m and n respectively, 
and let 33, 353 be their underlying topological spaces. The cartesian 
product S3 X 353 is a connected topological space which we shall now 
make the underlying space of a manifold. 

Let (p, q) be a point of S3 X S53(psS3, ye353). We denote by Ct(p), 
(&{q) the classes of analytic functions at p and y on S3 and 353 respectively. 
We denote by wi, W 2 the projections of S3 X 353 onto S3 and 353 
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respectively (wi(p, q) = p, q) = ?)• Let 0(p, q) be the class 

consisting of the functions / o toi(/£a(p)), g o w 2 (gre(B(gr)) and of all func- 
tions which depend analytically on these around (p, q). The assign- 
ment, (p, q) — > e(p, q), defines a manifold whose underlying space is 
SS X SB. In fact, the class e(p, q) obviously satisfies conditions I 
and II of §1. In order to verify that condition III holds we choose 
systems of coordinates [xi, • • • , Xm\ on D at p and {y\, • • • , p»} 
on W at q. If a is a sufficiently small positive number we can find a 
cubic neighbourhood V of p with respect to the system {xi, • • • , Xm} 
and a cubic neighbourhood IT of g with respect to the system {j/i, 
■ ■ ' > J/»}> both of breadth a. 

We set zi = xi o (ii, • • • , 2 „ = x„ o wi, z^i = yiO W 2 , , 

2m+n = 2 /n o wj. The functious 2 i, • • • , Zm+n are defined on T X IT 
and belong to Q{p', q') for every (p', q')BV X IT. Every function 
of the form / o ihi, fzQ,{p'), depends analytically on 2 i, • • • , Zm 
around (p', q'), and every function g o 3 £(B(g'), depends analytically 
on Zm+i, • • • , Zm+n around (p', q'). Hence any function in e(p', q') 
depends analytically on 2 i, • • • , Zm+n around (p', q'). 

Finally, if we assign to a point (pi, 3 i)sT X IT the point of 
whose coordinates are 2i(pi, ^i) = xi(pi), • • • , z„(pi, qi) = Xm(pi), 
2 „+i(pi, qi) = yiiqi), • • • , Zm+nipi, qi) = yniqi), we clearly obtain a 
homeomorphism of T X IT with a cube of sidelength a in 7?’"+”. 
Therefore condition III holds. 

The manifold obtained in this way is called the product of the 
manifolds 13, W and denoted by 13 X W. We may, in the same way, 
define the product of any finite number of manifolds. 

If 13, W, 9C are manifolds, then, strictly speaking, the manifolds 
(13 X W) X 9C, 13 X (W X 9C) and 13 X W X 9C, are not the same. 
However, between any two of them there is a natural analytic iso- 
morphism. For in.stance, the mapping ((p, q), r) — » (p, {q, r)) is an 
analytic isomorphism of (13 X W) X SC onto 13 X (W X 9C) while the 
mapping ((p, g), r) — > (p, q, r) is an analytic isomorphism of (13 X W) 
X 9C onto 13 X W X 9C. 

The manifold R” defined in §II is obviously the product of n 
manifolds identical with R. If we construct the product of n mani- 
folds identical with we obtain a manifold whose underlying space 
is the n-dimensional torus; we shall denote this manifold by T". 

§IV. Tangent Vectors. Differentials 

Let 13 be a manifold of dimension », p a point of 13, and Ct(p) the 
class of analytic functions at p. By a tangent vector at p we shall 
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mean a mapping L of Ct(p) into the real numbers which satisfies the 
following two conditions: 

1) Lis linear j ix. for any two functions /, g in Ct(p) and real numbers 
a, b we have L(af + bg) = aL{f) + bL{g)j 

2) L is a differentiation, ix, for any two functions f, g in ^{jp) we 
have L{fg) = {L{f))gip) + /(p)(L(g)). 

If L is a tangent vector and / is a function in a(p) the number 
L{f) is often called the derivative of f in the direction L. 

If L, V are tangent vectors to V at the point p, it is clear that 
(for any X, X'e/2) the mapping 

/-^X/i(/)+X'L'(/) 

is again a tangent vector to V at p. Hence the tangent vectors at p 
form a vector space, called the tangent vector space to *0 at p. 

Now let {xi, • • • , Xn] be any coordinate system at p. If / 
is analytic at p, / has, in some neighbourhood of p, an expression in 
terms of these coordinates: 


f{q) = f*(xi{q), y Xn{q)) 


where ‘ , Un) is a function of n real variables, defined and 

analytic in a neighbourhood of the point Ui = Xi{p)f * • • , = Xn{p)- 

df , dpi 

To simplify the notation we shall write — when we mean I 

dXi ^Ui]ui^x^(p) 


Then it is trivial that for any choice of real numbers Xi, • • • , Xn the 
mapping of GL{p) into the real numbers defined by 


/ 



is a tangent vector at p. Now we shall prove that every tangent 
vector at p is of this form by showing that if {xi, • • * y Xn] is any 
coordinate system at p, and L any tangent vector at p, we have, for all 
/ect(p), 

( 1 ) LU) = 

OXi 

This relation is also significant because it shows that a tangent vector 
is uniquely determined by the values it assigns to the functions of a 
coordinate system. 

To prove (1) we first remark that it is trivial that every tangent 
vector maps every constant function into 0. If / is any function in 
Ct(p) then we can express / (in a neighbourhood of p) in the form: 
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/ = ao + ai(,xi - xj) + • • • + a„(x„ — x®) 

with the functions in' a(p), and where xj = Xi(p), • • • , x® = x„(p). 
Applying L we find 

(2) Lf = aiL(xi - X?) + • • • + anL{Xn — x®) 

+ i(2",_i(x, - x®)(x,- - x,®)sr.,) 
= OiLxi 4- • • • + a„Lxn + 2”,^iL((x, - x®)(x,- - x®)fir<,) 

Then, making use of the differentiation property of a tangent vector, 
we have 

L((x. - x,")(x, - x?)sf,;) = ((x,(p) - x*)L(x, - X®) 

+ Mp) - x®)L(x, - X®)) + (Lsr„)((x,(p) - x?)(x,(p) - X?)) 

= 0 

yields (1). 

Lrif) 

tjOCx 

we obtain a tangent vector L, for which L,(x,) = 6„. These n tangent 
vectors are linearly independent, since (2,X,7v,)(x,) = X,. Moreover, 
ifLisany tangent vector, we have L(x,) = (2;,L(x,)L,)(x,) (1 ^ j ^ n), 
and hence L = 2,Z/(x,)Li. It follows that the tangent space is an 
n-dimensional vector space. 

Now let W be a manifold and let <I> be a mapping of D into W, 
analytic at the point peV. Let, moreover, L be a tangent vector to 
1) at p, and g be any analytic function on W at the point q = ^(p). 
If we set 

(3) M{g) =L{goei>) 

we clearly obtain a tangent vector M to W at q. It is also clear that 
the mapping, L M, is linear. 

Definition 1. The mapping which assigns to every tangent vector 
L to V at p the tangent vector M to V? at q, defined by (3) is called the 
differential of the mapping at p. It is usually denoted by d^, or d^p. 

Suppose now that is a mapping of W into a third manifold 9C, 
and that ’F is analytic at q. If h is any function on 9C analytic at 
r = ’J'(g), the functions {ho-ir) o ^ and ho ('P o^) coincide in the 


Hence (2) ^because 
If we set 
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Proposition 1. Let V and W be manifolds. Let ^ be an analytic 
mapping of V into W, and let p be a point of V. Suppose that d^p is a 
univalent mapping of the tangent space to V into the tangent space to V?. 
Then, if {yi, • • • , ym] is a system of coordinates at q = #(p) onV?, it 
is possible to select from the set of functions ?/i o f>, ■ • • , o a subset 
containing n functions which form a system of coordinates at p on V. 
Moreover, if {xi, • • • , a:„) is any system of coordinates at p on D, there 
exists a system of coordinates Zi, • • • , Zm at q on V? such that Xj coincides 
in the neighbourhood of p with z, o ^ (I ^ j ^ n). 

In fact, the function p, o can be expressed in the neighbourhood 
of p in the form <p,(xi, • • • , Xn), where is a function of n real 
variables, analytic at the point Xi = Xi(p), • • • , Xn = x„(p). We 


shall show that the rectangular matrix 


.dx,/ X— x(p) 


is of rank n. 


Sup- 


pose that 0 = S.’LiX, ( — ) (1 ^ f ^ m) is a linear relation 

\dX]/ 2»x(p) 

between columns of this matrix. Let Lj be the tangent vector 
to D at p defined by L,{xk) = hi (1 ^ i, k ^ n), and let L be 

/d(p,\ 

the vector SX,L,. We have L(p, o f>) = SX, I — j =0 whence 

\dx, ' x«=x(p) 

{d^{L))yi = 0(l^j^m). It follows that d^(,L) = 0; since d^ is 
univalent, we have L = 0, Xi = X2 = • • • = X» = 0, which proves 
our assertion. 

We can select n indices, ii, • • • , in, from the set {1, • • • , m\ 
so that the determinant formed from the rows with indices ii, . . . , 
is not 0. It is then clear that p„ o €>,•••, p,, o $ form a system of 
coordinates at p on *0. 

We can express Xj in the form x,- = ^,(p<, o , Pi„ ^ 

in the neighbourhood of p; the ^/s are analytic functions of n real vari- 
ables and their functional determinant does not vanish for p,, = Pi,(p). 
We set z, = \^;(p,„ • • • , p.J (I ^ i ^ n) and take for 2„+i, ■ • • , z„ 
those functions p,- whose indices i do not occur among ii, • • • , in- 
Clearly {zi, • • • , Zm} is a system of coordinates at 3 on W, and 
2, o $ = X, (1 ^ j ^ n). 

Remark. We see that, under the assumption of Proposition 1, there 
exists a neighbourhood of p in V which is mapped topologically under #. 
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Definition 2. A .mapping ^ of a manifold V into a manifold W 
is said to be regular at the point psV if $ is analytic at p and d^p is a 
univalent mapping. 

Proposition 2. The notation being as in Proposition 1, suppose that 
the image under d^p of the tangent space to V {at p) covers the whole 
tangent space to V? {at q = 4>(p)). Then if {yi, ■ • ■ , j/m} is a system 
of coordinates at q on V?, the functions o • • • , o $ are part 
of a system of coordinates at p on V. 

Let xi, • • • , Xn be the functions of a system of coordinates at p 
on V. Here again we may express i/, o in the form <Pt{xi, • • • , a:„) 
in the neighbourhood of p, and we shall show that the rank of the 

matrix (^*) is m. In fact, let = 0 be a 

\OXj/ x^x(p) ^^X]^x^x(p) 

relation between the rows of this matrix, (1 ^ j ^ n). Let Mi be 
the tangent vector to "W at g defined by Mt{yk) = Sa {I ^ i, k ^ m). 
By assumption, there exists a tangent vector Li to D at p for which 

d^{Li) == M^; we have S, (^ ) = Li(p* o ^) = S,-*. If we 

multiply by ixk and sum for A: = 1 to m, we obtain = 0, which 
proves our assertion. We may assume without loss of generality 
that the determinant formed from the first m columns of our matrix 
is not 0. The functions 2/i o • * • i 2 /m o 4>, i, * • • , Xn form a 
system of coordinates at p on *1). 

Remark. It follows immediately that^ under the assumption of 
Proposition 2, the image under 4> of any neighbourhood of p in V covers a 
neighbourhood of q in VP, 

Proposition 3. The notation being as in Proposition 1, suppose that 

d^p is a linear isomorphism of the tangent space to V {at p) with the 

tangent space to VP {at q = 4>(p)). Then there is a neighbourhood V of 

p which is mapped topologically by onto a neighbourhood W of q in VP; 

-1 

moreover y the reciprocal mapping ^ of W onto V is analytic at q. 

This is an immediate consequence of Propositions 1 and 2. 
Proposition 4. Let ^ be an analytic mapping of a manifold V into a 
manifold VP. If the differential of ^ is 0 at every point of V, then $ 
is a constant mapping (i.e. maps V onto a single point of VP). 

Let p be a point of *0. Let { 2 / 1 , • • • , i/m} be a coordinate system 
at the point on W, and let TF be a cubic neighbourhood of with 
respect to these coordinates. Let {xi, • • • , Xn} be a coordinate 
system at p on V, and let F be a cubic neighbourhood of p with respect 
to the coordinates x such that ^{V) Q W. If qsV, we may write 
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= ^j(»x(g), • • • , a;n(g)), where the functions Fj are analytic 
in the cube defined by the inequalities |x< — a:i(p)| < a (where a is 
the breadth of F). If qsV, denote by Xf., the tangent vector to V at 
q which is defined by = 5,*. We have 

^ (®i(9), • • • , a:»(9)) = o $) = (d$,(Z<,,))yj = 0 

It follows that the partial derivatives of the functions Fj are equal to 0 
and therefore that the functions Fj are constant. This means that # 
maps V onto the point ^p. 

To every point rsW we associate the set Ur of points peD which 
are mapped on r by It follows from what we have proved that 
each Ur is open. On the other hand, the sets Ur are mutually disjoint 
and the union of all these sets is V. Since V is connected, there can be 
only one set Ur which is not empty. Proposition 4 is thereby proved. 

The differential of a function 

A real valued analytic function /, defined on *0, may be considered 
as a mapping of D into the manifold R of real numbers. Its differ- 
ential at p is a linear mapping of the tangent space, 8, to D at p into 
the tangent space S(W», to R at xo = f(p). Since SW,, is a one dimen- 
sional linear space over R, spanned by the vector ikfo defined by 
Mo{x) = 1 (considering a; as a real valued function on R), we may 
identify with R itself by identifying Mo with the number 1. 
This makes df into a linear function defined on 8, and with real values. 
It follows directly from the definitions that 

df(L) = L(f). 

If fi, /j are analytic functions at p on 13 we have d(Xi/i + Xs/ 2 )(L) 
= Xid/i(L) + X 2 d/ 2 (L). Hence the differentials df, for /in Cl(p), form a 
linear subspace of the space of all linear functions on 8. If aji, • • • , *„ 
form a coordinate system at p, their differentials dxi, • • • , dxn are 
obviously linearly independent. Hence the space 35 of differentials 
is of dimension n, and coincides with the space of all linear functions 
on 8. 

The preceding shows that the spaces 8 and 35 may be considered 
as dual vector spaces. ‘ 

X The dual space of a vector space £ over a field K is the set of all linear mappings 
of £ into K. If £ is of finite dimension, it may be identified with the dual of its 
dual space. 
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Product manifolds 

Let *Ui, D2 be manifolds of dimensions ni, and let 13 = Di X 1)2 
be their product. Let pi be a point of Di, p2 n point of V2, and p be the 
point (pi, Pi). We denote by ?i, 82, 8 the tangent spaces to 13 i, 132 , 13 
at pi, Pi, p respectively. 

Let, moreover, wi and Ui be the projections of 13 onto 13 i and 132. 
To every vector Ls8 there corresponds vectors In = dwi(L)s8i, Li 
= dui{L)z 2 i. Let {a:i, '• • • , a:„,) be a coordinate system at pi on 
13 i, and let {yi, •••,?/«,} be a system of coordinates at Pi on 132. 
The functions 21 = xi o wi, • • • , 2,, = x„, o wi, 2„,+i = y\0 Ui, 

• • • , 2„,+„, = Pm o W2 then form a system of coordinates at p on 13 . 

Let Li, 1/2 be arbitrary vectors in 81, 82 respectively. There is a 
vector Le8 defined by the equalities 

L(zi) = Ll{xi), ■ ■ ■ , L{Zn,) — Li(Xn,)', 

L{Zni+i) — Li{yi), ' ■ ■ , L{z,.,^ni) — Li{yn^, 

and it is clear that dwi(L) = Li, d(hi{L) = Li. Since there can be 
only one vector L for which these equalities hold we sec that we may 
identify 8 with the product of the spaces 8i and 82. 

We have already identified the tangent space to the manifold R 
of real numbers at any point with R itself. Hence we may identify 
R’ with the tangent space to the manifold /i". 

§V. INFINITESIMAL TRANSFORMATIONS 

Definition 1 . Let V be a manifold. A vector field X on 13 , {also 
called an infinitesimal transformation), is a mapping which a.ssigns to 
every point p a tangent vector X (p) to 13 at this point. 

Let / be any function defined and analytic at the points of some 
open subset C/ of 13 . Setting g{p) = X{p)f for pzV we obtain a 
function defined on U, which we shall denote by Xf. If for each 
analytic / the function Xf is also analytic we shall say that X is an 
analytic infinitesimal transformation. 

If U is an open subset of 13 on which there exists a system of 
coordinates {xi, ■ • • , a:„ }, there always exists an analytic infinitesimal 
transformation defined on U. In fact, let / be any function analytic 
at a point pel/; we can express / in the neighbourhood of p as a function 

( Qf*\ 

— j we obtain 

a tangent vector at p, and the mapping p Xi{p) is clearly an analytic 
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infinitesimal transformation defined on U. Moreover, if we set 


X,ip) = 



(1 ^ f ^ n) we obtain n analytic infinitesimal trans- 


formations which are linearly independent at every point of U. If 
X is any other infinitesimal transformation defined on U we can write 
X in the form X{p) = S,A,(p)X,(p) where Ai, • • • , A„ are n 
functions defined on U. If X is analytic, the functions A^{p) are also 
analytic, since A, = Xxi (1 < f < n). Conversely, if Ai, • • • , A„ 
are n functions defined and analytic on U, it is clear that X = SA<Xi 
is an analytic infinitesimal transformation on U. Since (X/)(p) 

— ) , we shall call SA< — the symbol of the infinitesimal 

dXi/p dXi 

transformation X. 

If X and Y are analytic infinitesimal transformations defined on a 
manifold V, the operation YX = F o X is not in general an infini- 
tesimal transformation. For instance, if D = 72" and if X and F are 


defined by Xf = ---> Yf = > we have YXf — ^ { •> and the 

'’ dxi dXi dxidXi 

mapping / — » ( ) is not a tangent vector to 72" (here p is a point 

\dxidxi/ p 

in 72"). However, the operation U = YX — XF is always an analytic 
infinitesimal transformation; the proof of this consists in a straight- 
forward verification (which we shall omit) that U{p) satisfies the 
conditions 1) and 2) in the definition of a tangent vector. In terms 
of a coordinate system {xi, • • • , x„} at a point p we can write (for 
/sCl(p)) X/and F/in theneighbourhoodof pintheforms SA,*(xi, • • • , 

x„) ZBiixi, • • • , x„) Then, we find that 



This expression for Uf yields a second proof that XF — FX is an 
analytic infinitesimal transformation. 

Definition 2. If X, Y are analytic infinitesimal transformations 
on V, then the infinitesimal transformation U = FX — XF will be 
denoted by. [X, F]. 

This bracket operation, which assigns to every pair of analytic 
infinitesimal transformations (X, F) the infinitesimal transformation 
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[X, F], is a law of composition for the infinitesimal transformations. 
We also see immediately that, if a is any number and X an infini- 
tesimal transformation, then aX is again an infinitesimal transforma- 
tion, and, if X, Y are infinitesimal transformations, then so is X -f- Y. 
The bracket operation is distributive with respect to addition: 

[oiXi + ajXj, Y] = oi[X,, y] + a2[X2, F] 

[X, oiFi -1- ojFsl = oi[X, Fi] + 02[X, F 2 ] 

(for oi, and X, Xi, X 2 , F, Fi, F 2 infinitesimal transformations). 
However, it is not associative: in general we have [[X, F], Z] ^ [X, 
[F, Z]]. It is easy to prove that it satisfies the following identities; 

[X, X] = 0 

[[X, F], Z] -f [[F, Z], X] + [[Z, X], F] = 0 

• 

for any analytic infinitesimal transformations X, Y, Z. The first of 
these identities gives [X-fF, X-|-F] = 0 = [X, F] -t- [F, X], 
whence 

[F, X] = -[X, F]. 

The second, is called the Jacobi identity. 

Let ^ be an analytic mapping of the manifold V into some mani- 
fold W. Let X be an infinitesimal transformation on D and F be an 
infinitesimal transformation on W. We shall say that X and F are 
^-related if, for every point psD, we have 

d4>p(Xp) = F*p. 

If is everywhere regular, there can exist at most one infinitesimal 
transformation X on “0 which is ^-related to a given F on W, since 
then Xp is then entirely determined by d<I'p(Xp). 

Let 8p be the tangent space to D at p. Its image under d^p is a 
subspace ^p of the tangent space to V? at the point 4>p. If an 
infinitesimal transformation F on W is 4>-related to an X on D, we 
must necessarily have F^psSp for every pBV. 

Proposition 1. Let $ be an everywhere regular mapping of a manifold 
V into a manifold W. If pBV, let, Sp be the tangent space to V at p and 
set ^p = d<hp(.2p). If Y is any analytic infinitesimal transformation on 
V? such that F*pSSp for every point peV, then there exists one and only 
one analytic infinitesimal transformation X on "0 which is ^-related to Y . 

Under our assumptions, we can find for every peD an element 
XpESp such that d4>p(Xp) = F*p. We have to prove that the assign- 
ment X:p Xp is an analytic infinitesimal transformation. From 
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Proposition 1, §IV, p. 76 it follows that we can find a system of 
coordinates {j/i, • • • , j/m} at 4>p on W such that {yi0 4>, • • • , 
o 4>} is a coordinate system at p on *0 (m, n being the dimensions 
of the manifolds W, *0). If g is in a sufficiently small neighbourhood 
of p in D the equality d€>,(X’,) = F*, gives 


i.e., the function X(yi of>) coincides in a neighbourhood of p with 
Yyi o Since Y is analytic on W, Yyi is analytic at $p; hence 
Yyi o $ is analytic at p, and X(yi o 4>) is analytic at p, which proves 
that X is analytic at p. 

Proposition 2. Let 4> be any analytic mapping of a manifold D into 
a manifold W. Let Xi, Xi be analytic infinitesimal transformations on 
D, and Y\, Y^, analytic infinitesimal transformations on "W. If Xi is 
^-related to Yt (f = \, 2), then [Xi, Xj] is ^-related to{Yi, Y 

Let p be a point of V, and let g be a function on W, analytic at the 
point q = ^>p. The fact that Xi, Yi are <I>-related {i = 1, 2) may be 
expressed by the formula 

(X,(g o 4.))p, = iYig)ip> 
or 

(Xiig o $))p, = {Yig o 

which holds for any point p' in a suitable neighbourhood of p in V. 
Hence 

{YiYig)^^ = (X*(Fig o 4>))^ = {XiXiig o 

We obtain a similar formula by interchanging the indices 1,2; sub- 
tracting we then find 

{[Yi, F,]g)*p. = ([Xi, X^Kg o 

whence [Fi, Y^p = d4>p([Xi, XjJp), which proves Proposition 2. 

§VI. Submanifolds. Distributions 

Definition 1. Let V be a manifold. A manifold W is called a sub- 
manifold of *0 if the following conditions are satisfied: 1) th£ set of points 
of V? is a subset of the set of points of D, and 2) the identity mapping of 
W into V is regular at every point of V?. 

For example, an open submanifold of V (as defined in §11, p. 73) 
is a submanifold in the sense of the present definition. In the case 
of an open submanifold W of D the identity mapping of W into V is 
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also a homeomorphism, but it is important to realize that this is not 
always the case for an arbitrary submanifold of ‘U.* It is true, how- 
ever, that this identity mapping is always continuous. 

Let I be the identity mapping of a submanifold W into a manifold 
V. If pew, and if / is a function analytic at p on V, the function 
/ o / is analytic at p on W. This function will be called the contraction 
of the function / to W. From Proposition 1, §IV, p. 76 it follows 
that we can find a coordinate S 3 '^stem {a:i, • • • , a-„) at p on D such 

that the traces a:i o /,•••, .t„ o / of a:i, •••, on W form a 

coordinate system at p on W (where m is the dimension of W). Let g 
be an analytic function at p on W ; then g may be expressed, in a neigh- 
bourhood of p in W, as a function g*{xi o 7, • • • , o /) of the 

coordinates Xi o I. If we set /(</) = g*{xi{q), • • * , Xmig)), f is 

analytic at p on V, and fo I coincudes with g on a neighbourhood of p 
in W. Therefore, any junction which is analytic at a point pSW 
coincides in a neighbourhood of p on W with the contraction of a function 
which is analytic at p on V. 

However, it is not always true that a function which is everywhere 
defined and analytic on W (unncides with the contraction of a continu- 
ous function on V. 

Let 2p be the tangent space to D at a point p which belongs to the 
submanifold W. The mapping dip maps the tangent space to W 
at p isomorphically onto a vector subspacc 3Tlp of I'he space HTlp 
is also called (although improperly) the tangent space to W at p. 

Let X be any analytic infinitesimal transformation on "U, such that 
XpSSfllp for every point pSW. Since I is everywhere regular, there 
exists one and only one analytic infinitesimal transformation 7 on W 
such that Xp = dlp{ Yp) for all pSW. The infinitesimal transformation 
Y is called the contraction of X to W. From Proposition 2, §V, it 
follows that if Xi, Xi are analytic infinitesimal transformations on *13, 
and Fi, Yi their contractions to W, [Fi, Fa] is the contraction of 
(Xi, Xi]. 

Definition 2. An m-dimensional vector subspace of the tangent 
space to a manifold V at a point p is called an element of contact of 
dimension m of V. The point p is called the origin of this element of 
contact. A law which assigns to every point pBV an element of contact 
of dimension m and of origin p is called an m-dimensional distribution. 

‘ For instance, a non-compact one parametric sub-group of may be con- 
sidered as the underlying set of points of a manifold which is analytically iso- 
morphic with R^. The identity mapping of this manifold into P® is analytic and 
regidar everywhere, but is not a homeomorphism with a sub.space of T*. 
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Let us denote by 311 a distribution of dimension m on V, and by 
Slip the m-dimensional subspace which is assigned to the point p by 311. 

Definition 3. We shall say thaf, the distribution iD? is analytic at 
the point p if the following conditions are satisfied; there exists a neighbour- 
hood V of the point p and a system of m infinitesimal transformations 
X\, • • • , Xm, defined and analytic on V, such that, for every point 
qsV, the vectors (Xi)„ • • • , (Xn)qform a base of the space 3TI,. The 
system {Xi, • • ■ , Xm} is then called a local base for the distribution 
around the point p. 

Remark. There do not always exist analytic distributions on a 
manifold. For instance, it can be proved that there is no analytic 
distribution of dimension 1 on a sphere of dimension 4. 

Since there always exists on a manifold of dimension n an obvious 
distribution of dimension n, it follows from the preceeding remark 
that, given an analytic distribution, it is not always possible to find a 
system of analytic infinitesimal transformations which forms a base 
of the distribution at every point. 

Definition 4. Let 911 be an analytic distribution on a manifold *0. 
A submanifold V? of V is called an integral manifold of 311 if, for every 
point pe*W, 91?p coincides with the tangent space to V? at p. 

Let 311 be a distribution, and let Xi, X 2 be infinitesimal transforma- 
tions, defined in a neighbourhood V of a point po, and such that (Xi)p, 
(X 2 )p both belong to 9)?p for all points psV. If po belongs to an 
integral manifold W of 311, Xi and X 2 have contractions Fi, F 2 to W; 
therefore [Xi, X 2 ] has the contraction [Fi, F 2 ]; it follows that [Xi, 
X2]p„s9J?po. This shows that certain conditions must be satisfied if a 
distribution is to have an integral manifold through po. 

We shall say that an infinitesimal transformation X, defined and 
analytic in a neighbourhood of a point poSU, belongs to the distribution 
311 if we have XpS31lp for all points p of this neighbourhood. For 
instance, any infinitesimal transformation of a base of 311 around p 
belongs to 311. 

Definition 6. We shall say that the analytic distribution 91i is 
involutive if the following condition is satisfied: if two analytic infinitesimal 
transformations Xi, X 2 , defined on the same open set, both belong to 9)?, 
the infinitesimal transformation [Xi, X 2 ] also belongs to 311. 

From the preceding remarks, it follows that, if every point of *0 
belongs to an integral manifold of 311, 311 is necessarily involutive. In 
the following sections we shall be concerned mainly with the proof of 
the converse of this proposition. 

We shall conclude this section with the proof of: 
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Proposition 1. Let h be a set of analytic infinitesimal transforma- 
tions defined on a manifold V, with the following 'properties: 1) the space 
SJKp spanned by the vectors Xp(p£V, XsS) has the same dimension, m, at 
all points p&V; and 2) if X, FsS, th£ infinitesimal transformation [X, F] 
may be expressed as a linear combination of a finite number of elements 
of S, the coefficients being functions on V. Then the assignment p —* 
is an analytic involutive distribution. 

Let po be a point of D; we can find m elements Xi, • • • , Xm of 
r such that (Xi)p„ • • • , (X„)p, are linearly independent, and hence 
span Sfllp,. Let {*i, • • • , a:„} be a coordinate system at po. The 
rectangular matrix whose coefficients are the functions XiXj (1 ^ i < m, 
I < j ^ n) is of rank m at po; being continuous, it is also of rank m 
at all points p of some cubic neighbourhood V of po. It follows that 
the distribution 911 is analytic, the elements Xi, • • • , Xm forming a 
base of 911 around po. 

Let X be any analytic infinitesimal transformation defined on a 
neighbourhood of po and belonging to 911. We may assume that X 
is defined on V, and that Xp = S,”ig,(p)(X,)p. We assert that the 
functions g,(p) are analytic on V. In fact, they satisfy the linear 
equations 

(I) (Xa:*)p = ^,gj(p){XjXk)p (1 ^ A: ^ n), 

whose coefficients are analytic on V; moreover, the matrix of the 
coefficients of giip), • • • , gmip) has rank m at all points of V. In 
the neighbourhood of any point psF, the values of the functions ff,(p) 
may be found by solving a suitably selected system of m equations 
from (1), and this proves their analyticity. 

Let Y = 'LhiXj be another analytic infinitesimal transformation 
defined on V and belonging to 911. We want to prove that [X,- F] 
belongs to 911. It is obviously sufficient to carry out the proof in the 
case where X = gXi, Y = AX,-, for g, h any two analytic functions on 
F and i, j any two indices between 1 and to. We have 

IX, F] = FX - XF = A(X,-sr)X< + ghXjX^ - ghX^X^ - glXm 
= (A(X,-fir))X< - {giXih))Xi + gh[Xi, X,-]. 

But [X<, X,-] is a linear combination of elements in S and hence belongs 
to SDl; it follows that [X, F] belongs to Sfl, which proves Proposition 1. 

§vn. Integral Manifolds op an involutive Distribution 

(Local Theory) 

Let 13 be a manifold, and let {xi, • • * , Xn) be a coordinate system 
at a point pel). Denote by F a cubic neighbourhood of p with respect 
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to this system, and by a the breadth of V. Let m be any integer <n, 
and let fm+i, • • • , be n — m numbers such that |?m+» — Xm+)k(p)i 
<ail^h^n — m). Denote by St the set of points gsV whose 
coordinates satisfy the conditions 

Xm+kiq) = fm+k (I ^ h ^ n — m). 

We can define a manifold §{ whose set of points is St by the condition 
that the contractions of Xi, • • • , Xm to $t shall form a system of 
coordinates at every point of ${. It is obvious that gj is a submanifold 
of *U. We shall say that g{ is the slice of V defined by the equations 
Xm-ffc “ ^m+h (1 ^ ^ n in'). 

Theorem 1. Let 211 be an analytic involutive distribution of dimension 
in on a manifold of dimension n. If p is any point of V, there exist a 
coordinate system {xi, • • • , x„} of p and a cubic neighbourhood V of p 
loith respect to this system which satisfy the following conditions: 1) 
x,(p) = 0 (1 ^ ^ n) ; 2) let a be the breadth of V and let ^m+i, • • • , 5». 

be any n — m numbers such that l{m+ft| < a (I ^ h ^ n — m); then 
the slice of V which is defined by the equations Xm+h = im+h (I ^ h ^ 
n — m) is an integral manifold of 2)1. 

We first prove 

Lemma 1. Let X be an infinitesimal transformation which is defined 
and analytic in a neighbourhood of a point pSD and which is such that Xp 
7 ^ 0. Then there exist a coordinate system {yi, • • • , p„} at p and a 
cubic neighbourhood W of p with respect to this system which satisfy the 
following conditions: yiip) = 0 (1 ^ ^ n); X is defined on W and 

coincides on W with the infinitesimal transformation whose symbol 
(with respect to the y-coordinates) is d/dyi. ■ 

We can find a coordinate system {zi, • • • , z„} at p such that 
XpZi 9 ^ 0. Let Z be a cubic neighbourhood of p with respect to this 
system on which X is defined and analytic, and let c be the breadth 
of Z. If qeZ, we have X^t = F^(^l(q), • • • , z„(g)) (1 ^ ^ n), 

where the functions are defined and analytic in the cube defined 
by the inequalities jzf — Zi(p)l < c. We consider the following system 
of differential equations: 

dZ’ 

(1) = F<(zi, • • • , z„) (1 ^ ^ n) 

Making use of the existence theorem for systems of analytic differ- 
ential equations, we obtain the following result: there exist a number 
bi such that 0 < < c and a system of n functions ^.(pi, • • * , Pn) 

(1 ^ ^ n), defined and analytic in the cube Qi specified by the 
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equalities |j/,I < 6i (1 ^ ^ n) such that: 1) , j/n)I < c 

whenever {yi, • • • , j/n)eQi; 2) the equations 2, = <?,(<, yt, • • ‘ , yn) 
represent a solution of the system (1) with the initial conditions 
<pi(0, yt ■ • • , yn) = ziip), >pi{0, yi, • ■ ■ , y») = y, + Ziiv) for * > l- 

We shall prove that the functional determinant • • • , ^n)/ 

D{yi,. • • • , 2/„) is when yi = • • • = j/n = 0. We have 

(Si)o " ■ ■ ■ ’ ^ 

On the other hand, if j > 1 , = 5t; because ^»(0, 2/2, * * * , J/n) = 

(1 — Sit)2/i + 2t(p). Our assertion follows immediately from these 
formulas. 

It follows that there exist a coordinate system {t/i, • • , 2/n} at 

and a cubic neighbourhood IT of p with respect to this system such 
that W Q Z and Zt{q) = <Pi{yi{q)y * * * , Vniq)) for every qzW. If 
gelF, we have 

dipx 

XgZi = Fiiziiq), • • • , Zniq)) = — {yi{q), • • • , 2/n(g)) 

oyi 

whence X = d/dyi in W. 

Now, we proceed to prove Theorem 1. Let {Xi, • • • , Xm} be 
a base of 9)? around p. We have (Xi)p 5^ 0, and we may apply 
Lemma 1 to Xi. Let [yi, • • • , ?/„} be a coordinate system at p and 
W a neighbourhood of p which satisfy the conditions of Lemma 1 
for Xi, W being furthermore taken so small that (Xi)„ • • • , (Xm)<j 
form a base of at every point qsW. It is clear that, if m = 1, 
the slice of W which is defined by the equations j/2 = $2, * • • , 2/n = 
(where {2, • • • , fn are any numbers which are smaller in absolute 
value than the breadth of W) is an integral manifold of SO?, which 
proves Theorem 1 in the case where m = 1. To prove Theorem 1 
in the general case, we proceed by induction on m. Assume that 
m > 1 and that Theorem 1 is true for distributions of dimension 
m — 1. It is clear that we can find to — 1 functions A 2 , • • • , Am, 
analytic on V, such that (X, — A<X 1)1/1 = 0 (2 ^ i ^ to). We set 
X'i = Xi — AiXi] then (Xi)„ (Xj),, • • • , (X^), form a base of 50?, 
at every point qtW. Let 9C be the .slice of W defined by the equation 
yi = 0. If ge0C, the vectors (Xj),, (2 ^ ^ to) are tangent to 9C at g; 

it follows that Xj, • • • , X^ have contractions X2, • • • , Xm to 9C. 
If ge0C, the space spanned by the vectors (X2)8, • • • , (Xm), is the 
intersection of with the tangent space to 9C at g. The distribution 
9)?, g — ♦ 9^4, is clearly analytic on 0C. On the other hand, it follows 
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immediately from Proposition 2, §V, p. 82 that 50? is involutive. 
Since fSl is of dimension m — 1, we may apply our induction assump- 
tion to 3Jl. We can find a system of coordinates $ 2 , •••, Xm sA p on 
0C and a cubic neighbourhood F of p with respect to this system with 
the following properties: Xi{p) = 0 (2 ^ i ^ »); if 5m+i, ' ^ 
numbers smaller in absolute value than the breadth a of V, then the 
slice of F which is defined by the equations Xm+h = €«*+» (1 ^ A 
^ n — m) is an integral manifold of iff?. We may furthermore 
assume that a is at most equal to the breadth of TF. Let F be the set 
of points qzW which satisfy the following conditions: the point q' 
whose coordinates are (0, 2/2(9), ' ' ' , Vniq)) lies in F and |j/i(9)l < a. 
If 9s F, we set xi(q) = 2/1(9), Xi{q) = Xt(q') for i > 1. It is clear that 
{xi, • • • , Xn} is a coordinate system at p and that F is a cubic 
neighbourhood of p with respect to this system. Moreover, since 
3:2(9), • • • , x„(q) depend only upon 2/2(9). ‘ > 2/»(9) and xi(9) 

= yi(q), the symbol of Xi (with respect to the coordinates Xi, • • • , Xn) 
is d/dxi. 

We have XiXm+h = 0(1 ^h^n — m), whence 

- (X^Jx^+a) = XiXiXtn+k = [.X'j, X^l]Xm4.A 

OX I 

Since 9JZ is involutive, we have [X'i, Xi] — gnXi + where the 

functions ga (1 ^ ^ j ^ m) are analytic on V. Therefore, 

( 2 ) = ^T^\gxiiXj^rn^^ 

dXi 

Since any is an integral manifold of we have X^Xm+h = 0 on 
9 C, i.e. for x\ = 0. Considered as functions of Xi, the functions 
X[xm+h (1 ^ f ^ m) satisfy the linear homogeneous differential system 
(2). It follows from the uniqueness theorem for systems of differential 
equations that X[xm^h = 0 identically on F. This means that any 
slice of V defined by a system of equations of the form Xm^h = fm+A 
(1 ^ ^ n — • m) is an integral manifold of SO?. Theorem 1 is thereby 

proved for distributions of dimension m. 

Proposition 1. Let 9JZ be an analytic involutive distribution on a 
manifold *0. If two integral manifolds W and of SSI have a point p 
in common, there exists an integral manifold of 9)1, containing p, which 
is an open submanifold of both W and W'. 

We use the notation of Theorem 1. Let go be the slice of V which 
is defined by the equations Xm+h = 0 (1 ^ /i ^ n — m). It will be 
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sufficient to prove that any integral manifold W of SD? which contains p 
has an open submanifold which is also an open submanifold of go. 

Since the identity mapping of V? into V is continuous, the set 
F W is relatively open in W. Because V? is locally connected, the 
connected component C of p in F W (in the topology of W) is a 
relatively open subset of W.* Therefore, (7 is the set of points of an 
open submanifold 6 of V?, which is an integral manifold of fffl. 

Denote by X, the infinitesimal transformation whose symbol (with 
respect to the coordinates xi, • • • , x») is d/dxi. Then, if gsF, the 
vectors (Xi)„ • • • , (X^), form a base of SD?,. On the other hand, if 
qeQ we know by Proposition 1, §IV, p. 75 that we can select m of the 
functions Xi, • • • , x„ whose contractions to 0 form a system of 
coordinates at g. Since X^Xm+h = 0 (1 ^ i ^ m, 1 ^ h ^ n — m), 
none of these functions can be of index >m, which proves that the 
contractions of xi, • • • , Xm to 0 form a system of coordinates at any 
point of 0. 

If g60, the vectors (Xi)„ • • • , (Xm),; form a base of the tangent 
space to 0 at q. The equations X<Xm+» = 0 imply that the differential 
of the contraction of Xm+h to 0 is 0; therefore each function x^+a is 
constant on 0 (1 ^ h ^ n — m) (Cf. Proposition 4, §IV, p. 75). 
This means that 0 is a subset of §o. Because the contractions of 

• • • , Xm to 0 form a system of coordinates at every point of 0, 0 
is an open submanifold of go. Proposition 1 is thereby proved. 

§VIII. Maximal Integral Manifolds of an Involutive 

Distribution 

Let T) be a manifold, and let 3)i be an analytic involutive distribu- 
tion on V. 

We shall now study the integral manifold of 2)1 in the large, instead 
of limiting ourselves to the consideration of a neighbourhood of a 
point of D. 

Let F be the set of points of D. We shall define a new topology 
on the set F. Let 0 be the family of those subsets of F which may 
be represented as unions of collections of integral manifolds of 2W; 0 
may be taken as the family of open sets in a topology on F. In fact 

1) Any union of sets of 0 obviously belongs again to 0. 

2) Let Oi, O 2 be any two sets of 0, and let p be a point of Oi ^ O 2 - 
Then there exist two integral manifolds Wi, ^2 of 2)1 both containing 
p, and such that Wi ^ Oi, W 2 C Proposition 2, §VII, p. 88 

* In fact, if qsC, there exists a connected neighbourhood of q contained in W F, 

and therefore also in C. 
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shows that Wi, ^2 have in common an integral manifold W which con- 
tains p. We have pSW (] Oi O 2 , which shows that Oi O 2 e 0. 

3) Any open subset U of V belongs to G. In fact, let p be a point 
of U ; there exists an integral manifold W of 501 such that peW . Since W 
is locally connected, the component of p in W 17 is an open subset 
of W*; as such, it is the underlying space of an open submanifold Wi 
of W, and Wi is clearly an integral manifold of with ps'Wi(] L'. 
This proves that f/sO. It follows in particular that FsO. Further- 
more, we see that if pi 7 ^ pt, we can find sets Oi, O 2 in 0 such that 
PiSOi, piZOi, Oi O 2 = 4>- 

Let 53* be the topological space defined by the family of open sets 
0. We shall prove that, if “W is any integral manifold of Sffl, W is a 
subspace of S3*. Let p be any point of W. Then; 

1) Any neighbourhood of p with respect to W contains an open 
submanifold of W ; this submanifold being an integral manifold of Sffl, it 
is a set of 0 and is therefore a neighbourhood of p with respect to SS*. 

2) A neighbourhood of p with respect to S3* contains a set 0 such 
that peO, Os0; taking into account the definition of 0, we see that 0 
contains an integral manifold Wi of SO? containing p. According to 
Proposition 2, §VII, p. 88 Wi W contains a neighbourhood of p 
in W. 

From 1) and 2) it follows at once that W is an open subspace of SS*. 

Let SB be any connected component of S3*, this connected com- 
ponent being considered as a subspace of S3*. We shall prove that SB 
is the underlying space of an integral manifold of 3D?. 

In order to do this, we first select for every point ptV some integral 
manifold ‘W'(p) of SO? containing p. If psSB, V?'{p) is an open con- 
nected subset of S3*, whence, 'W'(p) Q SB. .We denote by Ct(p) the 
class of real valued functions which are analytic at p on 'W'(p). These 
functions may be considered as functions defined on neighbourhoods of 
p in SB. We assert that the assignment p Ct(p) defines a manifold 
on SB. The conditions I, II of §1, p. 68 are obviously fulfilled; the 
neighbourhood V which occurs in condition III being selected as a 
neighbourhood W' in 'W'(p) which satisfies condition III for V?'{p) 
the conditions III, 1), 2), are fulfilled. As for III, 13), we observe 
that if qzW', the manifolds ‘W'(p), W'Cg) have in common a submani- 
fold which is an open submanifold of both, from which it follow's 
immediately that condition III, 13) is satisfied. 

Let W be the manifold defined on SB by the assignment p — » GL{p). 
If peW, W (p) is clearly an open submanifold of W, and therefore W 

* Cf. footnote 1), p. 92. 
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is an integral manifold of SB. It is obviously independent of the 
choice of the manifolds ‘W'(p). Since we have *W'(p) (] W we see 
that any integral manifold of SB which has a point in common with 
W is an open submanifold of W. 

We have now proved . 

Theorem 2. Let V be a manifold, and let 9K be an involutive dis- 
tribution on V. Through every point pS'U there passes a maximal 
integral manifold 'W(p) of 9D?, i.e. an integral manifold which is not a 
subset of any larger integral manifold. Any integral manifold containing 
p is an open submanifold of ‘W(p). 

Remark. The maximal integral manifolds are obviously uniquely 
characterized by the properties stated in Theorem 2. 

§IX. THE COUNTABILITY AXIOM 

Thus far we have not required that the underlying space of a 
manifold “U should satisfy the Hausdorff countability axioms. These 
axioms, however, hold fox the manifolds which we shall consider 
later, and this fact has certain important consequences. 

Let us call a subset of a manifold V which is a cubic neighbourhood 
of one of its points, with respect to a suitable coordinate system at the 
point, a cubic subset of T). It is clear that the countability axioms 
hold in D if and only if V can be covered by a countable collection of 
cubic subsets. An equivalent form of this condition is given by the 
following: 

The countability axioms hold in a manifold D if and only if *0 can be 
represented as the union of a countable family of compact subsets of V. 

In fact: 

1) Suppose that the countability axioms hold in V. Then T) 
can be represented as the union of a countable family of cubic subsets. 
Each of them is homeomorphic to a cube in R”, where n is the dimen- 
sion of *13 ; since a cube can be represented as the union of a countable 
family of compact sets, the same holds for D. 

2) Suppose that 13 is the union of a countable family {Ki, • • • , 
Km, • ' •) of compact subsets. Every point of Km has a neighbourhood 
in 13 which is a cubic set. Since Km is compact, it can be covered by a 
finite number of these cubic sets. This being true for every m, 13 can 
be covered by a countable family of cubic sets. 

Now let us consider an involutive distribution SO? on a manifold 13. 
As we have seen (Theorem 1, §VII, p. 88), every point pel3 has a 
neighbourhood V which can be decomposed into slices, each slice being 
an integral manifold of SO?. Let W be the maximal integral manifold 
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containing p. Then, the intersection F W is the union of a certain 
set of these slices. Since two different slices are disjoint, a compact 
subset of “W can meet at most a finite number of the slices. If the 
countability axioms hold on VP, it follows immediately that the 
intersection F "W is the union of at most countably many of these 
slices. 

Let So be the slice containing p. Then, obviously. So coincides 
with the connected component of p in W F, this connected com- 
ponent being taken in the sense of the topology of VP. But, if F "W 
contains at most countably many slices, /So is also the connected 
component of p in the set F ^ W, in the sense of the topology of V. 
In order to prove this, we may assume that F is a cubic neighbour- 
hood of p with respect to a coordinate system \xi, • • ■ , a:„} such that 
each slice of F is represented by equations of the form 

Pi being a point of the slice. Let w be the mapping of R" into B’‘~' 
defined by «(xi, • • • , x„) = (.r,+i, • • • , x„). Under our assump- 
tion, w maps F W onto a countable subset of Since u is 

continuous, it maps every connected component of F W (in the 
sense of the topology of 13) onto a connected subset of R’'-'. Now any 
connected countable subset of /?’*-'■ mu.st clearly consist of a single point ; 
this proves that any connected component of F W coincides with 
a slice. 

Proposition 1. Let M be an involutive distribution on a manifold 13. 
Let V? be an integral manifold of SW. Suppose that <p is an analytic 
mapping into V of a manifold IL and that the image under tp of the set of 
points of 11 is a subset of VP. If the countability axioms hold on VP, </> 
is an analytic mapping of 11 into VP. 

Let s be a point of 11, and p = <p{s) be its image in W. We select 
a system of coordinates {xi, • • • , x„] at p on 13 and a cubic neigh- 
bourhood F of p with respect to this system, with the same properties 
as above. Since <p is continuous, there exists a cubic neighbourhood 
17 of s (with respect to some system of coordinates at s on 1l) which is 
mapped by <p onto a subset of F. Moreover, since U is connected, the 
same thing is true of <piU). Therefore (p{U) is a connected subset of 
F'^W (in the topology of F). It follows that ^(U) is contained 
in the slice So of the intersection F W which contains p. 

If / is any function which is analytic at p on VP, then / coincides on 
a neighbourhood of p in W with the contraction of some function fi 
which is analytic at p on 13. The function /i o ^ is analytic at s on 11, 
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since ip is an analytic mapping of *11 into V. If we choose U so that <f> 
(U) is in the domain of definition of /i, <p{U) will also be in the domain 
of definition of / (since <(>{U) Q ^o), and the functions / o v** /i ° ^ will 
be defined, and will coincide, on U. Therefore / o ^ is analytic at s on 
U, which proves that <p is an analytic mapping of 'll into W. 

Proposition 2. If the countability axioms hold in a manifold *0, 
they also hold in any submanifold of V. 

To prove Proposition 2 we shall first establish the following lemmas. 

Lemma 1. Let ^ be a connected space. Assume that there exists 
a family { Fa } of open subsets of S3 toith the following properties: a) the 
countability axioms hold in every Va, considered as a subspace of 33, b) 
there are at most countably many indices jS such that Vp meets a given V a 
of the family, and c) we have UaFa = S3. Then the countability axioms 
hold in S3. 

, Let oio be any index such that Fa® 5 ^ we shall say that an index 
a is attainable in h steps from ao if there exists a sequence (ao, ' ' • » 
Uh) of h + I indices, beginning with ao and ending with an = a, such 
that Fa,_i Fa, 7 ^ </» (1 ^ f ^ h). Let Ah be the set of indices a 
which have this property. We shall prove, by induction on h, that 
Ah is countable. This statement is true, by assumption, for A = 1. 
Now assume it to hold for h’, if aSili+i, there exists an index ^zAh such 
that Va'^Vp^ <l>. There are only countably many indices j 8 in Ah 
and, for each of them, there are only countably many indices a with 
Fa Fs 7 ^ this proves our statement for + 1 . Let A be the 
set U"_i .4*; A is then a countable set. We set F = UaSA Fa; F is an 
open subset of S3 and the countability axioms hold in F. Let p be any 
point adherent to F ; then p belongs to some Fa. Since Fa is open, we 
have F Fa 7 ^ <^, whence Fa Fp 7 ^ <#> for some jSsA ; if ^zAh, we 
have 054*+ 1 , Fa Q F, peF, which proves that F is also closed. Since 
SS is connected we have F = S3 : Lemma 1 is proved. 

Lemma 2. Let ^ be a connected and locally connected space. 
Assume that S3 can be covered by the union of a countable family of open 
subsets Vk {k = 1, • • •) which have the follovnng property: any com- 
ponent of any one of the sets Vk satisfies the countability axioms. Then 
the countability axioms hold in S3. 

Let Ffc,a be the components of F*, a running over a set of indices 
4*. Taking Lemma 1 into account, it will be sufficient to prove that, 
k, m and aeAk being given, there are only countably many indices 
0eAm for which Vk,a ^ Vm.B 5 ^ 4>- The set F«, Ft.a is an open sub- 
set of Fjt,a; since the countability axioms hold in F*,a, the set Fm ^ F*,o 
has only countably many components {p = 1, • • •)• Each K„ is 
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a connected subset of Vm, and therefore belongs to a uniquely deter- 
mined component, V’m./jCp) of Vm. Let /S be any index such that 
Vk.tt Vm.j} 7^ if p is a point of Vk.a ^ Vm,B, p belongs to one of the 
sets Kp. This set Kp, being a connected subset of Vm and having a 
point in common with Vm,e is contained in Vm,p, whence /3 = /3(p), which 
proves our assertion. 

Lemma 3. Let ^ be a connected space. Assume that there exists 
a continuous mapping <f> ofiB into J?** with the following property: p being 
any point of 55, there exists an open subset V of 35, containing p, which is 
mapped topologically under ip onto an open subset of R’^. Then the 
countability axioms hold in 35. 

We can find a countable set {Ui, • • • } of open subsets of R^ with 
the following property : r being any point of 72**, any neighbourhood of r 
contains some .set Uk. We may furthermore assume that the sets Uk 
are connected. If k is any integer >0, we consider the family of 
those open subsets Vk.a of 35 which are mapped topologically onto Uk 
under (p \ a runs over a set of indices Ak which may be empty for some 
jfc. We assume that Vk.a ^ Vk.is for a 9 ^ fi. If Vk.a has a point in 
common with Vk.s, we have a — fi. In fact let 4/^ be the mappings 
of Uk onto Vk.a, Vk» respectively which are reciprocal to the mappings 
induced by tp on these two sets, and let W be the set Vk.a ^ Vk,p. 
Assume for a moment that W has a boundary point p in Vk.a', then 
we have p — lim p„, where (p„) is a sequence of points of W. We 
have therefore, <p{p) = lim <p{pn) and 4>sW{p)) — i'sMPn). For 
any point qzW wo clearly have = q, whence 4'»{<p{p)) = hni Pn 

= p; on the other hand the point 4'si'Pi.p)) is in Vk.s and hence is in W. 
This shows that psTT, which, becau.se W is open, is a contradiction. 
Therefore W has no boundary point in Vk.a', this latter set being con- 
nected (because it is homeomorphic to Uk), we have W = The 

same argument would show that W = Vk,e, whence a = |8. Because 
the sets Vk.a are open it now follows that they are the components 
of Vk = Ua«A* Vk.a- Furthermore, it is clear that the countability 
axioms hold in every Vk,a and that every point of 35 belongs to one 
of the sets F*. Therefore, Lemma 3 follows from Lemma 2. 

Lemma 4. If V is a d-dimensional submanifold of R", the countabil- 
ity axioms hold in V. • 

Let x* (I ^ i ^ n) he the contractions to V of the coordinates in 
R". Let I = {fi, • • • , id] be any set of distinct numbers between 1 
and TO, and let Vi be the set of points of *0 at which the functions 
• • • , form a coordinate system on U; Fi is an open subset of U, 
and every point of V belongs to one of the sets Vi. Let V be any 
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component of Vi and let <p be the mapping of V into defined by 
<p{v) — (®**i(p)> ■ ■ ■ > *‘^(p))(psF'); it follows immediately from 
Lemma 3, applied to the space V and the mapping <p, that the count- 
ability axioms hold in V. I.emma 4 then follows from Lemma 2. 

We can now prove Proposition 1. Since the countability axioms 
hold in *0, we may cover V by a countable number of open subsets 
Ffc(l ^ k < °o), each of which is a cubic neighbourhood of some point 
of V with respect some system of coordinates at the point. Set 
Wk = Ffc W, where W is a submanifold of D. The sets TF* are 
open in W. If W[ is a component oi Wk (in the topology of W), TF[, 
considered as a subspace of W, is the underlying space of an open 
submanifold “Wt of W. Considering F* as a subspace of D, it is the 
underlying space of an open submanifold 13 a of 13, and ■W* is a sub- 
manifold of 13a. Since Fa is a cubic neighbourhood with respect to some 
system of coordinates, 13a is analytically isomorphic to an open sub- 
manifold of (where n = dim 13). It follows that W* is analytically 
isomorphic to a submanifold of k”. By Lemma 4, the countability 
axioms hold in Wa- By Lemma 2, the countability axioms hold in W. 



CHAPTER IV 


Analytic Groups, Lie Groups 

Summary. Chapter II was concerned with the study of groups which 
are at the same time topological spaces. Now, we shall consider groups 
which are at the same time manifolds; this leads to the notion of an analytic 
group, which is defined in §1. 

The most important new concept brought about by the introduction of 
analytic groups is the concept of the Lie algebra, which is defined in §11. 
To every analytic group there is associated a Lie algebra, and the relation- 
ships which may hold between analytic groups have their counterpart in 
the corresponding relationships between Lie algebras. Thus, the analytic 
subgroups of an analytic group 9 correspond to the subalgebras of the Lie 
algebra of 9 (Theorem 1 , §IV, p. 107 ), and the analytic homoinorphisms 
of an analytic group 9 analytic group X correspond to the homo- 

morphisms of the Lie algebra of 9 Lie algebra of X (Theorem 2, 

§VI, p. 111 ). The analytic groups which are considered here are not 
necessarily closed subgroups and are not necessarily topological subgroups, 
although they are submanifolds. It is shown in §V that, if an analytic 
subgroup is closed as a set of points, it is necessarily a topological subgroup. 
If if) is a topological subgroup of an analytic group 9 such that the con- 
nected component of the neutral element in ^ is the underlying topological 
group of a closed analytic subgroup of 9; homogeneous space 9/'^ l^as a 
structure of manifold which is defined in §V. If distinguished, 9/'^ 
is an analytic group. It is shown in §VII that the Lie algebra of 9/^^ is a 
factor algebra of the Lie algebra of 9- 

The notion of exponential mapping for matrices can be generalized to the 
case of an arbitrary analytic group. Thus, the elements of the Lie algebra 
of an analytic group 9 can be used to represent parametrically the elements of 
a neighbourhood of the neutral element in 9* The definition of this general- 
ized exponential mapping is the object of §VIII. The exponential mapping 
is used in §IX to complete the indications which were given in §VII on the 
homomorphisms of analytic groups. 

In §X, it is shown that the addition and bracket operation in the Lie 
algebra correspond (approximately) to multiplication and the building of 
commutators in the group. 

In §XI, it is shown that an analytic group 9 ^ representation by 

linear transformations operating on the Lie algebra of the group. From this, 
one can deduce that an analytic group whose Lie algebra has no center 
?^{0} is at least locally isomorphic with a subgroup of the linear group. 
Furthermore, it is proved that a given Lie algebra can be represented as the 
Lie algebra of some analytic group provided its center contains only 0. 
That this proviso is not really necessary will be proved much later (in 
volume 2). 

In section XII, it is proved that the commutator subgroup of an analytic 
group is the underlying group of an analytic subgroup, the derived group. 

09 
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An analytic group bears ipso facto the structure of a topological group; 
it is shown in §XIII that the analytical structure (and in particular the Lie 
algebra) is uniquely determined in terms of the topological structure (Theorem 
3, p. 129). This remarkable fact holds only for real analytic groups, not 
for groups with complex parameters (Cf. volume 2). To avoid the con- 
dition of connectedness which was involved in the notion of manifold, we 
define a Lie group to be a locally connected topological group ® such that the 
component of the neutral element in ® is the underlying topological group 
of some analytic group (which is then uniquely determined). It follows 
from this last fact that we may use freely the concept of Lie algebra when 
dealing with Lie groups. 

In section XIV, we derive a ^lufficient condition for a topological group 
to be a Lie group. Our result is a slight generalization of the result of Car- 
tan according to which any closed subgroup of a Lie group is a Lie Group. 

In section XV, we show that the group of automorphisms of any algebra 
whatsoever on the field of real numbers is a Lie group. From this, we deduce 
that the group of automorphisms of a connected Lie group is a Lie group. 


§1. DEFINITION OF THE NOTION OF ANALYTIC GROUP. EXAMPLES 


Definition 1. An analytic group is a pair (U, G) formed by a mani- 
fold V and a group G which satisfy the following conditions: 1) the set 
of points of V coincides with the set of elements of G; 2) the mapping 
(o', r) — ^ o-r-^ of the manifold T) X *0 into V is everywhere analytic. 

The manifold V is called the underlying manifold of the analytic 
group. The underlying topological space of V is also called the under- 
lying space of the group. Since every analytic mapping is continuous, 
the pair formed by the underlying space and the group (7 is a topo- 
logical group, which is called the underlying topological group of the 
analytic group. This topological group is obviously connected and 
locally simply connected. 

The additive group of R^y associated with the manifold which 
was defined in Chapter III, §11, p. 73 is an analytic group which we 
shall again denote by R^. 

We now consider the group (7L(n, C). If o- = is a matrix 

in this group, we denote by and x^/(or) the real and imaginary 
parts of Xij{(r). If we assign to <r the point ^{cr)eR^^* whose coordinates 
are the numbers a;'' (a) (arranged in some fixed order), we obtain 

a homeomorphism, of GL(n, C) with the subset of composed 
of the points for which 


Xii + V-l x" 


0 


This set is open. On the other hand, the group GL{n, C) is connected. 
Hence we may define a manifold D whose underlying space is the 
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underlying space of GL(n, C) by the requirement that the 2n* functions 
x'ij, x'il shall form a system of coordinates at every point of V (Cf. 
Chapter III, §11, p. 73). 

The quantities *</(<»■’■“*) be expressed as rational func- 
tions of the x'ijiff), Xy(T), x«(t), and the denominators of these 

rational functions are 5^0 on GL(n, C). It follows that the mapping 
(ff, t) — > OTT”* is analytic, which proves that the pair formed by *0 and 
GL(n, C) is an analytic group. This analytic group will again be 
denoted by GL{n, C). 

Finally, let us consider the torus group T^, i.e. the factor group 
of R by the group of integers. We have defined the topological space 

as the underlying space of a manifold T^, and we have seen that the 
functions cos 2irf, sin 2iri are everywhere analytic on and that, at 
each point, one of them is a coordinate on T^. The formulas 

cos 2ir(f — Vl) = cos 27rf COS 27rij -|- sin 2irf sin 2x^ 
sin 2 x( 5 — P) = sin 27rf cos 2irt) — sin cos 2irf 

show immediately that the manifold and the group considered 
together, make up an analytic group, which we shall Also denote by T^. 

Now, let 9 and 3C be two analytic groups, V and V? their underly- 
ing manifolds and G and H their underlying groups. Then the product 
G X H is & group, and the set of elements of this group is also the set 
of points of D X W. Let ((<r, t), {<ti, ti)) be a pair of elements of 
G X H, with <r, <tiSG and r, nZH. The mapping {{a, t), (vi, n)) ^ ((or, 
ffi), (r, n)) of Co X W) X (T) X V?) into (*0 X '0) X (W X W) is 
obviously analytic. The mappings (<r, <ri) — » (r, ti) — >• of 

*0 X *0 into “0 and of W X W into W are analytic by assumption. It 
follows easily that the mapping ((<r, <ri), (t, n)) —* ttJ') of 

{V XV) X (W X W) into "0 X W is analytic. Hence the same is 
true of the mapping ((<t, t), (ci, n)) (<t, T)(<ri, n)-^ = tt7*) 

of (*0 X W) X (“0 X W) into V X This means that the pair 
formed by the manifqld *0 X W and the group (7 X H is an analytic 
group, which we shall call the 'product of the analytic groups 9 3C 
and denote by 9 X 3C. We can define in a similar way the product 
of any finite number of analytic groups. 

§11. THE LIE ALGEBRA 

Let 9 be an analytic group. We denote by g, the tangent space 
to 9 at the point a. If <r and r are any elements of 9, there exists a 
unique element p(p = Ta~^) such that the left translation associated 
with p maps <r on t; we denote this left translation by 
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It follows immediately from the definition of an analytic group 
that the mapping ^ —* of 9 itself is analytic. Hence the 
mapping ^ —*■ p^, which is obtained by performing successively the 
mappings J and { — ♦ p|~‘, is also analytic: every left translation 

in an analytic group is an analytic isomorphism of the underlying 
manifold with itself. 

It follows that the mapping has a differential which maps 
fl, isomorphically onto gr. 

Definition 1. An infinitesimal transformation X on g is said to he 
left invariant if, for any a, rsg, we have 

d^TV~iXff “ Xr 

Let € be the neutral element of 9- In order for X to be left invari- 
ant it is sufficient for the equality d^rX, = Xr to hold for every t£ 9- 
Ip fact, assume that such is the case; since 4>,-i is the reciprocal 
mapping of d^„-i is the reciprocal mapping of and we have 
Xt = whence 

Xr = d^rid^a xXr) = d(4>r-0 ^»-.)X, = d^r.-iXe- 

It follows immediately that, given an element X.sg,, there exists 
one and only one left invariant infinitesimal transformation X which 
takes the value X, at e. 

We shall now prove that every left invariant infinitesimal transforma- 
tion X is analytic. Let vo be any element of 9- We select a system 
of coordinates {xi, • • • , x„l on 9 at <ro and a cubic neighbourhood Fi 
of ffo with respect to this system. There exists a cubic neighbourhood 
Vi of ffo such that the conditions aZVi, rzVi imply aa'^^rsVi. Let a 
be any element of Fj; we have X,x, = iX,,)x, = Xt„(x, o 

The functions xj(a, t) = are defined and analytic on F 2 X F 2 ; 

we have x,'((r, 7) = /,(xi(<r), • • • , Xn(v), Xi(t), • • , x„(7)), where 
the functions f,(yi, ' ' ‘ , Vn, Zi, ‘ , «») are analytic in their 2n 

arguments in the neighbourhood of the system of values yk = x*(<ro), 
Zk = Xt((To) (1 ^ /s ^ n). We have 

XrX.- = 2,1, (X,^,) (^) 

\az,7».»o 

where the indices c, an mean that the partial derivatives are taken for 
yk = Xk(a), Zk — Xfc((To) {\ ^ k ^ n). The quantities X,„x,- are con- 
stants, and considered as a function of <r, is analytic at an. 

Therefore, the functions X,Xi are analytic at an, which proves that X 
is analytic at an. 
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Let X and Y be any two left invariant infinitesimal transformations. 
We have 


no = d«i>„-.(F)], = [X, Y]r 

which proves that [X, Y] is al.so left invariant. 

The left invariant infinitesimal transformations of 9 form a vector 
space 0 of dimension n over the field of real numbers (where n is the 
dimension of 9). Moreover, the conditions Xbq, Feg imply [X, FJeo. 

Definition 2. Let K be a field, and let ^ be a vector space of finite 
dimension over K. Suppose moreover that there is given a law of compo- 
sition (X, V) — > [X, F] in 0 with the following properties: 

1. It is bilinear, i.e. 

[aiXi + 02X2, F] = ai[Xi, F] + 021X2, F] /oi, ateK;X, Y, Xi, Fi,\ 

[X, oiFi + a 2 F 2 ] = ai[Xi Fi] + OslX, Fj] V^ 2 , F 2 e 0 J 

2. It satisfies the following conditions: [X, X] = 0, [[X, F], Z\ 
+ [[F, Z], X] + \[Z, X], F] = 0 {for any X, F, Ze0). Then 0, equipped 
with this law of composition, is called a Lie algebra over K. 

Remark. It follows immediately from the definition that 

[X, F] + [F,X] =0 (X, Fe0); 

because 

0 = [X + F, X + F] = [X, X] + [X, F] + [F, X] + [F, F] 

= [X, F] + [F, X] 

In terms of this definition, we see that the left invariant infini- 
tesimal transformations of an analytic group 9 form a Lie algebra 
(whose dimension is equal to the dimension of 9) over the field of real 
numbers. This Lie algebra is called the Tfie algebra of 9. 

Instead of the left invariant infinitesimal transformations, we might 
have considered the right invariant infinitesimal transformations. If 
is the right translation associated with an element t, the right 
invariant infinitesimal transformations F are characterized by the 
condition that Ft =• d^rF, for any 729. Let J be the mapping ? —*■ 
of 9 into itself. It is clear that J is an analytic isomorphism of the 
underlying manifold of g with itself. Let X be any left invariant 
infinitesimal transformation; we assert that the infinitesimal trans- 
formation F defined by F, = dJ(X,-i) is right invariant. In fact, 
we have 

d^rY, = d%{dJ{X,)) = d(^r o J)X. 

But 'tfO J maps an arbitrary element J into = (t~*€)“‘, whence 
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= J o Therefore, 

• d^rY, = = dJiXr-^) = Yr 

which proves our assertion. 

The right invariant infinitesimal transformations also form a Lie 
algebra. But, since dJ([Xi, Xa]) = [dJ(Xi), dJ(Xi)], this new Lie 
algebra is isomorphic with the Lie algebra of left invariant infinitesimal 
transformations, and hence does not give any further information 
about the structure of g. 

§III. Examples of Lie Algebras 

Let us first consider the additive group R of real numbers. If we 
denote by x the coordinate in R, there exists an infinitesimal trans- 
formation X on R defined by XaX = 1 (for all asR). This infinitesimal 
transformation is left invariant. In fact, let 4>o be the translation cor- 
responding to an element a; then 4>o6 = b a, (d^cXo)x = Xo(x o 4>„) 
= Xa{x a) = 1 = XaX, which proves our assertion. It follows 
that X is a basic element of the Lie algebra of R, which consists of all 
multiples XX of X(X£72). 

Now, let 9 and 3C be analytic groups, and let g and be their 
Lie algebras. We know that the tangent space to g X 3C at a point 
(o-, t) of this manifold may be identified with the product g, X 'f)T of the 
tangent spaces g, and I), to g and 3C at <r and r respectively. Let X 
be a left invariant infinitesimal transformation on g and let F be a 
left invariant infinitesimal transformation on 3C. If we assign to 
every (a, t)s^ X 3C the tangent vector (X,, Ft) to g X 3C at (a, r), we 
obtain an infinitesimal transformation Z on g X 3C. We shall prove 
that Z is left invariant. Let wi and co 2 denote the projections of 
g X 3C on g and on3C. The vector Z,.t is determined by the conditions 

doiiZ do^zZff^x — F^t 

Let 4>,, ^T, 0»,T be the left translations associated with <r, t, (<7, t) in g, 3C 
and g X 3C respectively. We have 

Wl O Q, ,. = $, O 402° 0,,T = 'Pt O W2 

whence, if e, represent the neutral elements in g, JC, 

du) i{dQ a , = d^cX, = X, 
dJ)2(d0,,,Z,.,) = d’^TiduiZt.n) — d'J'rF, = Ft 

This proves that Z,,t = d0,.TZ,,„ and therefore that Z is left invariant. 
On the other hand, if Z and Z' are two analytic infinitesimal trans- 
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formations on 9 X 3C, we have du^Z, Z'\ = [dibiZ, duiZ'] (i = 1, 2). 
This leads us to the following definition: 

Definition 1. Let g and be two Lie algebras over the same field K. 
Let us define the following law of composition in q 

[(X, Y), {X', Y')] = {[X, X’], [Y, Y']) 

We then obtain a hie algebra whose underlying vector space is the product 
of the underlying vector spaces of g and f). This Lie algebra is called the 
product of g and ^ and is denoted g X 1^. 

We have proved that the Lie algebra of the product of two analytic 
groups is the product of the Lie algebras of these groups. 

The definition and the result may easily be extended to the case 
of the product of several Lie algebras or analytic groups. 

In particular, wc see that the Lie algebra r" of the analytic group 
ij” is the product of n Lie algebras identical with the Lie algebra r of 
li. Now, if X, X' are any two elements of r, we have [X, X'] = 0; 
hence the same is true of the Lie algebra of 12”. 

Since 2’^ is of dimension 1, its Lie algebra is also of dimension 1, and 
is therefore identical with r. If we call T” the product of n analytic 
groups identical with 2’*, we see that the Lie algebra of T” is r". 

We shall now find the Lie algebra of GL{n, C). The coefficients 
of a matrix <rZGL{n, C) are complex valued functions, whose real 
and imaginary parts and are analytic functions on GL(n, C). 
If X is an analytic infinitesimal transformation on GL(n, C), we set 
xxii = Xx\i + Xx;;. 

With every left invariant infinitesimal transformation X on GL(n, 
C) we associate the matrix (ai;(X)), where Oi,(X) = X^xa (I ^ f, 
j ^ n) and where t is the neutral element of GL(n, C). We obtain in 
this way a linear mapping of the Lie algebra gf(», C) of GL{n, C) into the 
vector space SD?„(C) consisting of all matrices of degree n with real or 
complex coefficients. (5D2n(C’) is a vector space of dimension 2n^ over 
22). If aij{X) = 0 for all {i, j), we have X, = 0, because: he 2n® 
functions x',j, form a system of coordinates at e. Since X is left 
invariant, it follows that X = 0. Our linear mapping is therefore a 
linear isomorphism of gl(n, C) with a subspace of SUnCC). Since 
gl(n, C) and are both of dimension 2n*, the image of gt(n, C) is 

the whole of 5!)?n(C'). 

It remains to compute the matrix (Oi,([X, F])) when (ai,(X)) and 
(a„(F)) are known, X and F being two left invariant infinitesimal 
transformations. We have X,Xi,- = d^,X,Xij = X,(x„ o #,), where €», 



106 ANALYTIC GROUPS. LIE GROUPS [Chap. IV 

is the left translation associated with an element azGL{n, C). Hence 

— ^k^tk(<T)Clkj{^X') 

If we consider X,Xi, as a function of a, we have 
Y,iX,Xi,) = 2ka,k{Y)ak,iX). 

Let us denote by X, F the matrices (a„(X)), (o.XL’)); then the matrix 
whose coefficients are the numbers YdXaXi,) is FX, and the matrix 
whose coefficients are the numbers X^{Y^x„) is Xf. It follows that 
the matrix which corresponds to [X, Y] is FX — X F. 

Therefore, the Lie algebra of GL(n, C) is isomorphic with the space 
of all complex matrices of degree n, this space being equipped with the 
following law of composition: [X, F] = FX — XF. 

More generally, if K is any field, the set of all matrices of degree n 
with coefficients in K can be turned into a Lie algebra over K by 
defining the bracket operation by the formula [X, F] = FX — XF. 

Let g be a vector space of finite dimension over a field K, and let 
{ X 1 , • • • , X„ } be a base of g over K. If we want to define a law of 
composition which will define a structure of Lie algebra on g, it will 
obviously be sufficient to give the expressions for the elements [X„ X,] 
(1 ^ i, j ^ n), say 

[Xf, X,] = SfcC.jfcXfc 


The constants c,,*, are called the constants of structure of the Lie algebra 
with respect to the base {Xi, ; • • , X„}. These constants cannot be 
chosen arbitrarily. In fact, we must have 

(1) [Xi, X,] + [X„ X.] = 0 

(2) [[X., X,], X*] + [[X,-, X*], X.] + [[Xk, Xi], Xi] = 0 

and hence 

(3) Ci,k + Cjik — 0 

(^) ^h{CtihChkl “1“ CjkhChil “I” CkthCfijl) ~ 0 (1 ^ t, J, Aj, 1 ^ 7l) 

If K is of characteristic 9 ^ 2, these conditions are not only neces- 
sary but also sufficient to insure that the law of composition defined 
by the constants c„k will have the properties described in Definition 1. 
In fact, assume that conditions (3) and (4) are satisfied, and let 
X = S,x<Xi, Y = Sij/,X,-, Z = h^iXi be any three elements of g. 
We have [X, X] = S<,x<x,[X.-, X,] = 0 because [Xi, X,] + [X,-, XJ = 0 
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and 

[[X, Y], Z] + [[Y, Z\ X] + [[Z, X], Y] = Xy], X*] 

+ [[Xy, X,], Xy] + [[X*, X.], Xy]) = 0 


which proves our assertion. 

Moreover, it will obviously be sufficient that the conditions (1) 
hold for i ^ j and that the conditions (2) hold for i < j < k. 

The construction of all Lie algebras of a given dimension over say 
the field of real numbers is thus reduced to a purely algebraic problem. 
The proof of the fact that to every Lie algebra there corresponds an 
analytic group is very difficult and must be postponed to the second 
volume. 

8IV. Analytic Subgroups 

Definition 1. Let 9 be an analytic group. An analytic group 
3C is called an analytic subgroup of 9 If the following conditions are 
satisfied: 1) the underlying manifold o/3C is a submanifold of the under- 
lying manifold of Q; 2) the underlying group of 3C is a subgroup of the 
underlying group of 9-^®’ 

Let 3C be an analytic subgroup of 9- We denote by g the Lie 
algebra of 9 and by g„ the tangent vector space to 9 at a point <rS£. Let 
\) be the set of elements Xsg such that X, belongs to the tangent space 
f), to 3C at the neutral element t. Tjot a be any element of 3C; if 

is the left translation associated with <t, 4><, induces an analytic 
isomorphism of the underlying manifold of 3C with itself. It follows 
that d^'<,(f),) is the tangent space 1^, to .TC at < t . If Xel^, we have X,sf), 
for all creSC, and therefore X has a contraction to the submanifold 3C, and 
this contraction is a left invariant infinitesimal transformation on 3C. 
If X and Y are in we know that [X, F] also has a contraction to 3C; 
in particular, we have [X, F]£f). 

Definition 2. Let g be a Lie algebra. A subset f) o/ g is called a 
subalgebra of g if the following conditions are satisfied: 1) f) is a vector 
subspace o/ g; 2) the conditions Xef), Fef) imply [X, Flsf). 

With this terminology, we see that the set f) introduced above is a 
subalgebra of the Lie algebra g of £, and that this subalgebra is 
isomorphic to the Lie algebra of .TC (an isomorphism being obtained by 
assigning to every Xst) its contraction to 3C). We may therefore 
identify the Lie algebra of 3C with a subalgebra of g. 

Conversely, let 1^ be any subalgebra of g. To every a£Q we assign 
the subspace f), of g, composed of the elements X, for Xs(). We 
obtain in this way a distribution on 9 which is obviously analytic. 
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If {Xi, • * • , Xm} is a base of 1^, the infinitesimal transformations 
Xi, • • • , Xm form a base of Tl around every point of 9. Remember- 
ing that 1^ is a subalgebra, we see immediately that the distribution 
is involutive. Let 3C be the maximal integral manifold of the distribu- 
tion SD? containing the neutral element «. If <r is any element of SC, the 
left translation is an analytic isomorphism of the underlying mani- 
fold of 3C with itself. Since this analytic isomorphism 

leaves the distribution iDl invariant. It follows immediately that 

permutes among themselves the maximal integral manifolds of 9K. 
If <rS3C, 4»,-i maps 3C on a maximal integral manifold which contains 
= e, whence #,-i3C = 3C. It follows that the set of points of 3C, 
is a subgroup H of the underlying group of 9, and that, if ffSH, 
induces an analytic isomorphism of 3C with itself. We wish to prove 
furthermore that the mapping (<r, t) —> aT~* of 3C X 3C onto 3C is 
analytic. 

We know that the mapping {<r, t ) —* <tt~^ is an analytic mapping of 
X, XX, into 9 (because 3C X 3C is clearly a submanifold of 9X9)- 
Therefore, making use of Proposition 1, §IX, Chapter III, p. 94, we 
see that it will be sufficient to prove that the countability axiom 
holds in X. Since 3C is a submanifold of 9; it will be enough to prove 
that the countability axiom holds in 9 (Cf. Proposition 2, §IX, 
Chap. Ill, p. 94). Let V be a cubic neighbourhood of the neutral 
element « in 9 with respect to some system of coordinates at e. Since 
V is homeomorphic to a cube in some cartesian space, it contains a 
countable demise subset E. Let D be the group generated by the 
elements of E; then D is countable. We shall prove that 9 is the 
union of the sets dV, 5sZ); this will clearly prove that the countability 
axiom holds in 9- Let <r be any element of 9- Since 9 is connected, 
the elements of V form a set of generators of 9> and we may write a 
in the form cr"' • • ■ with <rkBV, Ok = ±1 {1 ^ k ^ h). For each 
k we can find a sequence {dk.n) of elements of E which converges to <r*. 
Set dn = then we have lim^-,* S„ = a. Since aV~^ is 

a neighbourhood of <r, there exists an integer n such that 5„S(rF~*, 
whence ae$„V. Since 5»sD, our assertion is proved. 

We have therefore proved that X is an analytic subgroup of 9- 
The subalgebra of g which is associated with X by the construction 
which was indicated at the beginning of this section is obviously 1). 

Conversely, let X' be any analytic subgroup of 9 whose Lie algebra 
is 1^ Then it is clear that3C' is an integral manifold of the distribution 
SO? and therefore that X' is an open submanifold of 3C. Since X' 
contains e, it contains a neighbourhood of e with respect to X. Since 
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3C is connected, the elements of any neighbourhood of e form a set of 
generators of 3C, whence 3C' = 3C. We have proved: 

Theorem 1. Let 9 analytic group. If 3C is an analytic 

subgroup of 9 , the Lie algebra of 3C may be considered as a subalgebra 
of the Lie algebra of 9 . Every subalgebra of the Lie algebra of 9 is the Lie 
algebra of one and only one analytic subgroup of 9- 

Remark. The maximal integral manifolds of the distribution SDl 
which was introduced in the course of the proof are clearly the cosets 
<r3C obtained from 3C by the left translations in 9- 

§V. CLOSED Analytic Subgroups 

Let 9 be an analytic group of dimension m, and let 3C be an analytic 
subgroup of 9 of dimension n. We assume furthermore that the set 
of points of 3C is closed in the underlying space of 9- We shall prove 
that, under this condition, the underlying space of 3C is a subspace of 
the underlying space of 9 , and therefore that the underlying topological 
group of 3C is a topological subgroup of the underlying topological 
group of 9- 

Since 3C and its cosets are the maximal integral manifolds of an 
involutive distribution on 9 (cf. §IV, p. 107), we can find a system of 
coordinates {xi, * • * , Xm} at the neutral element e on 9 and a cubic 
neighbourhood F of e with respect to 'this system which have the 
following property: a being the breadth of V, if ?„+i, • • • , are 
any m — n numbers such that l^n+jl <a(l — n), the slice 

/S{ of V characterized by the equations x„+/ = $„+,• (1 $ j ^ m — ») is 
contained in some cosct modulo 3C (cf. Theorem 1, §VII, Chapter III, 
p. 88). The set 3C F consists of at most countably many slices 
because the axiom of countability holds in 3C (cf. §IX, Chapter III, 
p. 94). Let S be the set of points (fn+i, * • • , such that 

Si (] 3C. Since 3C is closed, S is relatively closed in the cube defined 
by lx„+,l < a (1 ^ j ^ <m — n) (the x„ 4 ./s being taken as coordinates 
in 22”*~”). Since S is countable, it has at least one isolated point |®. 
Let (To be a point of S^t. If IF is a sufficiently small neighbourhood 
of e with respect to 3C, <7oIF is a neighbourhood of <to with respect to 
/S{«. Since is isolated in S, there exists a neighbourhood V' of t 
in 9 such that <roTF = 3C aoV'. It follows immediately that, <r 
being any point of 3C, the neighbourhoods of <r with respect to 3C are 
the intersections with 3C of the neighbourhoods of a with respect to 9» 
This proves that 3C is a subspace of 9- 

At the same time, we see that every point of S is isolated. 
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and therefore that F *^30 C. So provided a is small enough, where So 
is the slice which contains «. 

Now, let be a closed topological subgroup of g which contains 
3C as a relatively open subgroup (which implies that the component of 
the neutral element in is 3C). If a is small enough, we shall have 
F ([ 3C, and therefore F = So. We assert that there 

exists a number ai > 0(ai < a) with the following property: if the 
numbers 1^»+,|, (1 ^ j ^ m — n) arc all ^ Oi, and if the points 

f • • • , ^m), = (^Ui. • • • . are distinct, then 

the slices St, Sc, belong to distinct cosets modulo ^i. In fact, the 
neighbourhood F having been so chosen that F = So, let F 2 , Fi 

be cubic neighbourhoods of € such that F 2 F 2 C F, F7*Fi Q F 2 ; we 
assert that the half-breadth at of Fi has the stated property. In 
fact, let cr and t be two elements of F 1 which belong to the same coset 
modulo We have t~V£F 2 ^1 = F 2 So, whence So). 

But Fo'^So is connected and r(F 2 '^So) C ^*^2 C ^5 therefore 
<r and t belong to the same component of ^ F, i.e. to the same 
slice S(, which proves our assertion. 

Since ^1 is a closed subgroup of g, the homogeneous space g/$i 
has a natural topology (Cf. §III, Chapter II, p. 29). We denote by 
w the natural mapping of g onto g/^i. Let F be the subset of F 
defined by the conditions 

a:i = 0, • • • , = 0, lx„+,I ^ Oi (1 ^ y ^ m - n) 

Then w maps F in a continuous univalent way; since F is compact, 
this mapping is topological. Since a)(F) contains the image under w 
of the cubic neighbourhood of breadth oi of e, a)(F) is a neighbourhood 
of w(e) in g/^i. We have proved 

Proposition 1. Lei SC. be a closed analytic subgroup of the analytic 
group g. Then ^ is a topological subgroup of g. Let be a closed 
topological subgroup of g which contains SC as a relatively open subgroup. 
Then there exists a subset F of g which contains the neutral element e, is 
homeomorphic to a closed cube in a cartesian space and is mapped 
topologically onto a neighbourhood of w(e) in g/^i by the natural mapping 
u of g onto g/^i. 

We shall now define the notion of analytic function at a point p of 

the space g/$i. Let / be a function defined on a neighbourhood of p, 

-1 

and let <r be any point of the set w (p). The function / o w = j; is 
defined on a subset of g which can be represented as a union of cosets 
modulo ^ 1 , and we have g(.pr) = g{p) if tS^i. Therefore, if g is 
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analytic at <r, it is also analytic at every point of the form err, tS^i, 

-1 

i.e. at every point of w (p). If this is the case, we shall say that / 
is analytic at p on 9/^i- Let a(p) be the class of functions analytic 
at p. The classes Q,(p) have obviously the properties I, II of §1, 
Chapter III, p. 68. The set F being constructed as above, denote 
by W the set of interior points of w(<rF). If qzW, we set y,{q) = x„+,(p), 
where p is the point of F such that a>(<7p) = q. The mapping q {y\{q), 
• • • , ym-n{q)) maps W topologically onto a cube in the func- 

tions 2 /,- are analytic at every point of W and conversely, every function 
which is analytic at a point qzW is analytically dependent around q 
on the functions 2/i, • • • , 2/m-n- It follows easily that we can define 
a manifold whose underlying space is 9/^i such that Q,{p) is the 
class of analytic functions at p on this manifold. It is this manifold 
which we shall from now on denote by 9/'^i- I is the set of points 
of F whose coordinates are < Oi in absolute value, the contraction 
of w to 7 is an analytic isomorphism of I (considered as a submanifold 
of 9) with an open submanifold of 9/^i- 

To every pe9 there corresponds a homeomorphism of 9/'^i with 
itself which maps a point p = w((7) on pp = a»(po-). The mapping 
(p, p) pp is an analytic mapping of Q X (9/€>0 f^ct, 

Po = co((ro) being any point of Q/^i, let w* be the reciprocal mapping 
of the contraction of w to <ro7. Then w* is an analytic mapping of a 
neighbourhood of po into 9 and we have pp = w(pa)*(p)) if p is in this 
neighbourhood, which proves our assertion. 

§VI. Analytic Homomorphisms 

Definition 1. A homomorphism H of an analytic group 9 into an 
analytic group 3C is called an analytic homomorphism if it is an analytic 
mapping of the underlying manifold of 9 into the underlying manifold 
0/3C. 

Let H be an analytic homomorphism of 9 hito 5C. Let X be any 
left invariant infinitesimal transformation on 9 . Denote by e and rj 
the neutral elements of 9 and3C respectively; then dH,X, is a tangent 
vector to 3C at y. Denote by Y the left invariant infinitesimal trans- 
formation on3C such that 7, = dH,X,. Then we assert that 

(1) = dH,X, 

for any <r£^. Denote by <I>, the left translation in 9 which maps e on <r 
and by the left translation in 3C which maps y on ffa. From the 
fact that 77 is a homomorphism, it follows immediately that H o 
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= o Therefore 

dH,X, = d(H o = d(^H. o H)X, = d^„,idH,X,) = d^H,Y, 

= Yh, 

which proves our assertion. 

The formula (1) means that Y is /f-related to X (Cf. §V, Chapter 
III, p. 82). We set Y = dH{X). We know that, if X and X' are 
any two left invariant infinitesimal transformations on 9) then 

dII([X, X']) - [dH(X), dH{X')] 

(cf. Proposition 1, §V, Chapter III, p. 82). 

Definition 2. Let g and f( be Lie algebras over the same field K. A 
mapping A of ^ into f) is called a homomorphism if a) it is a linear 
mapping; b) we have A([A!’, AT']) = [A(X), A(X')] for any X, X'sg. 

We see that to every analytic homomorphism H of 9 into 3C there 
corresponds a homomorphism dll of the Lie algebra g of 9 into the Lie 
algebra 1^ of 3C. We shall now examine whether the converse of this 
statement holds true. 

Let A be a homomorphism of g into (), and let e be the subset of 
g X f) composed of all elements of the form (X, AX)(Xsq). Since A 
is a homomorphism, we see easily that c is a subalgebra of g X (). 
We know that g X ^ is the Lie algebra of 9 X 3C (Cf. §III, p. 104). 
Let 8 be the analytic subgroup of 9 X 3C whose Lie algebra is e (The- 
orem 1, §IV, p. 107). IjCt «i be the projection of 9 X 3C on 9) and 
let wj be the contraction of wi to 8. The mapping wj is clearly an 
analytic homomorphism of 8 into 9- Moreover, if Xsg, du'i maps 
(X„ (AX),) on Xt, which shows that dwi maps the tangent space to 8 
at (e, y) in a univalent way onto g, (the tangent space to 9 at e). It 
follows that we can find a cubic neighbourhood U of (e, y) with respect 
to 8 (relative to some system of coordinates on 8) which is mapped 
topologically by onto a neighbourhood of e in 9 (cf. Proposition 3, 
§IV, Chapter III, p. 76). Let X be the reciprocal mapping of the 
contraction of wj to U; then X is a local homomorphism of 9 into 8. 
If the group 9 is simply connected, this local homomorphism may be 
extended to a homomorphism (which we also denote by X) of 9 into 
8 (Theorem 2, §IX, Chapter II, p. 54). Since X o u[ coincides with 
the identity on U and since 8 is connected, X o is the identity 
mapping and therefore <h[ is a homeomorphism of 8 with 9- Let W 2 
be the projection of 9 X 3C on3C; then H = u^oXis clearly an analytic 
homomorphism of 9 into 3C. If X is a left invariant infinitesimal trans- 
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formation on 9> we have dK(Xt) = {X„ (AX),), dw 2 (X„ (AX),) 
= (AX)„ whence dH(X) = AX. 

Assuming that there exists an analytic homomorphism H of g into 
3C such that dH — A (we have seen that this is the case if 9 is simply 
connected), we shall prove that H is uniquely determined. In fact, 
let H' be any analytic homomorphism of 9 i^ito such that dH' = A. 
The mapping <r — > 0(<r) = (<r, H'tr) maps isomorphically the underlying 
group of 9 oiito S' subgroup E' of the underlying group of 9 X 3C. 
Furthermore, 0 is a regular analytic mapping of 9 into g X 3C. We 
can define an analytic group S' whose underlying group is E' by the 
condition that d shall be an analytic isomorphism of g with S'. The 

identity mapping of S' into g X 3C may be represented in the form 
-1 

do d and is therefore analytic and regular. We conclude that S' 
is an analytic subgroup of 9 X 3C. The mapping wi o 0 is the identity 
mapping of g onto itself ; the mapping W 2 o 0 coincides with H'. It 
follows that, if Xeg, we have d<oi(d0(X)) = X, dw 2 (d^(X)) = dH'{X) 
= A(X), whence d6{X) = (X, A(X)). This shows that the Lie 
algebra of S' coincides with the Lie algebra e constructed above and 
depends only on A. Therefore the group S' is also uniquely determined 
by A, and the same is true of H'. 

We have therefore proved 

Theorem 2. Let g and 3C be analytic groups, and let fl and f) he 
their Lie algebras. If H is an analytic homomorphism of 9 into 3C, there 
corresponds to H a homomorphism dH of g into ^ such that, X being any 
element of g, the infinitesimal transformation X and dH (X) are H-related. 
If H and H' are analytic homomorphisms such that dH = dH', then H = 
//'. If 9 is simply connected, every homomorphism of g into can be 
represented in the form dH, where H is an analytic homomorphism of g 
into 3C. 

The restriction that g be simply connected cannot be removed. 
In fact, we have seen that T* and R have the same Lie algebra r. It 
is clear that the identity mapping of r into itself cannot be obtained 
from any homomorphism of T* into R, since the only homomorphism 
of T' into R is the one which maps every element upon 0. 

However, the proof has shown that the following result holds in 
every case: to every homomorphism A o/ g inio 1^ there corresponds a 
local homomorphism H of a neighbourhood U of e in g into !JC which is 
analytic at every point azU and which satisfies the condition dHiXf) 
= {AX)uffor every Xsg and azU. 

To conclude this section, we observe that a homomorphism H of an 
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analytic group g into an analytic group 3C is certainly everywhere 
analytic if it is analytic at t. In fact, we have = H(<to)H(<t) 

and our statement follows from the fact that the left translations in g 
and 3C are analytic isomorphisms of these manifolds with themselves. 

§VII. Factor Groups of an Analytic Group 

Let g be an analytic group, and let $ be a topological subgroup 
of g which satisfies the following conditions: $ is closed in g; the 
component of the neutral element in ^ is the underlying topological 
group of an analytic subgroup 3C of g and is relatively open in 
Then we have already defined a structure of manifold on g/^. Now, 
let us assume furthermore that ^ is distinguished. Then g/^ has a 
structure of group. We shall prove that the group g/^ and the 
manifold g/^, taken together, form an analytic group. 

The mapping (p, p) p-^p of g X (g/.^) into g/§ is analytic 
(cf. §V, p. 109). Moreover, since ^ is distinguished, p~*p depends 
only upon the coset q modulo ^ which contains p, and p~*p = Q~'P- 
Let 0 ) be the natural mapping of g onto g/$. We have seen in §V 
that, given a point 3o’’£S/^» there exists an analytic mapping w* into 
g of a neighbourhood of such that (i(w*(g“*)) = (C”' when g~Ms in 
this neighbourhood. We have q~^p = ^*{q~^)p, which proves that 
the mapping (p, g) g“'p is analytic, and therefore that g/$ is an 
analytic group. 

Denote by 3C the group g/$ and by g, 1^ and f the Lie algebras 
of g, JC and ilC respectively. By Theorem 2, §VI, p. Ill there cor- 
responds to w a homomorphism dw of g into f. We know that there 
exists a submanifold I of g, containing the neutral element and such 
that the contraction of w to 7 is an analytic isomorphism of I with an 
open submanifold of JC (cf. §V, p. 109). It follows that every tangent 
vector to 3C at «(«) is the image under dw* of some tangent vector to g 
at €. In other words, we have d«(g) = f. 

Let 111 be the set of elements Zeg such that dw(X) =0; l^i is a 
vector subspace of g of dimension ^ m — (m — n) = n (where m 
and n are the dimensions of g and 5C respectively). On the other 
hand, w maps 3C onto wfe). It follows immediately that dw(X,) = 0 
for any Xef), whence 1^ Q f)i. Since f) is of dimension n, we have 
From the definition of f)i it follows immediately that the 
conditions Xsi), Feg imply [X, F]sl^. 

Definition 1. A vector subspace f) of a Lie algebra g is called an 
ideal in g if the conditions Xsl^, Fsg imply [X, FJs^. 
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Let 1^ be an ideal in the Lie algebra g. Let Y* and Y* be two ele- 
ments of the vector space g/f). If Y i and Y 2 are elements of g which 
belong to the cosets 7* and Y* respectively, the element [Fi, ^2] 
belongs to a coset which depends only upon Y* and F*, as follows 
from the formula 

[Fi -b Xi, F2 + X ,1 = [Fi, F2] -t- [Fi, X2] - [F2, Xi] -b [Xi, X2] 

s [Fi, F2] (mod ()) 

(if Xi and X2 belong to f)). If we denote by [Ff, F*] the coset which 
contains [Fi, F2], we see immediately that the law of composition 
(Ff, Fj) [Ff, Fj] defines a structure of Lie algebra on g/^. The 
Lie algebra defined in this way will again be denoted by g/l^. 

Returning to the consideration of the group S/^, we observe that, 
if Xsg, dw(X) depends only upon the residue class of X modulo 1^, and 
therefore that du> defines in a natural way a linear isomorphism S of 
g/f) onto f. Since do> is a homomorphism, 5 is an isomorphism of the 
Lie algebra g/1^ with t. We have therefore proved: 

Proposition 1. Lei 9 be an analytic group, and let ^ be a closed 
distinguished topological subgroup of 9- Assume that the component 
of the neutral element in ^ is relatively open in ^ and is the underlying 
topological group of an analytic subgroup 30. of 9. Let g and 1^ be the 
Lie algebras of 9 respectively; then f) is an ideal in g and the Lie 

algebra of 9/^ isomorphic with g/f). 

We shall prove later that, if 30 is an analytic subgroup of 9 (not 
necessarily closed), the Lie algebra of 30 is an ideal in the Lie algebra 
of 9 if nnd only if 30 is distinguished in 9- 


§VIII. The Exponential Mapping. Canonical Coordinates 


Lot 9 be an analytic group, and let g be the Lie algebra of 9- We 
shall consider the analytic homomorphisms into 9 of the additive 
group R of real numbers. If we denote by t the coordinate in R, the 
Lie algebra r of 72 is spanned by the infinitesimal transformation L 
defined by L< = 1. If / is an analytic function on 72 at a point <0, we 
have LtJ = (df/dt)t„. 

If X is any element of g, there exists a homomorphism of r into g 
which maps L on X. Since 72 is simply connected, there corresponds 
to this homomorphism an analytic homomorphism t—*0{t, X) of 72 
into 9 (cf. Theorem 2, §VI, p. 111). If / is an analytic function on 9 
at the point <70 = 0(<o, X), we have 



( 1 ) 
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Suppose for instance that S is the group GL(n, C). Let Xij{<r) be 
the coefficients of a matrix azGL{n, C). We may represent an element 
X of the Lie algebra of 9 by the matrix CX,x„) = ^ (cf. §III, p. 104). 
The matrix (X,x„) is then equal to aX for any atGL(n, C). The 
coefficients of the matrix d{l, X) are analytic functions of <; if we denote 
by d0(t, X)/dt the matrix whose coefficients are the derivatives of the 
coefficients of 9{t, X), Formula (1) gives 




On the other hand, we have 9(0, X) == e (the unit matrix). The 
solution of the differential equation (2) with the initial condition 
9(0, X) = t is 

0(t, X) = exp 


(Cf. §11, Chapter I, p. 5). This leads us to the following generali- 
zation : 

Definition 1. Let X be an arbitrary element of the Lie algebra 
fl of an analytic group 9- Let L be the element of the Lie algebra r of the 
group R which is defined by Lt = I (where t is the coordinate in R). 
Let t—*9(t, X) be the analytic homomorphism of R into 9 whose differ- 
ential is the homomorphism of v into g which maps L upon X. We shall 
denote the element fl(l, X) by exp X. 

The exponential mapping is therefore a mapping of g into 9- We 
have clearly 

exp (<i -|- t 2 )X = (exp <iX)(exp iaX) 
exp ( — tX) = (exp tX)~^ 


Let {Xi, • • • , X„} be a base in g. We may express each Xeg 
in the form X = S"m<(X)X<. We can define a manifold on the set g 
by the condition that Ui, • • • , Un shall form a coordinate system 
at every point of this manifold. The manifold obtained in this way 
is clearly independent of the choice of the base {Xi, • • • , X„}. 

Now we shall prove that the exponential mapping is an analytic 
mapping of the manifold which has just been defined. Let {j/i, • • • , 
2 /„} be a system of coordinates on 9 ^^t the neutral element «, such 
that yi(e) = 0 (1 ^ i ^ n), and let W be a cubic neighbourhood of « 
with respect to this system. Let Ui, • • • , be any real numbers; 
there exists a number <i > 0 such that exp tl^^UiXiSW for \t\ < <i. 
Let T(ui, * • • , Un) be the least upper bound of the numbers ti 
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satisfying this condition. If |{| < ^(u), we set 
j/,(exp = Fj{t) u) 

(where u stands for the n letters u\, • • • , «„). If asW, we have 
{Xi),yj = Uiiiyiia), • • • , y»(<r)), where the functions Uaiyi, • • • , 
y„) are defined and analytic whenever \yie\ < a (1 ^ k ^ n) (where 
a is the breadth of W). It follows from the definition of the exponen- 
tial mapping that 

dF ' 

(<; u) = u), • • • , Fn{t; u)) 

In other words, the equations = Fi{t; u) (1 ^ ^ n) represent, for 

1<1 < T{vl), a solution of the differential system 

( 1 ) “ = ^Z^iUiUiiiyi, • ■ ■ ,yn) {1 ^ n) 

Furthermore, we have F,(0; u) = 0 (1 ^ f ^ n). 

Now, we apply the existence theorem to the system (1), and we 
obtain the following result. There exist two numbers i> > 0 and c > 0 
and n functions F,- (<; u), which are defined and analytic in the domain 
defined by the conditions \uk\ < b (I ^ k ^ n), 1<1 < c, and which 
have the following properties : l)F,*(0;u) = 0(1 ^ f ^ n);2) lFf(<;u)l 
< o; 3) the equations (<; u) represent a solution of the system 

(1). Making use of the uniqueness theorem, we conclude that the 
equalities Fi{t, u) = F,*(<; u) (1 ^ f ^ n) hold provided !«*! < b 
{1 ^ k ^ n), 1^1 < min {c, 7'(u)}. It follows immediately from the 
definition of !r(u) that 

l.u.b.|<|<r(u)(maxi^ij:„|Fi(<, u)|) = a 

Making use of property 2) of the functions F*, we see that T{vl) ^ c 
provided Im*! < 6 (1 ^ A: ^ n). On the other hand, we clearly have 

• Fiit] Xu) = Fi{\t; u) 

provided |^| < |Xl~i7’(u). It follows easily that the functions F<(1; u) 
are defined and analytic provided |m*| < be {1 ^ k ^ n). This shows 
that the exponential mapping is analytic at the origin of g. 

If X is any element of g, there exists an integer M > 0 such that 
M~^X is contained in some open neighbourhood of 0 on which the 
exponential mapping is analytic. Since 

exp Y = (exp M~^Y)^ 

we see that the exponential mapping is analytic at X. 
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Now we shall see that the exponential mapping is regular at the 
origin of 0 (note that it is not true in general that the exponential 
mapping is everywhere regular). In fact, let X,- be the tangent vector 
to 0 at the origin which is defined by the conditions (1 ^ j 

^ n). It is clear that the differential of the exponential mapping 
maps Xi upon (X<).. Since the vectors (Xi), form a base of the tangent 
space to 9 «> our assertion is proved. It follows immediately 

that there exists a coordinate system {x\, • • • , Xn] at e on 9 such 
that the equalities a:, (exp hkUkXj^ — Ui (1 ^ ^ n) hold provided 

• • • , |«n| are sufficiently small. 

Definition 2. Let {Zi, • • • , Xn} be a base of the Lie algebra 
of an analytic group 9- system of coordinates {* 1 , • • • , Xn\ at the 
neutral element e of Q is called a canonical system of coordinates (with 
respect to the base {Xi, • • • , X„}) if the equalities x<(exp SfUiXi) = Ui 
(1 ^ ^ n) hold whenever [miI, • • • , lu»l are sufficiently small. Let 

a be a number such that our equalities hold whenever \ui\ <a(l ^i^n). 
A cubic neighbourhood of breadth < a with respect to the coordinates 
* 1 , • ’ • > Xn is called a canonical neighbourhood of e. 

§IX. FIRST Applications of Canonical Coordinates 

Proposition 1. Let « be an analytic homomorphism of an analytic 
group 9 into an analytic group 3C. If X is any element of the Lie algebra 
of 9 , we have 

w(exp X) = exp (dw(X)). 

In fact, let L be the infinitesimal transformation of the additive 
group R which is defined by dt • L = 1 (where t is the coordinate in R), 
and let 6 be the mapping t —y exp tX. We have dd(L) = X, whence 
d{<!}Od)(L) = dw(X). If is the mapping i » exp f • dw(X) of R 
into 3C, we have also d6'(L) = dw(X); it follows that 6' = wO which 
proves Proposition 1. 

Corollary 1. If the mapping w of Proposition 1 is univalent, it is 
also everywhere regular. 

In fact, assume that dw(X) = 0 for some X in the Lie algebra 
of 9- We have (io(exp tX) = «(«) for every tsR; since w is univalent, 
we have exp tX = e, X = 0, which proves that da is a univalent 
mapping. Corollary 1 follows immediately. 

Corollary 2. Lei 3C be an analytic sub-group of 9> and let be the 
Lie algebra of 3C. If U is a neighbourhood of 0 in t), the elements exp X, 
for XzU, form a neighbourhood of the neutral element in 5C.. 

This follows immediately from Proposition 1 , applied to the 
identity mapping of SC.into 9* 
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Corollary 3. The notation being as in Proposition I, let vs assume that 
g and 1^ are the Lie algebras of 9 nnd 3C respectively. Then w maps 9 onto 
the analytic subgroup of 3C whose Lie algebra is the image of g under dw. 

Since du is a homomorphism of g into t), d<o(g) is clearly a subalgebra 
i of 1^. Let 3 be the corresponding analytic subgroup of 3C. The 
elements of the form exp X, Xeg, form a system of generators of 9- 
It follows that the elements (i(exp X) = exp do)(X) form a system of 
generators of w(9)- But these elements also form a system of gem 
erators of 3 by Corollary 2. 

Corollary 4. The notation being as in Proposition let xi be the 
kernel of the homomorphism dw, and let 91 be the analytic subgroup of 9 
whose Lie algebra is n. The group 91 is the component of the neutral 
element in the kernel 'fli of u and is relatively open in 91 1 . 

If Xen, we have (by Proposition 1), w(exp X) = expdw(X) = jj 
(the neutral element of 3C). Therefore, it follows from Corollary 2 
that 91 (] 91i. Let be a neighbourhood of the zero element in f) 
which is mapped topologically under the exponential mapping of 1) into 
3C; lot A be a neighbourhood of the zero element in g such that dw(A) 
Q B (dw, being a linear mapping, is clearly continuous). If an 
element XeA is such that <io(exp X) = exp da)(X) = r;, we have 
da>(X) = 0 whence Xsn, exp Xe9l. Let V be the image of A under 
the exponential mapping of g into 9- Then F is a neighbourhood of the 
neutral element in 9 and we have 91i F (^91. It follows that the 
underlying group of 91 is relatively open in 91 1 . This group is there- 
fore also relatively closed in 91 1 . Since 91 1 is clearly closed in 9» the 
set of points of 91 is closed and 91 is a subspace of 9- Corollary 4 is 
thereby proved. 

In §III, we have defined the set 9Tl»(C) of all complex matrices 
of degree n as a Lie algebra. The set of the real matrices of degree 
n is clearly a subalgebra of 9Il„(C) ; the same holds for the set of 
matrices of trace O, because, if X and Y are any two matrices in 9Il„(C), 
we have (Sp([X, F]) = SpYX — SpXY = 0 according to a well-known 
property of traces. The set IP of skew-hermitian matrices is also a 
sub-algebra. In fact, assume that X -f- ‘X = 0, Y + ^Y = 0, and 
set Z = YX — XY : we have 

‘Z = ‘(FX) - ‘(XF) = ‘X‘F - ‘F‘X = XF - FX = -2. 

Proposition 2. Ecteh of the groups SL{n, C), U (n), SU{n), SL(n, li), 
SO(n) is the underlying topological group of an analytic sub-group of 
GL{n, C). 

We write down the proof for SO(n) only, since the other groups may 
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be treated similarly. The set M* Af * is a sub-algebra of 

C). Let JC be the corresponding sub-group. By Proposition 4, §11, 
Chapter I, p. 6, together with Corollary 2 above, we see that there is a 
set W which is a neighbourhood of the neutral element in both 3C and 
SO{n). Since 3C and SO{n) are both connected, IT is a set of gen- 
erators for either one of these groups, which proves that 3C and SO(n) 
have the same elements. In particular, the set of points of 3C is 
closed in GL{n, C), and therefore 3C is a sub-space of GL(n, C) (cf. 
§V, p. 109), which proves Proposition 2. 

From now on, the notations SL(n, C), U(n), SU(n), SL{n, R), 
SO{n) will refer to the analytic groups which have been defined in 
Proposition 2. 

It can be proved in the same way that Sp{n) is the underlying 
topological group of an analytic group; the same argument could be 
applied to Sp{n, C) if we knew that the latter group was connected, 
which we shall prove later. 


§X. Canonical Coordinates of Products and Commutators 

Let g be an analytic group. We select a canonical system of 
coordinates {xi, xz, • • • , x„} at the neutral elements e of g. Let V 
be a cubic neighbourhood of € with respect to this system (whose 
breadth we denote by a), and let Fi be a cubic neighbourhood of e, of 
breadth ai, such that ViVi F. 

If a, tsFi, we have 

a;<(<rr) =/,(xi(<r), • • • , x„((t); Xi(t), • • • , x„(t)), 

where the functions y^, • • • , yn', zi, • • ■ , Zn) are analytic- in 
the domain defined by |y<| < oi, jz,] < oi. They can be expanded 
in power-series in yi, j/ 2 , • • • , yn, 2i, * 2 , • • • , and those power 
series converge for |y<| < 02 , |2<| < 02 (where 02 ^ Oi). We write 

fi = 2 jloP«(yi, yi, ’ • ’ ,yr] 21, 22, • • • , 2 „) 

where Pa is a polynomial of degree I in zi, 22, • • • , 2„ whose coef- 
ficients are analytic functions of yi, 2/2, • • • , yn- We have r = 
exp ^Xi{T)Xi‘, we set t{u) = exp S«Xi(T)X,-, and we have 


(1) Xi(<rT(M)) 2 (^Pij(Xi(<7’), * * ' , x»(<r) , Xi(t), ’ * * , Xn('r))u^ 


provided lxi(<r)| < 02 , |xi(T)| < 02 , 1«| ^ 1. 

On the other hand, if / is any function which is analytic on Fi, we 
have 


dfiariu)) 


= ((2Xi(T)Xi)f)„(u). 


du 
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Let us set T = Sx,(T)Zi. By applying our formula to the functions 
Tf, T% • • • , we get 


d‘fi<Tr{u)) 

du^ 




and therefore the Taylor expansion at « = 0 of S{ar{v)), considered 
as a function of u, is 


If / = and |xi(<r)l < 02 , |x,(t)1 < a-i, the formulas (1) show that 
this series in u converges for Iw] ^ 1, and that 

Bil(Xl(<7'), ■ ‘ ) Xnio) t ’ " * > ®n(^)) ^ (T^X^a- 

Now we set S = Sxi((r)Xi, a{t) = exp tS. If g in an analytic func- 
tion at €, the Taylor expansion in t of g{(i{t)) is 

Applying this formula to the functions (T'x,),, we finally get 

(2) Xiifrr) = 2"j_o ((S*’7’*Xi)*. 

and these formulas hold for |x,((r)| < a^, |xi(T)l < (S® and T® stand 

for the identity operators: S®/ = T®/ = /). 

The quantity (iS*7’'x,)( is a polynomial of degree fc -1- Mn the 
quantities xi((7), • • • , x„(<t), xi(t), • • • , x„(t) ; therefore the formulas 

(2) give the Taylor expansions of the functions x,(<rT). 

Let/((r, t) be any function analytic at (e, e) on g X 9 . If the Taylor 
expansion of/(<r, t) by means of Xi(a), • • • , x„(v); Xi(t), • • • , x„(t) 
begins with terms of total degree h in these 2n variables, we shall say 
that / is of order h at (e, e). 

If we observe that x,(<r) = x,(€) + 2f ^ ((S*x<)„' Xi{r) = x<(«) 

K\ 

-|- 2“ (T'xde, the formulas (2) give 

(3) Xi{ffT) = x,(<r) + x»(t) -|- (STxi), -H R\,i{(T, t), 
where R\,i is of order ^ 3. 
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The difference Xtiar) — Xi{(r) — Xiir) is of order 2 at (e, «); more- 
over it vanishes if either <7 or t coincides with e. 

It follows that 

(4) XiCar) — Xi(ff) - X,(t) = 2"^f>^iXj(<r)x,y(T)Aii,y(tT, t) 

where A,-,-/ is analytic at (e, e). 

Replacing <r by <n and t by t~‘ <r~‘ to-, we have 

Xi(T<r) — X,(ffT) — X,(t“V“*T< 7) = 2,/X,(ffT)x,<(T~V~’TO-)i4i„<(aT, T~V“'Ta). 

Since x,'(t~*o“Vo-) vanishes when either t or o- coincides with e it must 
be of order 2 at least, which shows that the difference x,(rff) — Xi(ffT) 
— Xi(T~'a~W<r) is of order 3 at least. On the other hand, we have, 
by (3) 

X,(to-) — X,(o-t) = ([/S, T]x,)t + t) — /2i,,(t, 0 -). 

whence 

(5) x.(r-V-'To) = ([S, T]x.). + R 2 ,t(<r, r) 

where 722, » is of order 3 at least. 

We have T(T~'<r~W<r) = <r~'r<r; hence, by (4), we get 

Xi(<r“*To-) = x<(r) + ([<S, TJx,-)* + 72s,t(<r, t) 

where Es.i is of order 3 at least. Changing <r in and observing 
that [T, S] = — [/S, T], we get 

(6) x,(o-ro-“0 = 3 ;,(t) -j- ([r, /S]x,)e -t- t), 

with Rt,i of order 3 at least. 

§XI. THE ADJOINT Representation 

Let 9 be an analytic group, and let fl be the lie algebra of 9- 
By an analytic endomorphism of 9 we understand an analytic homo- 
morphism of 9 into itself. If an analytic endomorphism is also an 
analytic isomorphism of the manifold of 9 with itself, we say that it is 
an analytic automorphism of 9- It is clear that the analytic auto- 
morphisms of 9 form a group A. 

Let a be any element of A. Then da is a homomorphism of fi 

-1 

with itself. Moreover the formula a o a = e (the identity mapping) 
-1 

shows that d( a ) is the reciprocal mapping of da. It follows that da 
is an automorphism of g, i.e. it is a linear mapping of g onto itself 
such that da([X, F]) = [da(X), da(F)] for X, Fsg. The mapping 
a ^ da is obviously a linear representation of A. This representation 
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is faithful; in fact, assume that da(X) = X for all Xsg; by Proposition 
1, §IX, p. 118 we have a(exp X) = exp X\ a leaves invariant the 
elements of a neighbourhood V of the neutral element in Q. Since g is 
connected, it is generated by the elements of V, and a leaves invariant 
every element of g, which proves our assertion. 

Let now a be any element of g; we denote by a, the mapping 
T — ^ <rT<r“‘ of g into itself. Clearly a,eA, and the mapping or a, is a 
homomorphism of g into A. 

Definition 1. The mapping a — > da, fs coXled the adjoint representa- 
tion of g. 

Proposition 1. The adjoint representation of g is an analytic 
homomorphism of g into GL(n, C). 

Let {Xi, Xe, • • * , X„} be a base of g and let {xi, • • • , a:„} be a 
canonical system of coordinates relative to this base. If 

da,(Xi) = 

the matrix which represents <r in the adjoint representation is (a<,(<r)). 
If T = exp tXi, we have = exp S"„i<a}»WX,- by Proposition 1. 

§IX, p. 118. Therefore the quantities taaia) are the canonical 
coordinates of <rT<r~‘ (if t is small enough). By formula (6), §X, p. 120, 
we know that these coordinates are analytic functions of <r at e, which 
proves that the adjoint representation is analytic at e, and therefore 
also everywhere (cf. remark at the end of §VI, p. 111). 

Let A be the adjoint representation. Then dA is a homomorphism 
of g into gl(n, C). Let X be any element of g; dA(X) is a matrix X* 
and the matrix A (exp tX) is exp tX*. Therefore 


X* = lim<_*o 


A (exp tX) — E 
t 


where E is the unit matrix. By formula (6), §X, p. 120, we have 

(A (exp tXmXi) = X.- + t[Xi, X] + <V(0 

where ^(0 remains bounded when < — » 0. Therefore X*, considered 
as a linear endomorphism of g, maps any element Y = ZOiX, on [T, X]. 

Now let g be any Lie algebra over a field K. If n is any integer, 
the matrices of degree n with coefficients in K form a Lie algebra 
gt(n, K), in which the bracket operation is [X, F] = FX — XF. 

Definition 2. If g is a Lie algd)ra over the field K, we call a homo- 
morphism of g into gl(/i, K) a representation of g {in K, of degree n). 

Let X be any element of g, and let P(X) be the mapping F [F, X] 
of g into itself. If we select a base in g, P(X) may be represented as a 
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matrix of degree n = dim fl. The mapping X — » P(X) is clearly 
linear; moreover 

[Y, [Xt, X,]] = -[X^, [X„ Y]] - [X 2 , [Y, Xr]] = (P(X2)P(Xx) 

- P{X,)PiX,))Y, 


whence P([Xi, X2]) = [P(Xi), P(X2)] which proves that P is a represen- 
tation. 

Definition 3. The mapping which assigns to every Xsg the linear 
endomorphism P{X) of g defined by P(X)F = [Y, X] for all Fsg is 
called the adjoint representation of g. 

Returning now to the case where g is the Lie algebra of an analytic 
group 9> we sec that the mapping denoted above by dA is the adjoint 
representation of g. 

Let 3C be any analytic sub-group of 9> and let be its Lie algebra. 
It is clear that <T3C<r~^ is also an analytic sub-group of 9 whose Lie 
algebra is the image of under the mapping da,. Therefore a neces- 
sary and sufficient condition for 3C to be distinguished is that f) be 
transformed into itself by every operation da,, aSQ. This condition 
may be put in another form. Assume that it is satisfied: then, if 
Xs^i, we have (A (exp <y))(X)€() for every t, whence 


[X, Y] = lim*. 


A (exp tY) — E 
’ t 


X£() 


and f) is an ideal in g. Conversely, assume that is an ideal in g; let 
Y be any element of g, and let Y* be the matrix which represents F 
in the adjoint representation of g. We have F*(()) ([ (i; if cr = exp F, 
we have da, = exp F*, whence da,{f)) Q i). But the elements <r for 
which da,('f)) Q f) obviously form a sub-group of 9> I'bis subgroup 
contains all the elements exp F, Fsg, i.e. it contains a neighbourhood 
of the neutral element in 9- Since 9 is connected, our subgroup is the 
whole of 9» which proves that 3C is a distinguished sub-group. 

We have therefore proved the following result, which was an- 
nounced in §VIT, p. 114: 

Proposition 2. If .TC is an analytic sub-group of the analytic group 
9, a necessary and sufficient condition for 3C to be distinguished is that 
its Lie algebra be an ideal in. the Lie algebra of 9- 

The kernel of the adjoint representation of the group 9 is clearly 
the center of 9- The kernel of the adjoint representation of the Lie 
algebra g (i.e. the set of elements .Xeg which are mapped on 0 under 
the adjoint representation) is the set of elements Xeg such that 
[X, F] = 0 for every Fsg. 
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Definition 4. If g is a Lie algebra, the center of g is the set of the 
elements Xz%for which [X, F] = 0 holds for every Fsg. 

The center of a Lie algebra is clearly an ideal. 

The following result is an immediate consequence of Corollary 4 
to Proposition 1, §IX, p. 118: 

Proposition 3. Let Si be the center of an analytic group 9, and let S 
be the connected component in Si of the neutral element. Then S is 
the underlying group of a closed analytic sub-group of 9 whose Lie 
algebra is the center of the Lie algebra of 9- 

Now let g be any Lie algebra over the field R, and let us denote by 
P the adjoint representation of g. Then P(g) is a sub-algebra of 
gl(n, C), and therefore there exists an analytic sub-group of GL{n, C) 
whose Lie algebra is P(g) (cf. Theorem 1, §IV p. 107). On the other 
hand, P(g) is isomorphic to g/c, where c is the center of g. Therefore 
we have the following result: 

Proposition 4. If g is a Lie algebra over the field R, there exists an 
armlytic group whose Lie algebra is isomorphic with g/c where c is the 
center of g. 

It follows in particular that if the center of a Lie algebra g con- 
tains only the zero element, there exists an analytic group whose Lie 
algebra is isomorphic to g. The result remains true for any Lie 
algebra, but is considerably more difficult to prove. 

§XIL The Derived Group 

Let g be a Lie algebra over a field K. The vector-space spanned 
by the elements of the form [X, F], with Xeg, Feg is obviously an ideal 
in g. 

Definition 1. The ideal spanned in a Lie algebra g by the elements 
of the form [X, F], (Xsg, Fsg) is called the derived algebra of g. It is 
generally denoted by g'. 

A Lie algebra is said to be abelian if the element [X, F] is equal to 0 
for any two elements X, Y of the Lie algebra. The derived algebra 
of any Lie algebra g is characterized by the following properties : 

Proposition 1. If g' is the derived algebra of g, the factor algebra 
fl/fl' is abelian. ' Conversely, if is any ideal such that g/l^ is abelian, f( 
contains the derived algebra. * . 

In fact, let X, F be two elements of g and let jt, Y be their cosets 
modulo h- The condition “[X, F] = 0 for all X, F” is equivalent 
to the condition “[X, F]sf) for all X, F,” and this proves proposition 1. 

Now let 9 be an analytic group, and let g be its Lie algebra. To 
the derived algebra g' of g there corresponds an analytic sub-group 
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9' of 9» which is called the derived group of 9- It is always a dis- 
tinguished sub-group, but not necessarily closed. 

Let a be the factor algebra g/g'. If d is the dimension of a, a is the 
Lie algebra of the additive group R^. There exists a natural homo- 
morphism w of g onto a, which maps any element X onto its coset 
w(X) modulo g'. There exists a neighbourhood U of the neutral ele- 
ment e in 9 and a continuous mapping tp of U into such that 

<p{<it) = ^(ff) -|- <p{t) if <T, T, areU 

^(exp X) = exp (j}{X) if X is sufficiently near 0. 

Therefore = 0 if o-, t are sufficiently near e. But (TTa~W~^ 

can be written, for <r, r sufficiently small, in the form exp X{ff, t), 
where X(a, r) tends to zero when a, r tend to e. Since ^(exp X(<t, r)) 
is the neutral element of R^, we have u(X(<r, r)) =0, X{ff, T)eg' and 
<rT(7“V“*e9' when <r, t belong to a sufficiently small neighbourhood Ui 
of e in 9- Since 9 is connected, the elements of Ui constitute a set of 
generators of 9, and it follows easily that 9^ contains the commutator 
group S of 9) i-e. the group generated by all the commutators 
for <r, t£9. 

We shall prove that, conversely, every clement of 9' belongs to (£. 
Since 9^ is connected, it is sufficient to prove it for the elements of a 
neighbourhood of e in 2'. 

We can find a finite number of pairs (Fi, Zi), - • • , (Fr, Zr) 
of elements in g such that the elements f/i = [Fi, Zi] • • • , f/, 
= [F„ Zr] form a base of g'. Let Ur+i, • • • , t/„ be n — r elements 
such that { r/j, t/ 2 , • • • , (/„} is a base of g. We select a canonical 
system of coordinates, say {mi, 1 * 2 , • • • , «»!, with respect to this 
base. Let F be a cubic neighbourhood of e with respect to this system. 

We set (r<(s) = exp sF<; Ti(<) = exp tZ,; (1 ^ ^ r) and pi(s, t) 

= ffi(s)Ti(t)ffJ'^{s)TY^(t). The functions Ui{p,(s, <)) are analytic at 
s = t = 0. We write 


Ui(pj(s, t)) = tOijis) + -f • • • 


where the functions af,(s), 6t}(s), • • • are analytic at s = 0. More- 
over, since Ui = [Fj, Zi], it follows from formula (5J, §X, page 120, 
that 

1* ®«/(s) _ 5 

nm,_,o — — Oij. 


Therefore we can find a value si 0 of s such that exp sXjSF 
for |sl ^ |si| and that agisi) 7 ^ 0. 
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We set pi(t) = pi(si, t) (1 ^ i ^ .r), and 

p(il> ‘ > 0 ~ Pl0l)p2(^2) ' ' " Pr(t^‘ 

Then we have 

fduMtl, • • • tr))\ 

\ m, L “ 

and Ur+h(p(ti, <2, • • • , t,)) = 0 if \ti\ • • • , Kl are sufficiently small, 
{I ^ h ^ n — r). The second formula is true because p(fi, U, • • • , 
tr) belongs to the commutator group, and hence also to g'. 

Since a<,(s) 5^ 0 the theorem on implicit functions shows that 
every element <rzV such that «r+i(<r) = • • • = tt„(<r) = 0 may be 
written in the form p{ti, h, • • • , U) provided 1 mi(< 7-)|, • • • , IWrWl 
are sufficiently small. But these conditions all hold for the elements a 
of a suitable neighbourhood of e in g'. Since p(<i, h, • • • , U) always 
belongs to the commutator group of g, our assertion is proved. 

Remark. If the group g is simply connected, there corresponds 
to the projection w of g onto g/g' a continuous homomorphism i? of g 
into R"*. The kernel of this homomorphism is a closed sub-group of g 
whose Lie algebra is g'. 'Phe connected component of S in this group 
coincides with g'; on the other hand, this component is obviously a 
closed sub-group. Hence: If g is a simply connected analytic group, 
the commutator group of g is a closed sub-group. 

The assumption that g is simply connected cannot be removed in 
this statement, as can be shown by examples. 

Exactly by the same method as was applied to g', it can be 
proved that if g is a simply connected analytic groups, and if f) is an 
ideal in the Lie algebra g of g, the analytic sub-group of g whose Lie 
algebra is t) is always closed, provided there exists an analytic group whose 
Lie algebra is isomorphic to g/f). 

§XIIL Topological Invariance of the Lie Algebra 

We shall prove in this .section that two analytic groups which 
have the same underlying topological group coincide also as analytic 
groups and, in particular, have the same Lie algebra. 

Let g be an analytic group ; we select a canonical system of coordi- 
nates {xi, Xi, x„} at the neutral element, e of g, and we take a 

cubic neighbourhood Ei of € with respect to this system. Let Oi be the 
breadth of Ft. 

Lemma 1 . Let a be a number stich that 0 < o < oi, and V be the set 
of points (xsVi such that lxi(ff)l < o (1 ^ ^ n). If an element o-sFx 
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is such that |x<(<r)| ^ ai — a (1 ^ i ^ n) and that <r, o-*, • • • , <r* all 

belong to V, we have |x,(<r)| .< - and x<(<r*) = Zxi(<r) (1 ^ ^ n, 0 ^ 1 

k 

^ k). 

Let us set X = Sx<(<r)Zi, where {Xi, • • ■ , X„} is the base of the 
Lie algebra fl of 9 corresponding to the system of coordinates {xi, 
• * • , x„}. We know that exp tXtV i for all values of t such that 
ltei(<r)| < Oi (1 ^ ^ n). We may assume er e; we then define a 

number to by the equality to • max (|x,(o-)|) = oi. We want to prove 
that <0 > k. There exists an integer h such that h < to ^ h + 1, and 

we have v* = exp hXeVi, x, (<;•*) = Ax,(ff) (1 ^ f ^ n). If f is an 

index such that <olxi(ff)| = ai, we have /i|x,(<r)| ^ ai — |xi((r)| ^ a 
and therefore o-** does not belong to V, from which it follows that to > 
h > k. Hence, for 1 ^ Z ^ A:, we have x<(v') = x,(exp IX) = Zxi(<r); 

■if we set I = k we obtain lx,(<r)| < j- 

k 

Remark. The equality — lxi{a) obviously holds also for 

-k^l^k. 

Now let 0 be a continuous homomorphism into 9 of the additive 
group R of real numbers. The notation being as in Lemma 1, we can 
find an interval ]— Zi, <i[ (with <i > 0) such that 0(Z)€F if t belongs to 
this interval. Weset/i(<) = x,(0Z) ( — <i < < < Zi) ; if A: is a suflSciently 
large integer, we have |/,(A:“'Z)1 < Oi — a (1 ^ ^ n). On the other 

hand, since 0 is a homomorphism, we have 0(Z) = (0(A:“*Z))*, whence 



for k sufficiently large and |Z| ^ k. 


Since the functions /,(Z) are continuous, it follows immediately that 
fiit't) = Z'/,(Z) (for |Z'| ^ 1). Let Z2 be any fixed number 5^ 0 in the 
interval ] — Zi, Zi[. We have 0(Z) = exp ZZ^'X, where X = S/,(Z2)X,- 
and this formula holds for |Z| ^ |Z2|. Since the mappings Z — > 0(Z), 
Z — » exp ZZj'X are both homomorphisms, the formula holds for all 
values of Z, which proves that 0 is analytic. 

Proposition 1. Every continuous homomorphism H of an analytic 
group 9 into an analytic group 3C is an analytic homomorphism. 

Let {Xi, • • • , X„} be a base of the Lie algebra 0 of 9. The map- 
ping t^H{e\p tXi) is a continuous homomorphism of R into 3C; 
hence there exists for each i an element Fj of the Lie algebra of 3C such 
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that H{exp tXi) = exp tYi. We have 


(1) H({exp <iXi)(exp <2X2) 


• (exp <„X„)) = (exp <iyi)(exp <2^2) 

• • • (exp tnYn). 


Let *1, X2, • • ’ , Xn be the canonical coordinates on 9 corresponding 
to the base {Xi, X2, • • • , X„} of g. If j<il, • • • , 1<»1 are sufficiently 
small, the element (exp <iXi)(exp hXi) • • (exp f„X„) will be in a 

canonical neighbourhood of the neutral element and its coordinates 
<Pi{h, • • • , t„), • • • , v>n(fi, ' ' ' , tn) will be analytic functions of 


If ti = Si,t, we have <f>i = whence 

f : <P2, • • • 


/o 


= S.V. 


Therefore the functional determinant ^ is equal to 1 

Dih, h, • ■ ■ , tn) ^ 

for fi = <2 = • • • == <n = 0. It follows that there is a neighbourhood 
V of the neutral element such that every azV may be written in the 
form (exp <iXi)(exp <2X2) • • • (exp <„X„), where the numbers ti, <2, 
' ' ' , tn depend analytically on a. Formula (1) shows at once that 
the mapping <7 — » // (<t) is analytic at the neutral element, and there- 
fore everywhere. 

The announced result now follows immediately : 

Theorem 3. If two analytic groups 9, 9^ Ihe same underlying 
topological group, they coincide. 

In fact, all we have to do is to apply Proposition 1 to the identity 
mappings of 9 into 9^ and of £' into 9: these mappings are analytic, 
and therefore they are mutually reciprocal analytic isomorphisms. 

Definition 1. A locally connected topological group @ is said to be 
a Lie group if the connected component of the neutral element in ® is 
the underlying topological group of an analytic group 9i- 

If such is. the case, we know by Theorem 3 that 9i is uniquely 
determined. Its Lie algebra is also called the Lie algebra of ®. 

A Lie group is always locally cartesian (i.e. there exists a neighbour- 
hood of the neutral element which is homeomorphic to R"). It has 
been conjectured by Hilbert that, conversely, every locally cartesian 
group is a Lie group. This conjecture has been proved to be true 
under some restrictive conditions; for instance we know that it is true 
for compact groups and also for abelian groups. Although it seems 
almost certain that it is true in general, the proof will probably require 
a set of completely new methods of approach. 

Every discrete group is of course a Lie group (of dimension 0). 
The linear groups which were discussed in Chapter I are all Lie groups. 
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The center of a Lie group is a Lie group. The product of a finite 
number of Lie groups is a Lie group. In the next section, we shall 
prove that every closed topological subgroup of a Lie group is a Lie 
group. 

§xiv. A Criterion FOR Lm Groups 

Proposition 1. Let & be a locally compact topological group which 
admits a continuous univalent homomorphism H into a Lie group 
Then ® itself is a Lie group. 

Let g be the set of all continuous homomorphisms of the additive 
group R into ®. To every 0£g there corresponds an element Y = Y (0) 
in the Lie algebra of $ such that 

H(Qt) = exp tY (teR). 


The elements Y(Q) corresponding to the various elements 0eg 
form a sub-set of f). We denote by r the maximal number of 
linearly independent elements which can be found in (r may be 
zero). We construct a base {Fi, Yz, • • • , F„} of ^ whose r first 
elements Yi, Y^, • • ’ , Yr belong to l[)i. There corresponds to this 
base a canonical system of coordinates {j/i, t/ 2 , • ' • , y») at the neutral 
element y of $. Let F i be a cubic neighbourhood of rj with respect to 
this system. 

Since II is continuous, there exists a compact neighbourhood U 
of the neutral element « in ® such that H{U) C ^ 

boundary of the set U; B ia a compact set and does not contain «. 
Since H is univalent, II{B) does not contain ij. Therefore, there 
exists a number a > 0 (smaller than the breadth of Fi) such that the 
inequality max, \yi{H<r)\ > a holds at every point <rZB. LetlF|be’the 
cubic neighbourhood of breadth a of rj. 

If T is any element of Fi, we setd(T) = (S?i/*(t))^ 

Lemma 1. Suppose that a sequence of elements ffh ^ t in U con- 

yt(Haic) 

verges towards e in such a way that each one of the sequences ..zz — r 

dyMC/c) 

converges to a limit Ui when A; — > oo. Then Y = 'EuiY i belongs to f)i, 
andj if 0 is the corresponding element of g, we have B{t)sU for |/| < a. 

For every k, there exists a largest integer h which has the following 
two properties: (1) lkd{H<rk) < a; (2) for any integer m such that 
0 ^ m ^ Ikj we have (r^eU. Let a' be any cluster point of the sequence 
((Tk)] since lkd{H<Tk) < ctj we have \lkyi{H(rk)\ < a {I ^ i ^ n) whence 
moreover, yi^Ha') is a cluster point of the numer- 
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ical sequence {hytiHat)), which shows that \yi{Ha')\ ^ a (1 ^ t ^ n). 
In particular, no cluster point of the sequence (a^) can belong to B. 

For every k, either we have (4 + \)d{H<Tk) > a or does not 
belong to U. Let K be the set of integers for which the second event- 
uality occurs. If K were infinite, the elements <t* , for k&K, would form 
an infinite sequence which would have a cluster points' el/ (because Uis 
compact). But, since Urn o-* = e, a' would also be a cluster 

point of a sequence of elements belonging to the complement of U. 
Hence, <r' would belong to B, which is impossible. Therefore, if k 
is sufficiently large, we have < a ^ (Ik + l)d(H<rk), whence 

Urn lkd{Hffk) = a. 

Let t be any number such that 0 ^ < a. For each k, let wit be the 

largest integer such that w* ^ a~Hlk. Then nik < h, whence \mkyi(H(Tk) \ 
< a (1 ^ ^ n) and It follows that (Hak)”'^sV and that 

yiillffk'') — fUkyiiHffk) (1 ^ f ^ n). We have lim mk/h = tar^, 
lim lkd(H<Tk) = a, whence 

lim = tUi (1 ^ i ^ n) 

which shows that 

(1) lim //(<r”*) = exp IflUiYi = exp (Y. 

On the other hand, since U is compact, the mapping H, which is 
continuous and univalent, maps U homeomorphically. Hence we 
may conclude from (1) that the sequence <r“* has a limit <T(t) in U 
and that * 

(2) H(ff(l)) = exp iY. 

Replacing the sequence Ck by (rfc^(<r*'el7’if k is sufficiently large), we 
see that there also exists an element <T( — t)eU such that H(a(—t)) 
= exp ( — tY). 

The element <r(t) is now defined for \t\ < a, and the equality (2) 
holds for these values. It follows immediately from this equality 
that the conditions |<i| < a, l< 2 l < o, |<i -1- < 2 ! <0 imply ct(<i + < 2 ) = 
<r(<i)<r(< 2 ). Moreover, a(<)- is a continuous function of t. 

Since R is simply connected, there exists a continuous homo- 
morphism 0 of 72 into ® such that 0(0 = <r(0 for 1<1 sufficiently small. 
The corresponding element F(0)e() is clearly Y. Since we have 
77(00 = exp tY for all t, we have 0(0 = <r(0 for \t\ < a, which proves 
Lemma 1. 

Corollary. Let 0 he an element of g; if F(0) = 'LviYi, we have 
0(t)sU for If] < o(St><)“^ 
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This follows at once by applying the lemma to the sequence 
<r* = 0 (k~H) with Ui = Vi(2Vi)~K 

We shall now prove that l)i is a vector space. First, if F = F ( 0 )el&i 
and oSfB, aF belongs to f)i because it corresponds to the continuous 
homomorphism t—>’Q(ai). It remains to prove that, if Zi = SwjFi, 
Z2 = SviYi both belong to f)i, Zi + Z2 also belongs to l^i. Let 
01, 02 be the continuous homomorphisms of R into & such that 
Zi = F(0i), Z2 = F(02). We set 

O’* = 0i(A:“O 02(A:“O (1 ^ fc < <»). 

For k sufficiently large, <r*s[/. Moreover, we have yi(HQi{k~^)) 
= j/,(/f02(fc~*)) = Vtk~^. By formula ( 3 )j §X, p. 120 , we get 

ViiHak) = k-^iui + Vi) + k-^At{k) 

where the functions Ai{k) remain bounded when k increases indefinitely. 

We may assume without loss of generality that Zi + Z2 9^ 0 ; 
then we have o-* 5^ 0 for k sufficiently large, and 

d{Hc,) = + v,y^)^ + A{k)k-^ 

where A(k) remains bounded. It follows from Lemma 1 that 
(2(m, + Vi)^)~^(Zi + Z2)sifi and therefore also Zi + Z2Si)i which com-, 
pletes the proof of our statement that t)i is a vector space. 

By making use of the corollary to Lemma 1 , we see that any 
eldtaient of the form exp 2 [UiYi is the image under H of an element of 
U if SJtt? < 

Let f/i be the set of the elements <re {7 such that yr+iiHa) = • • • 
= yn{Ha) = 0 . We assert that U\ is a neighbourhood of e in ®. 

If 1 mi|, |m 2|, • • • , Iwr-I are sufficiently small, the element 

(exp SXFi)(exp 2r+iUiY,) 

belongs to V and its coordinates may be expressed as analytic func- 
tions ^i{ui, • ■ • , Un) of Ml, • • • , M». If Ui = 5„m, we have = Si/u, 
whence 



It follows that there exists a system of coordinates (21, Z2, ’ ’ ‘ , z„) 
on ^ at t; such that the formulas 

Zi((exp 2lM<F<)(exp 2?+iMjFi)) = m< 


(1 ^ f < n) 
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hold whenever \ui\ < b (1 ^ i ^ n). Let V 2 be a cubic neighbourhood 
of tj with respect to this system; we assume that 1^2 is of breadth < b 
and is contained in Y. 

We assume for a moment that Ui is noi a neighbourhood of «. 
Then there exists a sequence o-* of elements of U not belonging to Ui 
such that lim ak = «, HffkSV 2 . We have Urn s<(a*) = 0; for k suflSciently 
large, the element exp Sj 2 i(<ri)y’i is the image under H of an element 
<tIzU; moreover, since lim exp S[zi((r*)yi = and H is a homeo- 
morphism of U into V, we have lim (r* = «. We set 


For A: sufficiently large, we have Since a'ktUi, we have c" 5 ^ t 

for k sufficiently large. Moreover, we have 

= exp 

and hence 


= . . . = = 0 , yMHa”) = 

{1 g, h ^ n — r). 


By replacing if necessary the sequence a* by a sub-sequence, we may 


assume without loss of generality that the sequences 
limits Ui (1 ^ ^ r 


VviHok) 


have 


^because 

VxiHak) 

d{H<Tk) 

0. 

= 1. 1 


«i). 


d(,Hck) 

We have clearly 


U\ = U2 = • • • — Ur 

that the element belongs to bi, which is a contradiction with 

the fact that { Fi, • • • , F,} is a base of bi- 

Therefore, our statement that f/i is a neighbourhood of « is proved. 
If o-el/i, we have lla = exp h\yi{Ha)Y i. We set Xi{a) — yt{Ha) 
(1 ^ ^ r). The mapping which assigns to c the point {xi(ff), 
• • • , x,(ff)} obviously maps Ui homeomorphically onto a sub- 
set of jB’’ which contains the cube defined by the inequalities [xil <0 


(1 ^ ^ r). 

There exists a number a' > 0 such that the conditions 1 j/<(ti)| < a', 
ly»(’' 2 )l < imply rirj'eF. If we denote by U'l the set of elements 
o-et/i such that lx<(o-)l < o' (1 ^ ^ r), the conditions ffi,<T 2 eU[ 

imply and the functions XiCoioJ*) may be expressed as func- 

tions of Xi(<ri) • • • Xr(<ri), Xi(ff2), ■ • • , a:r(<r2); these functions are 
defined and analytic for lxi((ri)l < o', lxi((r 2 )| < a'. 

The fact that ® is a Lie group will follow if we can prove 
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Proposition 2. Let @ be a topological group. We assume that there 
exists a neighbourhood U of the neutral element e in & and a system of n 
real valued functions Xi, x^. • • ■ , x„ defined on U, with the following 
properties: (1) the mapping ff—*{xi{<r), • • • , Xn(<r)) is a homeomorphism 
of U with the cube Q in R’' defined by the inequalities lx<l < a (1 ^ i ^ n), 
a being some number >0; (2) there exists a number a' > 0 (a' < a) 
and n functions ffui, Ui, • • • , m»; Vi, Vi, • ■ • , vf), defined and 
analytic in the domain defined by the inequalities 1m,| < o', li><l < o', 
(1 ^ ^ n) such that the formulas aT~^sU, Xi(ffT~^) = fi(xii<r), * • • , 

Xni<r); Xi{t), • • • , Xnir)) hold under the conditions lx,(ff)| < o', |x,(t)| 

< o' (1 ^ i ^ n). Then & is a Lie group. 

Let @1 be the connected component of e in ®. Since t/ is a neigh- 
bourhood of € and is connected, @i is obviously open. It is sufficient 
to prove that is a Lie group. Therefore we may assume without 
loss of generality that ® itself is connected. 

We denote by tpg the left-translation associated with <t in ®, and 
by Q,(a) the class of real valued functions defined in neighbourhoods 
of (7 in ® and which depend analytically on the functions Xi o 
X 2 o ‘ , x„ o ^-1 around a. We assert that the assignment 

<r — > Cl(a) defines a variety whose underlying space is ®. 

The conditions I, II of §1, Chapter III, p. 68, are obviously satis- 
fied. Since <pg is a homeomorphism of ® with itself, the properties (1), 
(2) of condition III hold in our case. It remains to check the 
property (3). Let U' be the set of the elements fsf/ such that lx,(f)l 

< a' ; f/' is a neighbourhood of e. Hence <7 17'“* is a neighbourhood of <7. 
Let T be any element of this set; we have r“’(7 = f£l7'. We have (x, 

o ^-i)(p) = x,(<7“*p) = x,(<7“*TT“‘p) = x,(r~*T“*p) = /t(xi(r“*), • • • , 
Xi(p“*t), • • • , x„(p“‘t)), these formulas holding provided 
T“*pet7', pStC/'. This proves that the functions x< o belong to 
Ct((7); thus property (4) holds. 

The assignment a Q.((r) defines therefore a manifold 9- It is 
obvious that the mapping (a, t) — » <7t“* of 9 X 9 9 is analytic 

at the point (e, e)S9 X 9- We have yet to prove that it is everywhere 
analytic. 

It follows immediately from the definition that every left-trans- 
lation <f), is an analytic isomorphism of the manifold 9 with itself. 
The same applies to the right-translation associated with <r; in 
fact, let us first assume that lxi(<7)| < o' (1 ^ ^ n). The mapping 

J:t T“* is clearly analytic at e, and is obtained by first performing 
J, and then the mapping t —> t“>( 7 which is analytic at e provided 
|x<(<7)l < o' (1 ^ ^ n). The formula = t<7 = thrfro^ra) shows 
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that fa is analytic at every point to if <re(7'. But U', being a neighbour- 
hood of € in the connected group is a system of generators of 
Hence any element trS® may be written in the form <ri(T 2 • • • <r* with 
(1 ^ ^ k). We have fa = fci,^fai,_iO • • • ofa^, which 

shows that fa is an analytic mapping. 

Now, in order to prove that the mapping (o-, t) — » <tt-^ is analytic 
at every, point (<ro, to), we write 

aT-‘ = <ro(<rS'V)(T^V)-V^'. 

It is obvious that the mapping (<r, t) — > (a# Vo, tq V) of g X 9 into 
itself is analytic at (<ro, to). Since <fia, and fr„ arc analytic mappings, 
and since the mapping (<r, t) — ><rT“‘ is analytic at (e, e), it is also 
analytic at (<ro, to). 

Therefore g is the underlying manifold of an analytic group, whose 
underlying topological group is &, and this completes the proofs of 
Propositions 1 and 2. 

Corollary. Every closed subgroup of a Lie group is a Lie group. 

In fact, a Lie group being locally compact, the same holds for every 
closed subgroup of a Lie group. 

Wo observe also that it follows immediately from Proposition 2 
that any topological group which is locally isomorphic with a Lie 
group is itself a Lie group. If ® is a Lie group, ® is clearly locally 
simply connected. Therefore, if ® is connected, it admits a simply 
connected covering group (@,/), and we see that ® is a Lie group. 

§XV. Groups of Automorphisms 

Let H be a subgroup of GL{n, C). Denote by Xi,(<r) (1 ^ f, j ^ n) 
the coefficients of a matrix <jzGL{n, C). We shall say that H is an 
algebraic subgroup of GL{n, C) if there exists a set of polynomials 
Pa{- Xij, '••) in arguments (a running over some set of 
indices) such that the conditions 

utH 

and 

Pai: • • , XiM, •••)== 0 (for all a) 

are equivalent. For instance, SL{n, C) and 0{n, C) are algebraic 
subgroups of GL{n, C), and Sp(n, C) is an algebraic subgroup of 
GL{2n, C). 

Denote by Xy(<r) and X”((r) the real and imaginary parts of x„(ff). 
If we can find a set of polynomials Qp{- • • xj,-, xj,- • • •) in 2n* argu- 
ments such that the conditions <rs// and Qfi{- • • Xy((r), Xi/((r), • • •) 
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= 0 (for all jS) are equivalent, then we say that H is a pseiidoalgebraic 
subgroup of GL{n, C). For instance, GL{n, R), SL(n, R), 0(n), SO{n), 
U{n), SU{n) are pseudo-algebraic subgroups of GL{n, C); Sp(n) is a 
pseudo-algebraic subgroup of GL(2n, C). 

It follows immediately from the Corollary to Proposition 1, §XIV, 
p. 130 that any algebraic or pseudo-algebraic subgroup of GL(n, C) 
is a Lie group (when it is considered as a topological subgroup of 
CL(n, C)). 

Now, let 8 be any algebra over the field R of real numbers; i.e. g is 
a vector space of finite dimension n over R in which there is defined a 
bilinear law of composition (X, F) — » XL (we do not require any other 
condition than bilinearity for this law of composition). The auto- 
morphisms of the algebra g clearly form a subgroup 31 of the group of 
automorphisms of the underlying vector space of Q (i.e. of GL(n, R)). 
Let {Xi, • • • , X„} be a base in g; with respect to this base, every 
automorphism <x of g is expressible by a matrix (also denoted by a). 
Set 


a(X.) = 2,lia,,X,- (1 ^ f ^ n) 

Then the conditions which express that a is an automorphism (i.e. the 
conditions a(X,X,) = a(X,)a(X,) can be expressed by a certain 
number of algebraic relationships between the coefficients an (which, 
furthermore, must be real). It follows that SI is a pseudo-algebraic 
subgroup of GL(n, R) and is therefore a Lie group. We shall determine 
the Lie algebra of this group.' Let a denote this Lie algebra. Then a 
is a subalgebra of the Lie algebra of GL{n, R), and the elements of a 
can therefore be considered as matrices of degree n with real coeffi- 
cients, i.e. also as linear endomorphisms of the underlying vector 
space of g. Let be a matrix belonging to a. Then, for every real t, 
exp tA is an automorphism of g, whence 

(exp tA)XY = ((exp <^)X)((exp tA)Y) 

for any X, Fsg. 

Let E be the unit matrix; then 

{E A- tA A- t^A,)XY = {{E H- fd 4- <M,)X)((£^ + tA + t^At)Y) 

where .4* is a matrix whose coefficients remain bounded when t 
approaches 0. It follows easily that 

( 1 ) 


4(XF) = 4(X)F-|- XA(F) 
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Any linear endomorphism A of g which satisfies (1) is called a 
derivation of the algebra g. We have seen that every matrix A so 
is a derivation of g. We shall see that the converse of this assertion 
holds true. 

Let A be a derivation of g. We have 

A'-CAF) = S<,-^A‘(Z)A»(L) * 

tlji 

where the summation is extended over all pairs (i, j) such that i ^ 0, 
j^O, i + j = p (we set A® = E). Write 

^A’(X). ^A>(F) = 

We know that the coefficients of A* are smaller in absolute value than 
M*, where M is some constant. It follows easily that the double 
series are convergent, whence 

(exp tA)XY = 2 A>(X) ^ A^(X) = ((exp <A)X)((exp <A)F) 

tl ]\ 

which proves that exp tAz%, whence ^ea. We have proved 

Proposition 1. Let g he any algebra over the field of real numbers. 
Then the derivations of g form a subalgebra of gl(n, R) {where n is the 
dimension of g), and this algebra is the Lie algebra of the group of auto- 
morphisms of g. 

Assume in particular that g is the Lie algebra of a simply connected 
Lie group ®. Let a be any automorphism of g; then there corresponds 
to a a continuous homomorphism 0 of & into itself such that a — dO 
(cf. Theorem 2, §VI, p. 111). Since a is an automorphism, it has a 
reciprocal mapping a' which is also an automorphism. Let 6' be the 
continuous homomorphism of ® into itself which corresponds to a'; 
then d{d o d') = a o is the identity mapping of g. It follows that 
$ o 0' is the identity mapping of ®. In the same way, we see that 
d' o 0 is also the identity mapping of ®. It follows immediately 
that 0 is an isomorphism of ® (considered as a topological group) with 
itself (i.e. it is an automorphism of the underlying group and a homeo- 
morphism of the underlying space with itself). Such a mapping is 
called an automorphism of the group ®. Conversely, we see easily 
that to every automorphism 0 of& there corresponds an automorphism 
Of = dfl of g. Therefore we have proved: 
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Proposition 2. Let & be a simply connected Lie group. Then the 
group of automorphisms of ® is isomorphic with a Lie group whose Lie 
algebra is the algebra of derivations of the Lie algebra of ®. 

Denote by 9a the automorphism of @ which corresponds to an 
automorphism a of g. If Xsg, we have $„ (exp X) = exp a{X), which 
shows that 0a(exp X) depends continuously on a, for X fixed. Since 
@ is connected, any may be written in the form ai • • • Oh where 
each fft is of the form eJfp Yi, F,eg. It follows immediately that 
0a{(r) depends continuously on a for a fixed. 

Now, let ® be a connected Lie group which is not simply connected, 
and let (@, /) be a simply connected covering group of @. Let 9 be an 
automorphism of @. Then 0 o / is a continuous homomorphism of ® 
into @. Denote by e and e the neutral elements of ® and ® respec- 
tively. By Proposition 1, chapter II, §VIII, p. 50, there exists a con- 
tinuous mapping 5 of ® into itself such that f o d = 9 o f and 5(e) = e. 
The mapping {a, f) -> 5(fff)(5(ff))“*(5(f))~* maps continuously the 
connected space @ X ® into the kernel F of /, which is discrete. It 
follows immediately that 5(ffi‘)(5(5))“*(5(f))“‘ = e, which proves 
that 5 is a homomorphism of ® into itself. Let 9' be the reciprocal 
automorphism of 0; then, in the same way, there corresponds to 0' a 
continuous homomorphism 5' of ® into itself. Furthermore, we see 
immediately that there exists a neighbourhood of e in ® on which 
both 5 o 5' and 5' o 5 coincide with the identity mapping. Since ® 
is connected, d o d' and 5' o 5 both coincide with the identity mapping 
of which shows that 5 is an automorphism of ®. Furthermore, we 
clearly have d(F) = F. 

Conversely, let 5 be an automorphism of ® such that 5(F) = F. 
Let <r be any element of @, and let cr be any element of ® such that 
/(ff) = a. Then the value of f{9{a)) depends only upon tr, not upon 
the choice of or. If we set 9{a) = /(5(ff)), we see easily (by arguments 
of the same type as above) that 0 is an automorphism of ®. There- 
fore, the group of automorphisms of @ may be identified with the 
group of those automorphisms of ® which map F into itself. Since 
F is closed, it follows from the remark which follows Proposition 2 
that this group is a closed subgroup of the group of automorphisms 
SI of ® (in the ‘topology which makes SI a Lie group). We have 
therefore proved that the group of automorphisms of any connected 
Lie group is isomorphic with a Lie group. 
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The Differential Calculus of Cartan 

Summary. §§I and II are algebraic in character; their object is to con- 
struct the Grassraann algebra 21 associated with a given vector space SD?. 
For reasons of convenience we have arranged* the construction in such a way 
that the dual space of SD? (and not 50? itself) is contained in 21; i.e. the elements 
of 21 are alternating contravariant tensors. 

In §III, we define the exterior differential forms of Cartan on a manifold 
and their differentiation. These forms behave in a contravariant way under 
an analytic mapping (this is why we introduce the notation “ 5,” which is 
considered as dual to the “d” of Chapter III). The operation 5 is proved to 
commute with the differentiation (formula (4), §III, p. 146). 

In §§IV and V, we apply the differential calculus of Cartan to the theory of 
Lie groups. The notion of left invariant differential form is defined; the left- 
invariant differential forms of order 1 are th§ forms of Maurer-Cartan. 
Their differentiation is determined in terms of the Lie algebra by formula (2), 
§IV, p. 152. It is shown how the forms of Maurer-Cartan can be explicitly 
constructed (in canonical coordinates) if the Lie algebra is known. A very 
simple example shows how it is possible to arrive by this method at an explicit 
construction of the law of composition in the group. However, it should 
be observed that, if one does not insist on using canonical coordinates, there 
are simpler methods to get the same result which we shall discuss in volume II. 

The remainder of the chapter is concerned with the integration of differen- 
tial forms on a manifold. Only forms of the highest dimension are considered 
(which means that we do not prove the generalized Stokes’s formula). After 
having defined the orientation of a manifold (§VI), we construct the integral 
of a function with respect to a differential form on an oriented manifold (§VII) ; 
the construction is based on a very useful lemma of Dieudonn4. In §VIII, 
we define invariant integration on a group which will become the main tool 
in Chapter VI. 

§1. Multilinear Functions 

Let a: be a field, and let SD^i, S[« 2 , • • • , 9Kr be r vector spaces over 
K, of dimensions rrii, • • • , wir. 

Definition 1. An r-linear function on SDli X 3)J2 X • ■ ‘ X SJlr is 
a mapping M of this set into K such that M(ei, • • • , 0 ,) is a linear 
function of any one of its arguments when the r — I others are kept fixed, 
i.e. we have 

M(ei, • • • , e,_i, aCi -I- a' e'„ Cf+i, • • • , e,) 

= oM(ei, • • • , Ci-i, e,), e,+i, • • • , e,) 

“1" ot^NA(ei> * ’ ■ > ®i- 1* ®t» ®»+ii ’ " " > ®>') 


if a, a'eK. 
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Let Ml, M 2 be two such r-linear functions. Then the functions 
oiMi + a 2 M 2 , which maps (ei, • • • , e,) into aiMi(ei, • • • , eO 
+ 02 M 2 (ei, • • • , er) is clearly again an r-linear function. 

Let {a,.i» • • • be a base of SDti. If e,- = 2,a;i/a<y (1 ^ j ^ mi; 

XijZK), and if M is an r-linear function, we have 

(1) M(ei, • • • , Or) = 2xiy,a;2,-, * ' * • • • , ar,v), 

which shows that M is entirely determined when the quantities 
M(ay,, • • • , ar.,-,) are determined. Conversely, these quantities 
may obviously be taken arbitrarily in K. It follows that the r-linear 
functions form a vector space over K of dimension mi • • • nir. 

Now let 912, ■ • • , 91. be a new system of vector spaces over K. 
Let M be an r-linear function defined on iDli X 9112 X • • • X 911., 
and let N be an s-linear function defined on 91i X 9 I 2 X * • • X 91,. 
Then the function A defined on 911i X 9 II 2 X • • • X 911. X 91i X 9 I 2 
X • • • X 91, by the formula 

(2) A(ei, • • • , e.; fi, • • • , f.) = M(ei, • • • , e.)N(fi, • • • , f,), 

(for e,s911<, f,s91,) is clearly an (r -f s)-linear function. 

Definition 2. The function A defined by formula (2) is called the 
Kronecker product of M and N ; it is denoted by MN. 

The following properties of this operation are obvious : 

1) It is linear with respect to each argument, i.e. 

(oiMi 02 M 2 )N = UiMiN -|- O 2 M 2 N, (oi, a-iZK) 

M(aiNi <i2N2) = fliMNi -f- 02MN2> 

2) If 93 1 , 932) • • • , 93« is a third system of vector spaces over K, 
and if n is a 1-linear function defined on 93 1 X 932 X • • • X 93« we 
have 

(MN)n = M(Nn). 

If r = 1, the r-linear functions on 911i are simply the linear mappings 
of 9 II 1 into K, 

Definition 3. The vector space composed of the linear mappings of a 
vector space 911 into K is called the dual space of 911 and denoted by 911'. 

If {&!>’'■» Am} is a base of 911, to every i (1 ^ ^ m) there 

corresponds an element ^ie911' which is defined by the conditions v>ia,- 
= Sij. Moreover, these m elements of 911' form a base of 9)1', which is 
called the dual base of the base {ai, * • • , a*,} of 911. 

Let a be any element of 9)1. Then, if we consider v?(a), for tpsW, 
as a function of <p, we obtain a linear function on 9)1': = ^(a). 

Moreover, the mapping a is clearly a linear mapping of 9)1 into 



ALTERNATE FORMS 


141 


§ 11 ) 


93?" = (9)?0^ If a = SajjAi is 0, there exists at least one ^s93?' for 
which (a) ^ 0, — for instance ^ if 5 ^ 0. Therefore we have 
Z*, 0, and tihe linear mapping a is univalent. Since 93? and 

93?" have the same dimension, this mapping is a linear isomorphism 
of 93? \vith 93?". We may call it the natural isomorphism of 93? with 93?". 

It follows in particular that any base in 93?' is the dual of some base 
in 93?. 

Proposition 1. Let 9)?i, 93?2, • • • , 93?, 6e r vector spaces over K. 
Let {<pii, ^> 12 , • • • , <pim,} be a base in the dual space 93?(- of 93?». Then 
the OTi • • • m, elements ^i/,v> 2 js * • • <Ptir (I ^ ^ ^ ot ^ r) 

form a base of the space of r-linear functions on 93? i X 2)?2 X • • X 93?,. 

In fact, let {af.i, • • • , a,-,m.j be the base of 93? of which <pi.t, 

• • • , <Pi,m,\ is the dual base. We have 

which, by comparison with formula (1), proves Proposition 1. 

§11. Alternate Functions 

We shall now consider r-linear functions A defined on the product 
93?’’ of r vector spaces identical with a given vector space 93? of dimen- 
sion m^ over a basic field K which is assumed to be of characteristic 0. 
Let be the space of these r-linear functions, for r ^ 1. We shall 
denote the set K, considered as a vector space of dimension 1 over K, by 
^ 0 - Let us form the set n%.o$,. An element of this set is a mapping 
which assigns to every r ^ 0 an element A,e^r. We shall consider the 
subset O composed of those elements of of which almost all 

coordinates A, are equal to 0 (i.e. all except a finite number). If A 
= (Ao, Ai, • • • , A„ ■ • •) and M = (Mo, Mi, * • • , M„ • • •) are 
any elements of O and if a, bzK, the element * 

oA -H 6M = (aAo -1" 6Mo, aS.\ ?>Mi, ‘ , ®A, -1- bM,, ■ ■ ■) 

« 

also belongs to O. It follows immediately that O is a vector space 
(of infinite dimension) over K. An element of O is called homogeneous 
of order r if all its coordinates are zero except perhaps the r-coordinate. 
Such an element may, without trouble, be identified with its r-coordi- 
nate. If we make these identifications, the element A = (Ao, Ai, 

• • • , A„ • • •) may be written in the form ilfA,. (The symbol Sy 
stands for Sj where R is an integer so large that A, = 0 for r > R.) 

In §I we have defined the product A,M» of an element A,S$, by 
an element M,e$„ provided rs >■ 0. If, for instance, r = 0, Ao is an 
‘ These r-linear forms are called “r-times contravariant tensors.” 



142 


THE DIFFERENTIAL CALCULUS OF CARTAN [Chap. V 


element of K, and AoM. is also defined since is a vector space over 
K. The same remark applies if s = 0. Moreover, the formula 
(ArM.)N« = Ar(M,N0(Ar£^r, rcmains valid if one or 

more of r, s, t is to 0. 

We may now define the product AM of any two elements A = SAr, 
M = SMr of O by the formula 

AM = S*,_QArM. 

This means that the I-coordinate of AM will be 

(AM)t = Sr+8-/ArM. 

This obviously vanishes if t is sufficiently large, when AMeO. 

It is a trivial matter to verify that O becomes a ring under this 
multiplication. If E is the element (1, 0, • • • , 0, • • •)> E is the 
unit element of this ring. 

We shall now define an operation in which we call alternation. 
Let Ar be an element of ^r, and let w be any permutation of the set 
{1, 2, • • • , r}. The function Af defined by the formula 

A“(ei| ■ * ' , 6r) = Ar(eg(ij> ’ ' ' , ®e(r)) 

obviously again belongs to Moreover the mapping A, — > Af is a 
linear mapping of into itself. We now define an operation At, 
called alternation, which maps any A^e^r on 

At^At) = 2:a6(w)Af, 

r\ 

this sum being extended over all permutations w of the set {1,2, • • • , 
r}, with €(w) = 1 for even permutations w, and «(w) = — 1 for odd 
permutations w. If r = 0 or 1, we set -4r(Ar) = Ar. 

If A = SjAr is an element of O, we set /1(A) = Sf/lrCAr). Then 
A is a linear mapping of O into itself. 

We denote by 3 the set of elements AeCi for which .'1(A) = 0. 
It is clear that 3 is a vector subspace of O. We shall now prove 
the remarkable fact that 3f is actually an ideal in O. In other words, 
the condition A (A) = 0 implies A(MA) = A(.\M) = 0, for any MfO. 
It is clearly sufficient to prove this for the case where A = ArS^r, 
M = M.e^,. Setting NrH. = Ar+.(ArM.), we have 

(r + s)!Nr+»(ei* • • • » ©r^) 

= 2a£(co)Ar(Cs(i)) ■ ' ■ > ©a(r))M«(Ca(f+i)j ' ' ‘ > ©a(r+«)) 
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where the summation extends over all permutations u of the set 
{1, • • • ,r + s}. Let G be the group of these permutations, and H 

thesubgroupcomposedof those which leave the elements r + 1 > * ' • > 

r + s unchanged. Let us consider the sum 

2s,S|,He(w)Ar(ea(i,, ‘ ‘ , CO(r+»)) 

extended over all permutations « of a certain coset uaH. If we set 
®ao(.-) = /» (1 ^ ^ r), this sum may be written in the form 

c(wo)Nd*(©wo(r+l)> • t 

since e(wow') = 6(wo)e(w'). But the operations of H induce the 
complete set of permutations on the set {1, • • • , r}, and hence the 
second factor is 0. It follows that dr+<(ArM«) = 0, and we can prove 
in the same way that dr 4 .(MrA,) = 0. 

It follows that the set 0/3? of the residue-classes of O modulo 3? 
is again a ring. It is also a vector space over K. We claim that 
it is of finite dimension. In fact, let us choose a base { ipi, <p 2 , ' ‘ ‘ , 
tpm} in the dual space SD?' = of 2)?. If is any element of SO?', we 
have In fact ea) = (i)(v»(ei)(p(e 2 ) - ^(e 2 )v>(ei)) = 0. 

It follows that (ptipj ■+- (pj<pi = ( 5 )((^< H- (p^y — (Pi — ^*)s3 (1 ^ i, 

j ^ m). 

Let <Pi be the residue class of <pi modulo 3?- We have 
^i<Pi = -<Pj<Piy {<Pir = 0 . 

It follows that a product (p*, (p* ' • • ipt does not change if we perform 
an even permutation of the factors, and is changed into its negative 
if we perform an odd permutation. Moreover, it is equal to 0 if any 
two factors are equal. This certainly happens if r > w. 

Wc have seen that the elements ’’’ •pit form a base of 

if r > 0. ' It follows that C 3? if r > to, and that every element 
of O/ 3? is a linear combination of the elements 

•P*i<Pu • • • <pZ with ii < • • • <ir ^ TO, 

where E* is the residue class of E. There being 2™ such elements, 
0/3? is a vector space of dimension at most equal to 2”. We shall 
see a little later that the dimension of 0/3 is exactly 2™. 

For the moment, we shall exhibit a complete system of repre- 
sentatives of the residue classes of O modulo 3. 


^ Cf. Proposition 1, §1, p. 139. 
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Definition 1. An r-linear function A, is said to he alternate if 

A" = e(w)Ar 

for every permutation u of the set {1, • • • , r}. 

(If r = 0 or 1, any element of is considered to be alternate.) 
Similarly, an element S. = (Ao, • • • , Ar, • • •) of O is said to 
be alternate if every coordinate A,, is alternate. 

If A is an arbitrary element of O, ^(A) is alternate. In fact, we 
have, for r > 0, ArS^r, 

(^,(A,))“‘ = Se(«o«)A“““ = e(cio)A,(A,) 

where wo is any permutation of the set {1, • • • , r\. 

Moreover, if A is already alternate, we have A (A) = A. In fact, 
if r > 0, and if A, is alternate, we have 

A,(A,) = ~ St2(w)A, = A, 
r! 

It follows that the operation A is idempotent: A A = A. 
Proposition 1. Any element AsO can be represented in one and only 
one way as a sum, M + hi, of an alternate element Ivl and an element 

In fact, we have A = A (A) -|- (A — A (A)); A (A) is alternate, and 
we have A (A — A (A)) = A (A) — A A (A) = 0, which shows that 
A — A(A)s3. Conversely, suppose that A = M + R, with alter- 
nate and We have A (A) = A(lvl) A(R) = A(N^) = |CH, 

whence R = A — A(A). 

Let 31 be the set of alternate elements in O. Then 31 is obviously 
a vector space over K, and Proposition 1 shows that there exists one 
and only one element of 31 in any given residue class of O modulo 3f. 

If ii, • • • , ir are indices with 1 ^ ii < -• • • < t, ^ m, then the 
element Ar{<pii ' ' ' is alternate. It is equal to 

— Sae(dj)v>a(,-,)^i5(i,) • • • ^>(5(0 

where the sum is extended over all permutations « of the set I = ( i\, 

• • • , i,}. It follows from this expression that the elements A,(^„ 

■ ’ ’ .*p0> corresponding to the various subsets I oir elements from the 
set {1, • • • , m}, are linearly independent. Since the residue class 
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of Ar{fpi^ • • • ^f,) modulo 3f is the same as the residue class of »»,•, • • • 
<Pi^ (i.e.- 'Ph'"' •Pi,)> it follows immediately that the (") elements 
•Pii ' ‘ ' *Pi, (for 1 ^ < • • • < ir = m) are linearly independent 

in 0 / 3 . 

The product AM of two alternate elements of is in general not 
an alternate element, as can be verified easily from examples. How- 
ever, there exists one and only one alternate element which belongs 
to the same residue class as AM modulo 3, namely the element A (AM). 
Therefore we may define a law of composition in 21 by the formula 

A □ M = ^(AM) 

We shall call this law of composition the Grassmann multiplication. 
It is clear that the vector space 21, equipped with this law of composi- 
tion, becomes an algebra over K, isomorphic with 0/3- 

Definition 2. The algebra composed of the alternate multilinear 
functions, with the Grassmann multiplication as the law of composition, is 
called the Grassmann algebra of the space 9)1. 

It follows from our previous considerations that the Grassmann 
algebra is of dimension 2” over K. It contains a unit element E, and 
contains the dual space 9)1' of 9)1. Moreover, if {^ 1 , • • • , ^m} is a 
base of 9)1', the elements (pi, • • ' , <f>m form a set of generators of the 
Grassmann algebra. We have 

<Pi o <pi — 0 

<Pi ° <Pi + <Pi n = 0, (1 ^ i, j ^ m) 

and the elements <pi, o (pi,n • ’ • a <pi^ corresponding to the various 
subsets \ii, • • • , «/} of the set {1, • • • , m} (with < • • • < 

^ m) are linearly independent; every element of the Grassmann 
algebra may be written as a linear combination of E knd of such 
elements. An element of the Grassmann algebra which is an alternate 
r-linear function is said to be homogeneous of order r (if r = 0 , i.e. the 
element is in K, we adopt the convention of calling it a 0-linear form). 

Application. Let 1 A 2 , ' • * , be any r elements of 9)1'. 
If we take r linear combinations 

e,- = (1 ^ t ^ r), 

of these elements, we have 

01 □ Gj a • • • □ 0, = ^^1 □ ^2 □ • • • D 
as can easily be verified. 
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If r = m, and if ^i, • • • , are linearly independent, they form a 
base of SR', and we know that □ ^2 □ • • • □ 0. If now r is 

arbitrary and if ^1, • • • , are linearly independent, we can find 
m — r elements ^,+1, • • • , of 9K' such that ^ 1 , • ■ • , ^t, 'Pr+i, 
• • • , are linearly independent. We have ^1 □ ^2 ° • • • ° 

5^ 0, which proves: 

Proposition 2. If 4'i, ‘ ‘ ‘ ore r elements of 30?', o necessary 
andsufficientconditionfor their linear independence is that a \l /2 a • • • 
D 0. Moreover, if we replace these elements by linear combinations 
of them, their product in the Grassmann algebra is multiplied by an 
element of K. 

If 3? is an (n — r)-dimensional subspace of 30?, the elements e of 
3? may be characterized as those which satisfy r linear equations, 

( 1 ) Me) = • • • = Me) = 0, * 

where ^i, • • • , are linearly independent elements of SO?'. More- 
over, if the formulas (1) define 3?, any other set of r equations of 3? is 
obtained by replacing ^1, • * • , by r linearly independent linear 
combinations of them. Therefore the subspace 3? may be character- 
ized by the product □ ^2 a • • • □ and this product, conversely, 
is determined by 3?, except for a constant factor. ‘ 

§III. THE Differential Forms of Cartan 

Definition 1. Let V be a manifold and let p be a point of U. The 
Grassmann algebra associated with the tangent space toVatp is called the 
Cartan differential algebra at p. 

We shall denote this algebra by ®p. 

Definition 2. If we assign to every point p of a subset A of V a 
homogeneous element of order r in (5p, we obtain what is called a differential 
form^ of order r defined on A. A differential form of order 1 is also 
called a Pfajfian form. 

A differential form of order 0 is therefore simply a real valued 
function, and we know what it means to say that such a function is 
analytic at a point p of the domain of definition. We shall now 
extend this notion to a differential form of any order. 

An element of order 1 in (Sp is an element of the dual space to the 
tangent space Sp. But we have already seen that this dual space 

* It was precisely in order to handle analytically the linear varieties of any 
dimension that Grassmann developed his “geometrical calculus.” 

• Also called “exterior differential form.” 
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is the space 3)p of differentials at Let {xi, • • • , a;„} be a coordi- 
nate system at p; then, for every point g of a neighbourhood of p, the 
differentials {dxi)q, • • • , (da;„), form a base of 35,. Let be a 
differential form of order r, defined in a neighbourhood of p; we may 
express the value 0, of S at a point q in the form 

( 1 ) Oq — • • • iXQ)(.dXi^ q □ • • • □ (dXi^')q, 

this summation being extended over all combinations {ii, • • • , tV} 
such that 1 ^ < • • • < if ^ n. 

We shall say that the form 6 is analytic at p if the functions m,-,...,-, 
are all analytic at p. To justify this definition, we have to show 
that it does not depend on the particular coordinate system used. 
Let {x[, • • • , x'„\ be some other coordinate system at p. We 
may express Xi, • • • , Xn in the neighbourhood of p as functions 
’ ’ ’ ) x'„), • • • , fnix'i, •••, x'„) of the new coordinates x', 
and these functions are analytic at the point x[ = x[{p), • • • , 
= ainCp)- We have, for q sufficiently near p, 


(dxi). 


where 


WA 






dfi 


is the value of for x'- = x'(g) (1 ^ ^ n). 


Hence 



(3) 


\D(x;„ x,.,. 


J±L\ 

> ) 1 


{dx],)q □ • • • □ (dx,v). 


where the summation is extended over all systems (ii, • • • , f,; 
/i, • • • , ir) such that < • • • < ir, ji < • • • < jV. If we set 


we have 


' (a) = 2- u- • (a) ( fit) ‘ ‘ ) /t,) \ 

9{<l) = ^il...irU'j,...iXq)idXit)q □ • • • □ idxl)q. 


If the functions are analytic at p, then the same is of course 
true for the functions which justifies our definition of ana- 

lytic differential forms. 

Similarly, if the functions are continuous at p, the functions 
w, are also continuous. In this case we shall say that 6 is con- 
tinuous at p. 

‘ Cf. Chapter III, §IV, p. 76. 
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We shall now define the operation of differentiation on differential 
forms. Let 9 be a differential form of order r, which is analytic at a 
point pel). If r = 0, 0 is a function on V, and its differential at p has 
already been defined. In the general case, we define the differential, 
(dO)p, of 0 at p to be the element of Sp defined by 

ide)p = 2(dMi,...0p □ idxi,)p □ • • • □ (dxi,)p. 

Here again we have to show our definition is independent of the 
coordinate system. 

Before doing this, we shall first prove a certain number of proper- 
ties of the differentiation operation defined by (2) with respect to the 
special system of coordinates [xi, • • • a:„}. 

If $ 1 , 02 are forms of order r, and oi, oj are real numbers, we have 

(2) (d(aiSi + a2®2))p = a.i{dBi)p -f- a2(d^2)p. 

Now, suppose that B, n are differential forms of orders r, s, both 
analytic at p. They are both defined in some neighbourhood of p 
and if we assign to every point q of this neighbourhood the element 
we obtain a differential form 0 □ ij which is clearly analytic 
at p. We assert that its differential at p is 

(3) i,d{0 Q 2 j))p = {dff)p o 7}p ( l)’’0p o {drf)p 

Suppose first that r > 0, s > 0. Making use of (3) we see that 
it will be sufficient to prove the formula in the case where 0, rj are given 
by formulas of the type 

eiq) = M(3)(dxi.), .□ • • • □ {dxO,, 

viff) ~ ^(,q)(,dxj^ q □ • • • □ (dxj^q, 

with ii < • • • < ir,ji < • • • < 3 t,u and v being analytic functions 
at p. 

If the sets {fi, • • * , fr}, {jt, ' ' ’ , have an element in com- 
mon we have 6 at) = 0, {dd)p □ ?>p = 0, 6p o {dri)p = 0, and for- 
mula (3) is proved. If not, let fei, • • • , fcr+. be the elements of the set 
{fi, • ' ■ ir, ji, ’ • • j.}, arranged in ascending order. We have 

(0 □ ij), = eu(^q)v{q)idxk,)q □ • • • □ 

where e is -j-I or —I according as the permutation 

Ai • • • irji • • • J. \ 

\]Cl • • • ]Cf]Cr-\-l * • • 
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is even or odd. Hence 


{d{d □ ii))p = *((dM)pt)(p) + u{p){dv)p) □ {dxk,)p D • • □ {dxk^jp 
= dBp □ r/p + u(p)dvp □ (dxi,)p □ • • • a {dxi)p □ {dxj^p 

O' • • • □ (dXy.)p 

= dtfp □ ijp + ( - l)’'0p □ drip 

since dvp □ {dx^p = —(dxi)p □ dvp. 

If s = 0, r > 0, we have ij, = v{q), where v is analytic at p, and 
we may assume that B is given by the same formula as above. We 
have 


{diB □ J 7 ))p = {dupv{p) + u(p)dvp) □ (dar,-,)p □ • • • {dxijp 
= dBp □ ijp + (-1)% □ drip. 

A similar argument proves formula (3) if r = 0. Therefore our for- 
mula is established in every case. 

In particular, if toi, <02 are Pfaffian forms which are analytic at p, 
we have 


4) (d(wi □ (02))p = (dwi)p □ (W2)p — (wi)p D (dw2)p 

It follows easily that if wi, • • • , w, are Pfaffian forms, all analytic 
at p, we have 


(5) (d(a/i o 0)2 □ • • • □ <o,))p 

= □ • • • n («><-l)p ° (dWi)p ° ("i+Op □ • • • □ {03r)p 


Let / be any function on V, analytic at p. If we assign to any point 
q at which / is analytic the element we obtain a Pfaffian form 

df, the differential of /. In the neighbourhood of p we may express/ 
as a function f*{xi, •••, x„) of the coordinates x. If q belongs to 
this neighbourhood we have 


Since the functions 


(df), = 

df* 

— are analytic at the point xi = Xi{q), • • 


t 


Xn = Xn{q), df is analytic at p. We have 


(d(d/))p — St} idxi)p □ (dxi)p. 

If we observe that 

Q2f* Q2p 

dXfdXi dXidXj 


(dxj)p D (dxt)p — (dxi)p o {dXf)p 



150 


THE DIFFERENTIAL CALCULUS OF CARTAN (Chap. V 


we find 

(6) d{df) = 0. 

By formula (5) we see that if /i, • • • , are functions analytic at p, 
then 

(7) d(d/i □ • ■ • □ d/,) = 0. 

We are now able to prove our differentiation operation is inde- 
pendent of the coordinate system. Let \x'y, • • • , a:' } be any other 
system of coordinates at p, and let us denote by the symbol d' the 
operation of differentiation defined in terms of this new system. This 
operation has the same formal properties as d. 

lie is a form of order r > 0, expressed by formula (1), we have, by 

( 2 ) 

(d'0)p = □ • • • □ dx,-,))p. 

By formula (3) we have 

(d D dx{, □ • • • □ dxt^))p 

” (d D (dx,, D dXt, □ * • * □ dXi^p 

+ «'<,<s...v(d' (dxi, o dxi, a • • • □ dx<,))p 

For any function/, we have d'/ = d/, by definition. Hence dx,-,n • • • 

□ dxi, = d'xj, □ • • • □ d'Xi,, and the second term in our last formula 
is zero, by (7). The first term is equal to (dMi,...i,)p(dxi,)p d • • • 

□ (dx,-,)p, which proves that (d'd)p = (d6)p. 

The differentiation property expressed by (6) may be extended to 
any differential form: if d is any analytic differential form, we have 

d{de) = 0 . 

Let Bq be expressed by formula (1) at any point q of some neighbour- 
hood of a point p where $ is analytic. Then 

(dO), = 2(du.„..0g □ (dXi.), □ • • • □ {dxOq, 

whence d{dd) = 0, by formulas (6) and (7). 

The Effect of a Mapping 

Now let W be another manifold and let 4* represent an analytic 
mapping of W into V. If gs*W and p = f>(g), d$, is a linear mapping 
of the tangent space W, to W at g into the tangent space 8p to V at p. 
Let Sp and 3), be the Grassmann algebras of U and W at the points 
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p and q respectively. We shall see that there corresponds to d#, a 
dual mapping 5$, of into 35,. 

A homogeneous element 6 of order r > 0 in (Sp is an alternate 
f-linear form e(Li, • • • , L,) on ?p. Let Mi, • • • , M, be any r 
elements of 2)?,; we set 

(1) 0i(Mi, • • • , M,) = «(d#,Mi, • • • , d$,Mr). 

It is clear that 6i is an r-linear alternate form on 2)?,; vve set 

= 5$,(d) = 01 

Wc obtain in this way, for every r > 0, a linear mapping of the 
set of homogeneous elements of order r in Sp into the set of homo- 
geneous elements of order r in 3),. If r = 0, a homogeneous element 
of order 0 in @p is a real number 0, and in this case we simply set 
= 0. If 0 is a non-homogeneous element in Sp, we represent 0 
in the form O'' + 0'* +••• -{- 0'*, where 0'‘ is homogeneous of order 
r,-, and we set 

Hence S<j>q is a linear mapping of (Sp into 35,. It is also a ring- 
homomorphism; i.e., we have 

(2) 5 ^,( 0 ' D 0 ’) = (5«>,0O □ (5^,0*) 

if 0', 0* are homogeneous elements of orders r, s in S,. In fact, we 
have 

{0' □ 0‘){Li, Lj, • • • , Lr+,) 

~ ^ (}. g) J ■ ■ ■ > ^0(r))^*(^0(r+l)> ■ ■ ' j I^SHr+t)) 

where the summation is extended over all permutations w of the set 
{1, • • • , r + s}, and where t(co) is +1 or —1 according as w is even 
or odd; (2) then follows immediately from the defining formula (1). 

Let us take a coordinate system {xi, • • • , *„} at p on D. Then 
(dxj)p (1 ^ i ^ w) is a homogeneous element of order 1 of ®p, and 
we have 

(dxi)p(d^*M,) = (d(x,- o $)),M„ 
for every M,«2K,. It follows immediately that 

(3) i^q{dxi)p = (d{xi o $)), 

We can now let q vary on the manifold W. Let 0 be an analytic 
differential form of order r on 1). Then the assignment q — > 
defines a differential form on W, which we may denote by Mf0. It 
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follows immediately from (3) and from the analytic character of the 
functions o ^ that d^d is analytic on W. If 

0p = Xui^...iXp)idxi,)p □ • • • □ (dx,v)p 
is the expression of dp we have (simplifying our notation by writing 

Xi O # = yt) 

□ • • • n (dy,v)9- 

Hence 

{diM>0))g = S((d(r^,-....,vO^)), ° (dyO, □ • • • □ (dj/O,. 

If we observe that 

(d(wij„.i, o ^ 

(dyi), = 5^a(dxi)*9 

we see that 

( 4 ) d{S^e) = S^dB). 

§IV. The Forms of Maurer-Cartan 

Let 9 be an analytic group. We denote by the left translation 
associated with an element <r£9 If 0 is an analytic differential form 
on 9) the same is true of 

Definition 1. The form 0 is said to be left-invariant if S^t0 = 0 
for all <xe9. 

If this is the case, we have 0, — which proves that 0 

is uniquely determined when 0, is known (e being the neutral element 

of 9). 

The left-invariant differential forms of order 0 are the constants. 
Definition 2. A left-invariant Pfaffian form is called a form of 
Maurer-Cartan. 

-Let w be a form of Maurer-Cartan and let X be a left-invariant 
infinitesimal transformation. The value of w at an element <r is a 
linear function on the tangent space to 9 at «r; therefore the symbol 
w,(X,) has a meaning. We assert that a;,(X,) does not depend on <t. 
In fact, we have = (w,) (d#,-.X,) = w.(X.). 

Conversely, let «« be any linear form on the tangent space at e; 
if we set w, = the assignment <r cc, is a Pfaffian form on 9, 

and we have = constant, for any left-invariant infinitesimal 

transformation X. We have 

= to,(X,) = from which it follows that w, = for any 

<ro€9: w is invariant. We shall prove that w is also analytic. Let us 
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take a system of coordinates [xi, • • • , x„} at an element (ToSg and a 
base {Xi, • • • , X„J for the Lie algebra of 9- If is sufficiently near 
to ffo, we may express w, in the form Si4,(<r)(dx,),, and we have 

(1) w(X,) = 0 = 1, • • , n). 

The left hand sides of these equations are constants. Since (Xi)„ 
• • • , (X„), are linearly independent, the determinant 



does not vanish, and the linear equations (1) may be solved for 
■ ■ ■ > -dn(v). Since the functions (XyXi), are analytic at <ro, 
the same is true of the functions Ai{(t ), — which proves the analyticity 
of < 0 . 

We see that, if n is the dimension of 9> there exist exactly n linearly 
independent forms of Maurer-Cartan, say wi, • • • , w„. It is clear 
that, if the a,-,...*, are any constants, Sai,....,vco,-, □ • • • □ tOi, is a 
left-invariant, differential form of order r, and that any left-invariant 
differential form of order r > 0 may be written in this form. 

Any left-invariant differential form 0 of order r > 0 may be con- 
sidered as an r-linear alternate form on the Lie algebra fl, of 9» by 
setting e{Yi, • • • , Tr) = ^«((Ti)., • • • , (T,)«). We may there- 
fore identify the left-invariant differential forms with the homogeneous 
elements of the Grassman algebra associated with g. 

If CO is a form of Maurer-Cartan, we have du = d6$,a> = dco, 
and dco is also left-invariant. We shall prove that 



where X and Y are any elements of g. 

Using the above notation, we have du — XdAi □ dxi, whence 

dco(X, F) = (i)2iidAiiX)dxiiY) - dAi{Y)dXi{X)) 

= (i)Si((XAi)(Fxc) - (FAc)(Xxc)). 

On the other hand, we have SAcFxc = constant, whence 

0 = X(SAcFxc) = S(XA.)(Fxi) -h XAc(XFx<), 

and similarly, 

. 0 = S(FA0(Xxi) + SA<(FXxi). 
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We may therefore write 

do>{X, Y) = - XYxi) 

= Y]xi), 

which proves (2). 

Let {Xi, • • • , Xr} be a base of the Lie algebra g. We can find a 
dual base {<oi, • • • , for the forms of Maurer-Cartan, i.e. a base 
such that w<(X,) = Sa (1 ^ i, j ^ n). We have 

[X,-, X,] = ^kCijkXk 

where the Cuk are the constants of structure. It follows from (2) 
that d«fc(X<, X,) = {^)ciik. Taking into account the equalities 
Cijk + Cjik = 0, it follows that 



Let [xi, • • • , a:„} be a system of coordinates on g at the neutral 
element e, and let T be a cubic neighbourhood of e with respect to this 
system. If aeV, we can write (w<), in the form 

(wt)# ■ ■ ■ > (f = 1, • • • , n), 

where the function ••*,*„) are defined and analytic in the 

domain defined by the inequalities \xi — Xi(e)l < a, a being the breadth 
of V. We set 

c«>i(x, dx) = XjAij{x)dxi. 

If ffoeV, the functions Xi(<roff) = yiia) are defined and analytic in a 
neighbourhood of «. The left-invariance of co, gives the relations 

‘ {dXj) c 

The functions yiiv) may be expressed as functions yi(xi{a), • • • , 
®»(v)) of the x-coordinates of a (these functions being defined and 
analytic provided the quantities |x,((r) — Xi(6)| are sufficiently small 
(1 ^ ^ n)), and the functions yi(xi, • • • , x„), • • • , y, (xi, • • , 

x„) satisfy the equations 

(4) dy) = &)<(x, dx)| , 

which are called the equations of Maurer-Cartan. 

The determinant -4tf(xi, • • • , Xn) does not vanish for jx, — Xi(€)| 
< o. Therefore the equations (4) yield expressions 
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( 5 ) 


, y„; ®i, • • • , *«) (1 ^ t, j ^ n), 

dyi 


for the partial derivatives — as functions of the w’s and x’s. 

dXj 

On the other hand, we have 


(6) Viixiie), • • • , x„if)) = Xii<ro) (f = 1, • • • , n). 

Therefore, when the expressions w,(x, dx) of the forms of Maurer- 
Cartan are known, the problem of determining the functions x,(<rov) 
is reduced to the integration of the equations (5) with the initial 
conditions (6). The problem depends itself on the integration of 
systems of ordinary differential equations. 


§V. Explicit Construction of the Forms of Maurer-Cartan 
IN Canonical Coordinates 

Let 8 be an analytic group, fl its Lie algebra and {Xi, • • • , X„) 
a base of fl. There corresponds to this base a canonical coordinate 
system^ {xi, • • • , x„} at the neutral element e of 8- Let {&.!, • • • , 
«„} be the base of the forms of Maurer-Cartan defined by w,(X,) = Si,-. 
We want to determine the expressions 

w,(x, dx) = S,'LiA„(xi, • • • , x„)dxi 

of the forms w, in terms of the coordinates x. 

Let us observe fii'st that the mapping (xi, • • • , x„) — > exp 2x,Xi 
is an analytic mapping of the whole of R” into 8- We may denote 
this mapping by the notation “exp.” The forms XA,,{x)dxj are the 
forms (5 exp)w,. It. follows that the functions A„(xi, • • • , x„) are 
defined and analytic over the whole of R". 

To every element Xsg there corresponds an analytic homo- 
morphism 0x of the additive group R of real numbers into 8. ^i-ud 
50 xw, is an analytic Pfaffian form on R. We denote by t the coordinate 
on R, and by L the left-invariant infinitesimal transformation of R 
defined by L(<) = 1. Then dOxiLt) = Xe,(t), whence (50xWi)L 
= to,(X) = o, if X = Sa,Xi. It follows that 

60xW< ” Ctidt 

Let 0x be the mapping, t (ad, * • • , a„t) of R into R’*. We have 
0x(<) = exp 0x(O> whence 

50*(w,(x, dx)) = a,dt, 

‘ Cf. Chapter lV, §VIII, p. 115. 
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which gives the formula 

• • • , aj)ajdt = adt 
or 

(1) SjAty(Xiij ' ' ' f ~ ~ 1> ’ " ’ > 

We now introduce the mapping, (<, «I, • • • , x'„) — > {tx[, • • • , tx'„) 
of into f2". Under this mapping, there corresponds to o),{x, dx) 
an analytic Pfaffian form co'iix', t, dx', dt) on whose expression is 

co<(x', t, dx', dt) = 'S,Aij(x'it, • • • , x'j)(x'jdt + tdx^) 

= t'ZjAi,{x't, • * * , x't)dx'j + x'idt, 

(making use of formulas (1)). 

Since dwt = (i) o «/, we also have dw* = (^) S,-./Cy*<iUf □ coj. 

In order to abbreviate, we set A„{x'it, • * • , x'j) = Ai,(x't)‘, then we 
have 

d<j)'k = XiAki(.x't)dt □ dx'i + Sj< {x'Vjdt □ dx'i + dx* a dt + ‘ ‘ ‘ 

dt 

^ {i(^CC Xjdx^ n dt "4“ ^i3i^(^ijkA.ji(x i^x^dt D dxi 

+ • • • 

where the terms which are not written do not contain dt. Therefore 
the identification of the terms which contain dt gives 

Akiix't) + t ^ ^ = - 'Zi,Ciik(,Aji{x't)Xi — Aii(x't)Xj) + Ski 

Ot it 


or, since Cijk == -c,,*, 

- {tAkiix't)) = hki + '2i,c„kxSAiiix'0) 
at 


Let us consider xj, • • • , xj, as fixed quantities. We denote the 
matrix (tAuix't)) by Cl(<), and we denote the matrix whose coefficient 
in the A;-th row and j-th column is S,Ci,iXj by 9C'. Then we have 


dCt 

dt 


= E + 9C'a 


where E is the unit matrix. Moreover, we have Cl(0) = 0. 

By the same argument which was used to prove the convergence 
of the series which represents the exponential of a matrix (cf. Chapter I, 
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§11, p. 6), we see that the series 

t” 

ml 

converges uniformly for t in any bounded interval. If d'ijt) is its sum, 

da'io 

we have, Cl'(O) = 0> — i — = E 0C'Ct'; therefore a'(<) = G(<). 

at 

Putting t = 1, we obtain the following result: 

Proposition 1. Let g be an analytic group, and let [X\, ■ • • , X„j 
be a base for its Lie algebra. Let {xt, • • • , x„\ be the corresponding 
canonical system of coordinates, and let wi, co 2 , • • • , w„ be the forms of 
Maurer-Cartan defined by the formulas u,(X,j = 5,;. // ufx, dx) 

— Xf^iAtjdXj is the expression of to,- in terms of the coordinates x the 
matrix d — (A,-,) is given by the formula 

a = Sf gC”*-! 
ml 

where 0C is the matrix whose {k, j)-coefficient is 

Remark 1. The series which gives the matrix Ct converges for all 
real or complex values of the numbers x,-, c,,* and the convergence is 
uniform for |x,|, restricted to any bounded region. 

It follows in particular that the functions Aifxi, • • • , x„) can 
be extended to integral monogenic functions of the complex variables 

Xif * * * > Xfi* 

Remark 2. If we set X = 2x,X,-, we have 

[Xy, X] “ SiCytJfcXtX* — ^iCtjkXxX ic. 

The mapping, T ^ IF, X] is a linear mapping of g into itself. Making 
use of the base {Xi, • • • , X„}, we may represent this mapping by a 
matrix, and we see that this matrix is — ‘9C where *9C is the transpose of 
0C. 

Example. Let us consider the Lie algebra of order 3 with the law 
of composition defined by 

(1) [Xi X 2 ] = 0, [X 3 , X 2 I = Xi, [X 3 , Xi] = 0. 


Here the matrix 9C is 


9C = 


0 X3 — X2 
0 0 0 
.0 0 0 , 
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whence 0C* = 0, and 

/I (i)®s -ii)X2\ 

a = (o i 0 I 

\o 0 1 / 

We have <oi = dxi + (h)x3dx2 — (^)x2dx3, m = dxi, m = dx^. The 
equations of Maurer-Cartan are 

dxi + (i)a:j(ix2 — {^)xdx3 = dyi + (i)2/2dj/3 — (,i)y^y2, 

dx2 ““ dy2 
dxz = dyz, 

and the law of composition in the group is therefore 

Xi{<rr) = Xi(t) + (i)(x2(<r)x3(r) — X3(<r)x2(r)), 

Xzia-r) = X2(<r) + X2(t), 

X3(ffT) = Xsiff) + X3(t). 

It is easy to verify directly that these formulas define a group whose 
manifold is i2*. This proves the existence of an analytic group whose 
Lie algebra is the algebra defined by formulas (1). 

§VI. ORIENTED MANIFOLDS 

Let 8 be a vector space of dimension n over the field R of real 
numbers. We know that the space of alternate n-linear functions 
on 8 is of dimension 1 over R. If B and B' are two elements of this 
space, with B 9^ 0, B' 0, we have B' = aB, a being a real number 
7^ 0. It follows that the elements B 9^ 0 in fall into two classes, 
defined in the following ways: B, and B' = aB, belong to the same 
class if o > 0, to opposite classes if o < 0. 

The’complex notion formed by giving 8 and one of these two classes 
is called an oriented vector space. The n-linear functions of the class 
which has been selected will be called the positive n-linear functions 
on the oriented vector space. 

Let (Li, • • • , L„) be an element of the product 8” = 8 X 8 X • • • 
X 8 (i.e., a mapping of the set {1, • • • , n} into 8). If the set 
{Li, • • • , Ln\ is a base of 8 we shall say that the finite sequence 
(Li, • • • , L„) is an ordered base; every base is thus represented in n! 
different ways as the set of elements of an ordered base. 

If B is an element 0 in and if (Li, • • • , L„) is an ordered 

base, we have B{L\, • • • , L„) 9^ 0. The latter number may be 

positive or negative; but, if B' — aB (o > 0) is an element of 

belonging to the same class as B, B'{Li, • • • , !/») will have the same 

sign as JS(Li, • • • , I/„). 
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By an oriented vector space 8 we mean a pair 8 = (8, ) formed by 

a vector space 8 over the field of real numbers and by one of the classes, 
of non vanishing n-linear forms on 8 (where n = dim 8). The space 
8 is called the underlying vector space of 8. The Ai-linear functions 
belonging to are called the positive n-linear functions on 8. An 
ordered base (Li, • * • , L„) of 8 is called an ordered base of 8 if and 
only if we have B(Li, * • • , Ln) > 0 for every 

A given vector space 8 over the field of real numbers is the under- 
lying vector space of exactly two oriented vector spaces 8i and 82. 
We shall say that Si and 82 are oppositely oriented. If (Li, • • • , Ln) 
is an oriented base of 81, the same is true of every oriented base of 8 
which is deduced from (Li, * * , Ln) by an even permutation of the 

basic elements; if, on the contrary, we perform an odd permutation on 
Li, • • • , Ln, then we obtain an oriented base of 82. 

Now, let *0 be a manifold of dimension n. If p is a point of U we 
shall denote by 8p the tangent space to D at p. Suppose that we have 
given a law which assigns to every point pSV one, say 8p, of the two 
oriented vector spaces which admit 8p as their underlying vector 
space. Assume furthermore that the following condition is satisfied: 
ip being any continuous differential form of order n on 13, if ^p is a 
positive n-linear function on 8p, then ipp is also positive on 8^ for all 
points q of some neighbourhood of p. Then we shall say that the pair 
formed by the manifold 13 and by the law p — > 8p is an oriented mani- 
fold of dimension n. The manifold 13 is called the underlying manifold 
of the oriented manifold. The oriented vector space 8p is called the 
oriented tangent space to the oriented manifold at the point p. 

Let 1) be an oriented manifold, and let 13 be the underlying mani- 
fold of *0. By an ordered system of coordinates at a point p of 13 
we understand a finite sequence (a:i, • • • , Xn) of functions such that 
the set [xij • • , Xn} is a system of coordinates at p. If the n-linear 

form dxi u • • • u dx„ is positive on the oriented tangent space to 
13 at p, then we say that (xi, • • • , Xn) is an ordered system of coordi- 
nates at p on *0. , If this is the case, (ri, • • • , ^n) is also an ordered 
system of coordinates on 13 at every point of some neighbourhood of p. 

Not every manifold is the underlying manifold of an oriented mani- 
fold; for instance, it can be shown that the projective plane is not. A 
manifold which is the underlying manifold of some orientable manifold 
is said to be orientable. To orient the manifold is to make choice of 
one of the oriented manifolds of which it is the underlying manifold. 

Let 13 be an oriented manifold, and denote by §p the oriented 
tangent space to *0 at a point pel3. Let also 8p be the oriented vector 
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space oppositely oriented to 8p; then it is clear that the pair formed by 
the underlying manifold U of U and by the law p is again an 
oriented manifold ‘0*; we shall say that V and ‘0* are oppositely 
oriented. The oriented manifolds tS and U* are the only ones which 
admit V as underlying manifold. In fact, let W be any oriented 
manifold which admits U as its underlying manifold. Denote by E 
the set of points q&V such that is the oriented tangent space to W 
at q. • If qtE, let (a;i, • • , *«) be an ordered system of coordinates on 

*0 at q; then (zi, • • • , x«) is also an ordered system of coordinates on 
both “0 and W at every point of some neighbourhood of q, from which 
it follows immediately that E is open. Similarly, let E* be the set of 
points ret) such that the oriented tangent space to "W at r is 8*; then 
the same argument shows that E* is open. Since U is the union of E 
and E* and E ^ E* = <t>, it follows from the connectedness of U 
that one of the sets E, E* coincides with V, which proves our assertion. 

The underlying manifold of an analytic group 9 is always orientable. 
In fact, let toi, • • • , w„ be n linearly independent forms of Maurer- 
Cartan on Q (where n — dim g). Then wi □ • • • □ w, is a differen- 
tial form of order ?i on g which is continuous and everywhere ^ 0. 
Hence we may orient g by the requirement that this form shall be 
everywhere positive. 

Let 8 and be two oriented vector spaces, of dimensions m and n 
respectively and let 8 and 9K be the underlying vector spaces of 8 and 
Sij respectively. Let B he a, positive m-linear form on 8 and let C 
be a positive n-linear form on 9Ji. Then BC is an (m -f n.)-linear 
form on 8 X SW and is 0; we may orient 8 X 50? by requiring that 
BC shall be positive. It is easy to see that the orientation obtained 
in this Avay depends only upon 8 and 50?, not on the choices of B and C. 
The oriented space obtained in this manner is called the product 
of the oriented vector^spaces 8 and 501; it is denoted by 8 X 50?. 

Now, let U and W be two oriented manifolds; we denote by 8p 
the oriented tangent space to U at a point pS'O and by 50?, the oriented 
tangent space to "W at a point qZ'W. Let U and W be the underlying 
manifolds of U and “W; we know that the tangent space at (p, q) to 
U X W may be identified with the product of the tangent spaces to 
U at p and to “W at q. It is easy to see that the manifold U X “W, 
together with the law (p, g) ^ 8p X 50?,, gives rise to an oriented 
manifold. We shall denote this oriented manifold by *0 X W, and 
we shall call it the product of the oriented manifolds *0 and "W. Denote 
by «i and W 2 the projections of U X W onto U and W respectively. 
Let (xi, • • • , Xm) be an ordered system of coordinates at p on *0 
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and let (j/i, • • • , j/b) be an ordered system of coordinates at 5 on W ; 
then it is easy to see that (a:i o wj, • • • , Xm o «i, ’ • , 

o is an ordered system of coordinates at (p, 9 ) on *0 X W. 

§VII. INTEGRATION OF DIFFERENTIAL FORMS 

Let D be an oriented manifold of dimension n, and let ip" be a 
differential form of order n on ‘ 0 . We wish to show how p” may be 
used as an element of integral on D. 

We shall say that a subset F of T) is a cubic set if it is a cubic neigh- 
bourhood of some point p with respect to a coordinate system at p. 
We shall say that a real valued function /, defined on D, has the 
property P if / is continuous and if there exists a relatively compact 
cubic set V outside of which / equals 0. 

Let / be stich a function. We can find a point po, an ordered 
coordinate system (xi, • • • , x„) at poon “U, and a cubic neighbourhood 
V of Po with respect to this system such that / is zero outside V. 
Let a be the breadth of V, and let Q be the cube in 11” defined by the 
inequalities jxi — x,(po)l < a. If psF, we may write 

/(p) = • • • , ar„(p)) 

= P(xi(p), • • • , x„(p))(dxi)p □ • • • □ (dx„)p, 

where /*(xi, • • , x„), F(xi, • • • , Xb) are continuous functions on Q. 

Moreover, the function f*F is bounded on Q and approaches 0 when 
(xi, • • • , x„) approaches the boundary of Q. Hence the integral 

( 1 ) I = /<j/*(xi, • ' • , x,^F{xi, • • ‘ , x„)dxi • • • dXn 

is defined. We shall prove that the value of this integral does not 
depend on the choice of po, Xi, • • • , x„, V. Let pj be another 
point of V, (x'l, • • • , x') an ordered coordinate system at pj on D, 
and V a cubic neighbourhood of pj with respect to this system, such 
that /is also zero outside V'. We denote by Q' the cube of R” defined 
by the inequalities lx< — xj(pj)l < o', where o' is the breadth of F', 
and we must prove the equality, 

(2) /<(/*(xi, • • • , x„)P(xi, • • • , x„)d!xi ’ • • dx„ 

= , x;)F(x;, • • • , x'„)dx[ ■ ■ dxi 

where /*' and F' are defined by the formulas 

/*'(xl(p) • • • , x'(p)) = /(p) 

• • • , x’Jj))){dx[)p □ • • • □ (dx')p = 

(for psF'). The function / is zero outside V ^ V'. Let U, U' be 
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the images of V F' under the mappings, p — > (xi(p), • • • , Xnip)), 
and p— » ix[ip), • • • , Xnip)); U and U' are open subsets of Q, Q' 
respectively, and the integrals which occur in the formula to be 
proved do not change if we restrict the domains of integration to V, 
U' instead of Q, Q\ 

If psF F', the ^'-coordinates, x[ip), • • • , x'^ip) of p may be 
expressed as functions, fifi(xi(p), • • • , x»(p)), • • • , ffn(xi(p), • • • , 
a:n(p)), of the x-coordinates of p; the functions • • • ,Xn), • • • , 

ffn(xi, • • • , x„) are defined and analytic on U, and the mapping, 
(xi, • • • , x„) ^ (giixi, • • • , x„), • • • , fif„(xi, • • • , x„)) maps U 
topologically into U'. We set 


whence 


D(xi, • • • , x„) = 


Djgi, • • • , gn) 

Dixi, • • • , x„) 


idx\)p □=•••□ (dx'Jp 

Z)(Xi(p), * * * , ^n(p))(dXi)p □ • • • □ (dXfl)p. 

Since (xi, • • • , x„) and ix\, • * * , xj,) are ordered coordinate systems 
on the oriented manifold *0, we have 

D(xi, • • • , x„) > 0 if (xi, • • • , x„)st7. 

Moreover, we have 

F(xi, • • • , x„) = F\giix), • • • , fir„(x))I>(xi, • • , x„), 

and 

/*(xi, • • • , x„) = /*'(firi(x), • • • , Sfn(a;)). 

Therefore formula (2) follows at once from the classical formula for 
changing coordinates in multiple integrals. 

It follows that the number 1 defined in formula (1) depends only 
on / and tp^. We shall set 

= I, 

and this formula defines the integration of functions / which have 
property P. 

The following properties are obvious from our definition: 

(1) If the continuous functions /i and /2 are zero outside the same 
cubic set F, we have 

+ 02 / 2 )^?” = ai/u/iv’’’ + a2/u/2^’‘ 

(where ai and 02 are any real numbers). 
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(2) If / has property P, and g is any continuous function, then the 
function gj has property P. 

Now we shall extend the definition of our integration process to a 
larger class of functions. A continuous function / is said to be zero at 
infinity if it can be represented as a finite sum of functions having 
property P. We assert that if / = /i + • • • + /* and/ = /( + • • ‘ 
+ /i* are two representations of this kind, we have 

(3) /■u/iv’" + ivh'P'^ + * • * J-o/n^" = ‘ • 

+ /■c/vv>” 

We shall need the following lemma: 

Lemma 1.' Let E be a relatively compact subset of V. There exists 
a continuous function y, which is zero at infinity and equal to 1 on E. 

Let E be the adherence of ^ in t); then E \s & compact set. We 
select at every point pzE a coordinate system {xi,p, - • • , Xn,p] and 
a cubic neighbourhood Vp of p with respect to this system. We define 
the function pp by the formulas 

Mp(9) = 1 - maXi {a7*|xi.p(9) - x,.p(p)l) if gsFp, 

Mp(9) = 0 if 5 does not belong to Vp, 

where Op denotes the breadth of Vp. Each function pp is continuous. 
Since E is compact, it can be covered by a finite number of the sets Vp, 
say Vp„ • * • , Fpj. The function '^\pp, is 5^ 0 everywhere on E; 
therefore it has a minimum, m > 0, on E. We set s(q) = max 
{ m, S,mp, } ; the function s(q) is continuous, everywhere ^ m, and 

equal to 21, /ip, on E. The function p = Sj — ‘ obviously has the 

s 

required properties. 

Now we can prove formula (3). Let E be the set of points at 
which one at least of the functions /i, • • • , fh, f'l, • • ' , /i- is 5^ 0; 
obviously E is relatively compact, and therefore we may apply our 
lemma to E. Let g = Sfgri be a continuous function which equals 1 
on E, each function gf,- having property P. We have/gr,- = figt + * • • 
+ fhUt = f'igi + ■ • ■ + f'hgi) for fixed i the functions fxgi, • • • , /„gr< 
are all equal to zero outside the same relatively compact cubic set. 
Hence we have 

(4) 

On the other hand, the functions /afifi, * • * , faQki for a fixed, are 
also all zero outside the same cubic set, and their sum is faQ =/ a. 
1 This lemma is due to Dieudonn4. 
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whence 

and we have a similar formula for the functions Therefore we 
obtain formula (3) by adding the k formulas (4). 

We may now define the integral of a function / which is zero 
at infinity as the common value of all expressions for all 

representations of / as a finite sum of functions with property P. 

If fi, fi a,re functions which are zero at infinity, the functions Ui/i 
+ O 2/2 is also zero at infinity, and we have 

(5) + 02 / 2 )^" = ni/v/iV>" + 

If the differential form v*” is everywhere positive on the oriented 
manifold 1), we may assert that the integral (with respect to v?”) of a 
non negative continuous function /, null at infinity, is non negative, 
and is even positive unless / is identically equal to 0. In fact, it is 
clearly sufficient to prove these assertions for a function / which has 
the property P; in this case, our assertions follow immediately from the 
definition if we observe that the function denoted by F in (1) is positive. 

Let igp) be a sequence of continuous functions on U which con- 
verges uniformly to a function </; then we have, for any continuous / 
null at infinity, 

limp_,«, ivgpfv" = ivgf'P” 

This is proved by decomposing / into a sum of functions having the 
property P and observing that our formula follows immediately from 
the definition if / has the property P. 

Remark. A continuous function is zero at infinity if and only if 
it is zero outside some compact subset of V. 

The “only if” Ls trivial. Conversely, if / is zero outside the com- 
pact set E, there exists (by the lemma) a function g = S{gr„ which is 
equal to 1 on E, the functions gr, having property P. We have / = 
^ifgi, which shows that / is zero at infinity. 

In particular, every continuous function on a compact manifold is 
zero at infinity. 

Effect of an analytic isomorphism 

Let U, “W be oriented manifolds, and let be an analytic iso- 
morphism of the underlying manifold of V with the underlying 
manifold of W. Let n be the common dimension of U, W. If 
is a differential form of order n on W, is a differential form 

of order n on U; if p is a point of V such that (^’*)*p 0, we have 
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(5$(^“))p 0. But, if (^")*p is positive on W, (6 #(^"))p may be 

either positive or negative on T). If for any point p and for any 
such that (^’‘)*p 7^ 0, the form (3 $(^“))p has the same sign as (^”)#p, 
we shall say that preserves the orientation. 

An equivalent formulation of this condition is the following: if 
the functions (pi, • • • , Pn) form an ordered coordinate system at 
4>(p) on W, the functions {^i 0 4>, • • • , i/„ o 4>) form an ordered 
coordinate system at p on D. 

Let $ be an orientation preserving analytic isomorphism of D 
with W, a continuous differential form of order n on W, and / a 

continuous function, zero at infinity on t). Since •I* is a homeomorph- 

-1 

ism, it follows immediately from the remark made above that / o $ 
is zero at infinity on W. We assert that we have the formula 

(6) = /wao 

It is obviously sufficient to prove this formula in the case where / 
is zero outside some relatively compact <!ubic set, F, of D. In this 
case we can find a point poSF and an ordered coordinate system, 
(a:i, • • • , a:») at pn on V such that F is a cubic neighbourhood of po, 
say of breadth a. 

-1 

Since ^ preserves orientation, the functions pi = xi o $ , • • • , 
-1 

yn = o ^ form an ordered coordinate system at ^(po) on VP. 
Moreover, the set ^(F) is the cubic neighbourhood of breadth a of 
<^(po) with respect to this system. 

We can express in 4>(F) by the formula 

= F{yi{q), ■ • • , y»(q)){dyi)g □ • • • □ (%„),. 

On the other hand, we have, for psF, /(p) = • • • , x„(p)). 

We have 

(5#(vJ^"))p = F(xi(p), • • • , x„(p))(dxi)p □ • • • □ (dx„)p 
(Jo # )« = f*(yi(q), • • • , p»(g)). 

It follows immediately that the ordinary multiple integrals which 
give (by definition) the values of the two sides of (6) are really the 
same integral, which proves formula (6). 

Integration on the product of two manifolds 

Now let V and V? be oriented manifolds of dimensions m and n 
respectively. We suppose that there are given an m-linear differential 
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form tp”* on V and an n-linear differential form il/" on V?. We form the 
product U X W, and denote by wi, «2 the projections of *0 X W onto 

U, W respectively. Then dcoi(vJ’”) and 5w2(^’*) are differential forms 

on U X W; hence 5wi(v>”*) □ 6ai2(^”) is a differential form of order 
m + ft on *0 X W. We shall denote it simply by If and yf/” 

are continuous, so is 

Let / = f(p, q) be a continuous function which is zero at infinity 
on D X W. Then, for each fixed q, the function fq{p) = f{p, q), 
considered as a function on V, is zero at infinity. In fact, if C is a 
compact subset of U X W such that / = 0 outside C, toi(C) is com- 
pact, and, for every gsW, /, is zero outside wi(C). We shall prove 
moreover that 

(7) /ux-w/s’™^’* = 

(we observe that jvfiV”' = 0 if g does not belong to u^iC)). 

The sets T X W, where V, W are relatively compact cubic sub- 
sets of D, W are open in *0 X W. The argument used in the proof 
of the earlier lemma shows immediately that there is a continuous 
function, g, equal to 1 on C, which may be expressed as a finite sum 
'Elgi, where each g,- is zero outside one of the sets V X W. We have 
f = fg = ^ifgi, and therefore it is sufficient to prove (7) under the 
additional assumption that / is zero outside some set of the form 
V X W, where V, W are relatively compact cubic subsets of U, W. 

By assumption, we can find points poST, goSW and ordered coordi- 
nate systems (xi, • • • , x„), (yi, • • • , y„) at po, go on t), W such that 

V, W are cubic neighbourhoods of po, go with respect to these systems. 
If peF, gSW, we have /(p, g) = /*(xi(p), • • • , x^(p) ; i/i(g), • • • , 

Vniq)), <Pp = F(xi(p), • • • , x„(p))(dxi)p □ • • • □ (dx„)p and 
= G'(?/i(g)i ' • ' , yn(,q))(dyi)q □ • • • □ (dy„),. If we set x\ = Xi 
o wi, j/J = 2/,- o fa)2, we have 

(¥>”V'")(p.«) = F(xi(p), • • • , x„(p))G(yi(q), • • • , J/„(g))(dx'i)(p,,) 

n • • • □ (dx'Jip,,) □ {dy[)ip,q) o • • • d (dy'Jip.^y 

Hence 

~ /o'XQ"/(®i> ’ " * > Vu ’ ' ’ > yn)f^(3Jl, ’ ' ' ( ‘ > Vn) 

dxi - • ’ dxmdyi ■ • • dy^ 

where Q' is the subset of R”* defined by the inequalities |x,- — Xi(po)| 

< a', and Q" the subset of R” defined by the inequalities jj/,- — j/,(go)i 

< a", a' and o" being the breadths of V, W. 
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Therefore we have 

= • • • ,^m, 2 / 1 , • • • ,yn)F{xi, • • • jXm)dXidX2 • • • dXm) 

(^{Vh ‘ ‘ , yn)dyidy 2 ' ^ ' dyn 

and this is exactly the assertion of formula (7). 

§VIII. Invariant Integration on a Group 

Let ® be a Lie group, and let ®o be the component of the neutral 
element e in ®. Then ®o is the underlying topological group of an 
analytic group 9o- We have already observed that the underlying 
manifold 9o of an analytic group is always orientable. If wi, W 2 , * * • , 
Wn are n linearly independent forms of Maurer-Cartan, (n being the 
dimension of 9o), coi □ co2 □ • * • □ is a continuous differential 

form of order r on 9o which is everywhere 9 ^ 0. We may orient 
9o in such a way that is positive everywhere. This being done, 
we have an integration process on 9o for the continuous functions 
which are zero at infinity. 

Let (To be any element of 9o, and let be the corresponding left 
translation. Since ^<ro is an orientation preserving 

analytic isomorphism of 9o with itself. Therefore we have, by 
formula (6), §VII, p. 161 

which we may as well write in the form 

/g./v’” = /g.(/o^..)^” 

In this formula /represents any function which is zero at infinity on ®o. 

It is easy to extend the definition of integration to functions which 
are zero at infinity on ® instead of @0 (i.e. continuous functions, 
zero outside some compact subset of @). Let / be such a function. 
In every connected component ©« of @ we select a point <Ta\ for each 
a we define a function /« on ®o by the formula 

fair) = /(o-ax) Te®0 

Each function /« is zero at infinity on ®o. Moreover, only a finite 
number of these functions can be 0. In fact, let C be a compact 
subset of ® outside of which / is zero. Since @ is a Lie group, @0 is 
open m ® and the topological group ®/@o is discrete. The image of 
C under the natural projection of ® onto ®/®o, being a compact 
subset of a discrete set, is a finite set, which shows that C meets at 
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most a finite number of components of say 

If a ai, a 2 , • • • , a*, the function fa is identically zero. The sum 

2a/go/oV” 

therefore has a meaning. We assert that its value is independent 
of the choice of the elements <r<,. Let a'a be some other element of 
and let /„ be the function defined by /^(t) = /(v'r), (tS^o). We have 
fai'’’) = Sa{oa^<r'aT)- Wc sct ffaV' = this is an element of @o, and 
we have 

"= /go/a O = /go/a^" 

which proves our assertion. 

We can therefore define the integral of / over ® by the formula 
/®/v»” = 

This integration obviously has the properties expressed by formulas 
(5) and (6) of §VII, p. 161. Moreover, if a is any element of ®, we 
have 

/®/< P ” = /@(/0 4 >< r )¥>" 

where is the left translation associated with v. In fact, if we set 
fir = / O we have fii(r) = /(<7r), p„(r) = /((T„<rT). If is the coset 
of <Ta(T modulo ®o, we have /(vao-r) = //3((rjVa(7r) and whence 

/gofl'aV’" = /©oZ/JV?"- Since = @<, 0 -, ®,3 runs through the set of all 
components when ©„ does so, which proves our formula. 

Finally, we observe that we have oriented go in such a way that 
<p” represents an everywhere positive differential form. It follows 
that if the function /is everywhere ^ 0, we also have ^ 0. It 

is sufficient to prove this for a function / which vanishes outside some 
relatively compact cubic subset, V, of @o. We can find a point poSF 
and an ordered coordinate system (xi, • • • , x„) at po on ®o such 
that F is a cubic neighbourhood of po with respect to this system. If 
we have, for psF, 

(<P")p = FiXliv), • • • , Xa{v)){dXi)p □ • • • □ (dXn)p, 

the positiveness of tp” implies that F(xi, • • • , *„) is a positive func- 
tion. Hence the formula which defines J®,/^’* in this case shows 
immediately that the integral is ^ 0 if / is ^0. Moreover, if / is 
everywhere ^ 0 and somewhere 0 we have 

/@/^" > 0 . 
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A convention of notation 

When some left-invariant differential form of order n has 
been selected, and is thereafter kept fixed, the integral is often 

denoted by /@/(T)dT, where the symbol t of the variable of integration 
may be changed, as usual, provided there is no conflict with the rest 
of the notation. 

With this notation the invariant character of the integration is 
expressed by the formula 

= /@/(vT)dT 

where a is any element of 

Effect of the right-translations 

Let ffo be a fixed element in ®. We consider first the mapping 
T — > a-oTffo' = 0»„(t) of ® into itself. This mapping induces an 
analytical Isomorphism of the analytic group go with itself. There- 
fore 50,„(v?") is again a left-invariant differential form of order n. As 
such, it can be written in the form c(<ro)^", where c{(Xo) is a constant 
depending on ao. Therefore, if / is any function which is zero at 
infinity on ®, we have 

-1 

/@(/0 0„)v?" = c(<7o)/@/<p” 
or 

(1) f&f(<ro^r<ro)dT = cCo-o)/®/^" 

Since 0<r„,, = 0(r, o 0,„ we have c(<ro<ri) = c(<ro)c((ri). On the other 
hand, it is quite easy to see that the function c(<7o) of <to is analytic 
at the neutral element, and in particular is continuous. Since the 
mapping <ro — » cCvo) is a homomorphism of ® into the multiplicative 
group of real numbers, it is everywhere continuous. 

Formula (1), combined with the left-invariance of our integration 
process, gives 

(2) /@/(r<ro)dr = c{cro)i®f{r)dT. 

The case of a compact group 

If ® is compact, the constant 1 can be integrated over ® with re- 
spect to any left-invariant differential form of order n, and c = /@1 • 
is a positive constant. Replacing <p” by cV”, we see that it is always 
possible to normalize our integration process in such a way that 

/@1 • do- = 1. 
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We shall always assume that this has been done when we deal with 
integration on a compact group. 

If we apply (2) with / = 1, we find c(<to) = 1: the left-invariant 
integration on a compact group is also right-invariant. 

Let </>* be the right-translation corresponding to an element pS®. 
Since <t>* commutes with any left-translation, 50*^’" is again a left- 
invariant form; the integration process defined by being right- 
invariant, we must have 50* v" = itself is right-invariant. 

Now let J be the mapping <t — ^ <r“‘ of ® into itself; 8J<p’' is a right- 
invariant differential form of order n, whence 5/^” = ktp”, with k 
constant. Since /@1 • SJ<p” = /@1 • = 1 we have k = I, SJ(p" = 
(p”, which gives the formula 



CHAPTER VI 


Compact Lie Groups and Their 
Rep resentations 

Summary. The chapter begins with an exposition of the simplest features 
of the general theory of representations. In order to be able later to apply 
notions and results in the theory of representations of Lie algebras, we intro- 
duce the general idea of an ^^>S>-module,'’ where S is any set whatsoever. We 
interrupt the exposition in §II in order to prove as soon as possible the essential 
fact that every representation of a compact Lie group is semi-simple. 

In §§VII, VIII, IX, we develop the ideas which center around van Kampen^s 
and Tannaka’s theorems. The main emphasis is placed on the construction 
of the complex Lie group which corresponds to a given compact Lie group. 
It follows from Tannaka’s theorem that a compact Lie group ® may be 
defined as the group of the ^^representations'’ of the set of representations 
of ®; we obtain the corresponding complex Lie group by dropping one of the 
conditions which were included by Tannaka in the notion of representation 
of yt” viz. the one which refers to imaginary conjugate representations. 
Our method shows in a natural way the fact that the associated complex 
group is topologically equivalent to the product of ® and a cartesian space ; 
this is a particular case of a theorem of Cartan. 

In §XI, we give the proof of the famous Peter-Weyl theorem. In §§XII, 
XIII we are concerned with some simple applications of the Peter-Weyl 
theorem. 


§1. GENERAL Notions 

Let S be an arbitrary set of elements. By an S~module on a field K 
we mean a pair (^, P) formed by a vector space ^ of finite dimension 
over K and a mapping P which assigns to every element atS a linear 
endomorphism P(o') of It follows that an S-module is an additive 
group with two domains of operators, one being the field K and the 
other one being the set ^S. 

Two >Si-modules (^, P) and P') are said to be isomorphic if there 
exists a linear isomorphism / of ‘p with such that I o P((j') = P'W 
o I for every gZS. . 

In particular, we shall have to consider the case where S is the 
set of elements of a group G. We denote by c the neutral element of 
G. An S-module (^, P) is called a representation space of G if the 
following conditions are satisfied: 1) PCo-r) = P(o-) o P(r) for any 
elements o-, r of (?; 2) P(€) is the identity mapping of It follows 
immediately that P(cr~^) is then the reciprocal mapping of P(<r). If 
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(^, P) is a representation space of the group G, the mapping P is 
called a representation of G. The dimension of ^ is called the degree 
of P. 

Remark. The correct notation for an S-module or a representation 
space is the notation (^, P). However, we shall often use the symbol 
^ alone to indicate the S-module (or representation space); this 
notation should be considered as an abbreviation of the complete 
notation, and should be avoided when there is danger of confusion. 

Let Cip, P) be a representation space of a group G. If we select a 
base {ci, • • • , ej} in we may represent each linear endomorphism 
P(<7) (for o-eCr) by a matrix P(<r) = (a:<,), of degree d, whose coefficients 
are given by the formulas 


P((r)ei 2,-_iX,ie,- 

We have P(<rT) = P(<r)P(T), P(€) = E (the unit matrix). 

Conversely, any mapping P of G into the set of matrices of degree 
d with coefficients in K is called a representation (of degree d) of G 
provided the conditions P(a'r) = P(<r)P(T), P(€) = E are satisfied. If 
we wish to distinguish between representations by linear endo- 
morphisms and representations by matrices, we shall speak of 
abstract representations in the first case, of matricial representations 
in the second case. If the matricial representation P is derived from 
the abstract representation P by selecting a base in the representation 
space of P, we shall say that P is a matricial form of P and that P is an 
abstract form of P. Clearly, any matricial representation has at least 
one abstract form and every abstract representation of degree > 0 
has at least one matricial form. 

Two abstract representations Pi, P2 of a group G are said to be 
equivalent if their representation spaces are isomorphic. Two matricial 
representations Pi, P2 of G are said to be equivalent if there exists a 
regular matrix 7 such that 

P2(ff) = 7Pi(v)7“‘ 

holds for every azG (this implies that Pi and P2 have the same degree). 
The following statements are easy to prove : if the matricial representa- 
tions Pi, P2 are equivalent, they have a common abstract form and 
every abstract form of Pi is equivalent to every abstract form of P2; 
if Pi and P2 are equivalent abstract representations of G of positive 
degree, then any matricial form of Pi is equivalent with any matricial 
form of P2. 
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Let (^, P) be any S-module. A vector subspace Q of ^ is said to 
be invariant (with respect to P) if we have P(<r)0 C ^ ^0*“ every azS. 
This being the case, the contraction Pi(<r) of P((r) to O is a linear endo- 
morphism of O; the pair (O, Pi) is an S-module, which is called a sub- 
module of (^, P). Moreover, if e is an arbitrary vector in •?), the 
residue class modulo O of P(<r)e depends only upon the residue class 
e* of e. If we denote the residue class of P((r)e by A(ff)e*, then 
A(ff) is a linear endomorphism of ^/O, and the pair (“iP/O, A) is an 
/S-module. If ^ is a representation space of a group G, and if O is an 
invariant subspace, Cip, Pi) and CiP/jQ, A) are also representation spaces 
oiG. 

Let O be an invariant subspace of an S-module CiP, P) of positive 
dimension. We may select a base (Ci, • • • , e^) in ^ such that 
the elements Cl, • • • , e, form a base of O. If aSS, the matrix which 
represents PCv) with respect to the base Ci, • • • , Cj has the form 



N(<t)\ 
A((r) / 


where Pi(<r) and A(<r) are square matrices of degrees r and d — r 
respectively and where N(<r) is a rectangular (r, d — r) -matrix. The 
matrix Pi(<r) represents the contraction of Pi to O (with respect to 
the base {ci, • • • , e,} inO); the matrix A((r) represents the endo- 
morphism of 'iP/O which corresponds to P((r) (with respect to the base 
of '5P/0 formed by the residue classes of Cr+i, • • • , Cd). 

Now, let “ip, O and 9? be three invariant subspaces of some S-module. 
We have the following “ homomorphism theorems,” due toFr. Noether: 

I. 7/ 91 ([ O C 0/91 is an invariant subspace of 93/91, and 93/0 
is isomorphic to (93/91)/ (0/91). 

II. The spaces 93+0 and 'iP *^0 are invariant, and 93 + 0/0 is 
isomorphic to 93/95 '^O. 

Moreover, the isomorphisms whose existence is asserted are 
“natural isomorphisms”; i.e. they can be defined without reference 
either to the set S or to the mapping of S in the set of endomorphisms 
of the S-module under consideration. 

For the proof of these facts, we refer the reader to van der Waerden, 
Moderne Algebra, I, Chap. VI, p. 148. 

Definition 1. An S-module 93 is said to be simple if it is of dimension 
> 0 and if the only invariant subspaces of 93 are {0} and 

This definition includes in particular the definition of a simple 
representation space of a group G. Such a representation space is 
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also very often called irreducible. The corresponding representation 
of G is also said to be simple or irreducible. A matricial representation 
of a group G is said to be simple or irreducible if an abstract form of it 
is simple. 

Definition 2. An S-module is called semi-simple if it can be repre- 
sented as a sum of simple sub-modules. 

Remark 1. The sum of a collection {Oa} of subspaces of a vector 
space is the set of vectors of the form St,ea, with CaSOa, only a finite 
number of the vectors Ca being ^ 0. It is clear that a sum of invariant 
subspaces of an <S-module is an invariant subspace. 

Remark 2. An (S-module of dimension 0 will be considered as 
semi-simple; such a module can be considered as the sum of an empty 
collection of sub-modules. 

Proposition 1. A semi-simple S-module 'ip can be represented as 
the direct sum ^ of a finite collection $ = {O,} of simple 

sub-modules. Moreover, if we have a representation of this kind, and if 
O. is any invariant subspace of then there exists a sub-collection 4>o of $ 
such that ^ is the direct sum of O and of the sum of the sub-modules 
belonging to 

By assumption, ^ is the sum of some (finite or infinite) collection 
4^ of simple sub-modules. We take a base of ‘iP, and we represent 
every element of this base as a sum of vectors belonging to the sub- 
modules of the collection 4^; in this way, we see that 'ip can certainly be 
represented as the sum of some finite collection 4^1 of simple sub- 
modules. Among all finite subcollections of 4^ which have the property 
that the sum of their terms is “p, we select one, say with the smallest 
possible number of elements. I^et Oi, • • • , Oa be the distinct 
elements of 4>. We have P = 2f_iO,. We assert that this sum is 
direct. In fact, assume that we have a relation of the form f i -|- • • • 

-j- Ia = 0, with £,sO, (1 ^ f ^ h). We have fiSOi ^ (O 2 + • • • 

-1-Oa)- Now, 0 i '^(02 -!-••• +Oa) is an invariant subspace of 
Oi; if we hadOi (O 2 + • • • +Oa) = Oi,Oi would be contained 
in O 2 + • • • + Oa, and O 2 + • • • + Oa would be equal to P, in 
contradiction with our choice of 4>. Since Oi is simple, we have 
Oi (CI 2 + • • • +Oa) = {0), fi = 0. In the same way, we see 

that f< = 0 (1 ^ i ^ h). Our assertion is thereby proved. 

Now, let O be any invariant subspace of p. We consider those 
subsets of $ which have the property that P is the sum of O and 
of the sum of the modules of (for instance = #). Among these 
subsets, we select one, say 4*0, with the smallest possible number of 
elements. If O,-,, • • * , O,-, are the elements of 4>o, an argument 
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entirely similar to the one used above shows that ^ is the direct sum 
of O, • • • , Oi,. 

Proposition 2. Let jp be an S-module which has the following 
property: if Q. is any invariant subspace of ip, there exists an invariant 
subspace O' such that 'iP is the direct sum of O and O'. Then ^ is 
semi-simple. 

Let 'iPi be the sum of all simple sub-modules of By assumption, 
^ is the direct sum of "pi and of an other invariant subspace 9i. If 
we had dim 91 > 0, would contain some simple sub-module (for 
instance, an invariant subspace of 91 of smallest positive dimension 
would give a simple sub-module contained in 91). But any simple 
sub-module is contained in Pi and Pi 91 = {0} : the assn nption 
dim 91 > 0 leads to a contradiction. It follows that 9f = {0}, 
P = Pi. 

Proposition 3. Let p =Qi -f • • • Oa = + • • • +0(' be 

two representations of a semi-simple S-module P os a direct sum of 
simple S-modules. Then we have h = h' and there exists a permutation 
03 of the set {I, • • • , h] such that £ii is isomorphic to ^ i ^ h). 

We shall construct the permutation w. Suppose that w(f) is 
already defined for i < k (where k ^ h) and has the following prop- 
erties: o) u{i) 9^ w(j) for i < j < k; b) Q((„ is isomorphic to Oi 
(for i < k); c) we have 

P = 

We consider the invariant subspace 

O = 2i<;iOa(i) -f- 

By Proposition 2, there exists an invariant subspace Q' which is the 
direct sum of a certain number of the spaces Oj and which is such that 
P is the direct sum of O and O'. Therefore O' is isomorphic to P/O, 
i.e. to O*. It follows that O' is simple and therefore that O' is one 
of the modules Oj, say O' = Oy,. Since Oad, Q O for i < k, we 
have jo 7^ o){i) for i < k. We define «(A:) to be the number jo- It is 
clear that the function w(i), now defined for i < /b -f- 1, satisfies the 
conditions a), b), c) above (with k replaced by A: -|- 1). 

Because we can define the univalent function w on the set {!,•••, 
h}, we must have h' ^ h. Since the two decompositions play symmet- 
ric roles, we have also h' ^ h, whence h = h'. Proposition 4 is there- 
by proved. 

Now, let P be the representation space of a semi-simple represen- 
tation P of a group G, and let A be any irreducible representation of G. 
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If we decompose 'ip into a direct sum of simple subspaces, we may count 
the number of these subspaces which yield representations which are 
equivalent to the given representation A. It follows from Proposition 
3 that this number is independent of the particular decomposition 
of ^ which is used. The number in question is called the number of 
times that the representation A is contained in the representation P. 

Proposition 4. Let (^, P) be a simple S-module over an algebraically 
closed field K. Assume that all the endomorphisms P(<r) (aSS) mutually 
commute. Then ^ is of dimension 1. 

In fact, let <r be any element of S. Since K is algebraically closed, 
there exists an elemept uzK and a vector e 7^ 0 in ^ such that P((r)e 
= UQ. Let O bo the set of vectors e satisfying this condition. 
It is clear that d is a vector subspace of Furthermore, if azS, 
esCl, we have P(o-)P(T)e = P(T)P(<7)e = 'MP(T)e, whence P(T)eeO, which 
means that O is invariant. Since “iP is simple, it follows that O = “ip. 
In other words, for every o-sS, there exists an element u{a)&K such 
that P(<r)e = w(<T)e for every ee'^J. It follows immediately that any 
vector subspace of ^ is invariant. Since ^ is simple, it coincides 
with the subspace generated by any vector e 0 in whence 
dim ip = 1, 

§11. Representations of Compact Lie Groups 

Let ® be a topological group. By a (matricial) representation 
of ® we mean a continuous homomorphism of ® into either the group 
GL(n; C) (“complex representation”) — or the group GL{n; R) (“real 
representation”). 

Theorem 1. Any real representation of a compact Lie group is 
equivalent to a representation by orthogonal matrices. Any complex 
representation is equivalent to a representation by unitary matrices. 

Let us consider the case of a complex representation P of a compact 
Lie group We set 

ai(or) = ‘P(<r) • P(o-) 

The matrix ai(<r) is always hermitian positive definite (cf. the proof 
of Proposition 1, §V, Chapter 1, p. 14). The coeflScients of ai(o-) 
are continuous functions of <t on @. 

We shall now make use of the invariant process of integration on ®, 
normalized as usual by the condition J@1 • d<r = 1 (cf. §VIII, Chapter 
5, p. 167). We set 

ofi = /@Q!i(ff)d<r 
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(i.e. the coefficients of ai are the integrals over ® of the coefficients of 
ai(<r)). Since we have *a:i(ff) = ai(<r) for every <r, we have also *ai 
= diiai is hermitian. If a is any vector in C" (where n is the degree 
of our representation) we have 

a • ceiE = /@a • ai(ff)a da 

Since ai((r) is positive for every a, we have a • ai(v)a ^ 0, whence 
a • aia ^ 0; this proves that ai is positive. Since ai(cr) is definite, we 
have a • ai((r)a > 0 provided a 0, whence a • aia > 0; we see that ai 
is a hermitian positive definite matrix. 

If T is any fixed element in we have 

‘P(T)aiP(T) = /®‘P(T)‘P(<r)P(<7)P(T)d«r = /@‘P(oT)P(ffT)dff 

= /®'P(<r)P((r) da = ai 

in virtue of the invariant character of our integration. 

We have seen in the course of the proof of Proposition 1, §V, 
Chapter 1, p. 14 that a positive definite hermitian matrix ai may be 
written in the form a*, where a is also hermitian positive definite. 
We set P^r) = aP(T)a“b Since *a • a = = ai and ‘P(T)aiP(T) 

= ai, it follows from an easy computation that the matrix *(aP(T)d“i) 
(aP(T)a”') is the unit matrix. This means that the representation 
aPa“‘ is unitary. 

If now P is a real representation, then ai is a real matrix, and we 
may assume a to be real. It follows that the matrices aP(T)a“‘ are 
real and unitary, i.e. orthogonal, which completes the proof of Theorem 
1 . 

Corollary. Every representation of a compact Lie group is semi- 
simple. 

By Theorem 1, we may limit ourselves to the consideration of a 
matricial representation P of our compact Lie group ® by unitary or 
orthogonal matrices. 

In the complex case, we may consider that the representation 
space is C". Let iP be any invariant subspace, and let “iP' be the vector 
subspace of C" composed of the vectors f such that e • f = 0 for all 
ee*!p. If feip', we have 

e . P(«r)f = ‘P(<r)e • f = P(<r-‘)e -1 = 0 

for all ee^ and aS®. It follows that iP' is an invariant subspace of 
C\ 

We know that e - 6 = 0 implies e = 0; it follows that 

= { 0 }. 
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Let {ei, • • • , e<j} be a base The vectors fs'ip' are those 
whose components satisfy the d linear homogeneous equations f • e< 
= 0 (1 ^ f ^ d); it follows that the dimension of is at least n — d. 
Since 'iP iP' = {0}, the dimension of ^ is at least d + (n — d) 
= n. Therefore, we have 'iP + = C”. Corollary 1 then follows 

from Proposition 2, §1, p. 171. 

The argument would be entirely similar in the real case. 

§111. Operations on Representations 
1. The star representation 

Let <p be an endomorphism of a vector space 'iP over a field K, and 
let be the dual space of ^ (i.e. the space of linear functions on ^ 
with values in K). If X is any element of "iP', we define V(^) to be 
the element of which is defined by (V(^))(e) = for every 

ee'ip. It is clear that V is an endomorphism of 'iP'. Moreover, if 
ipi and ip 2 are endomorphisms of 'iP, we have 

o ^ 2 ) = *^2 o Vi 

Let {ci, • • • , e<i} be a base of There corresponds to this base 
a dual base {Xi, • • • , X^} of such that X,(e,) = (1 ^ i, j ^ d). 

If a is the matrix which represents the endomorphism <p with respect 
to the base {ei, • • • ,©<*}, then the matrix which represents V with 
respect to the base {Xi, • • • , X^} is the transpose *a of a. 

Now, let CiP, P) be a representation space of a group G. The for- 
mula ‘P(<rf) = *P(t) o *P(o-) shows that ‘P is not in general a repre- 
sentation of ®, but that the mapping a — > 'P(a~‘) is a representation. 
If P is a matricial form of P, then the mapping <t — > (P(<r)) * is a matricial 
form of the representation a — » *P(<r“*)' 

Definition 1. 7/ P is an abstract representation of a group G, the 
mapping <r — > ‘P(v-‘) is called the star of the representation P and is 
denoted by P*. 7/ P is a matricial representation of G, the mapping 
(T — » (P(ff))* is called the star representation of P and is denoted by P*. 

Proposition 1. Let P 6c a unitary matricial representation of a 
group G (i.e. a representation which assigns to every asG a unitary matrix). 
Then P* coincides with the imaginary conjugate representation P 0 / P 
(i.e. P(<r) = P(<r)). If P is an orthogonal representation of G, then 
P* = P. 

This follows immediately from the definitions. 

On the other hand, we observe that (P*)* = p for any matricial 
representation P. 
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2. The addition of representations 

Let (^1, Pi) and (^2, P2) be representation spaces of a group G, 
We construct the product iPi X ‘!P2 of iPi and i|J2, and we assign to every 
ffSCr the linear endomorphism P(<r) of iPi X iP2 defined by 

P((r)(ei, 02) = (Pi(<r)ei, P2(<r)e2) • • • i = 1, 2) 

It is clear that P is a representation of G. We say that P is the sum 
of the representations Pi and P2, and we write P = Pi + P2- 

Let {e„i, • ‘ be a base in iPm (wi = 1 , 2 ). Let (a„) and 

(6*1) be the matrices which represent Pi(<7) and P2(v) with respect to 
these bases. Then fi = (cu, 0 )j • • • , fd, = (cw,, 0 ), fd,+i = ( 0 , 621), 
• • • , fd,+d£ = ( 0 , e2dj) form a base in ^1 X '?)2, and the matrix which 
represents P((r) with respect to this base is 

(iflii) (0)\ 

V(0) (6*0/ . 

This leads to the following definition: if a and /3 are square matrices 
of degrees di and respectively, we shall denote by a -f- /3 the matrix 

(0 t ) 

of degree di + ^2. 

Now, if Pi and P2 are matricial representations of a group G, 
we shall of course denote by Pi -j- P2 the matricial representation which 
assigns to every aSG the matrix Pi((r) -j- P2(o). It follows immediately 
that, if Pi, P2 and P3 are three matricial representations of G then 
(Pi + P2) + P3 = Pi + (P2 + Pa) and (Pi + P^)* = P* + P*, If P„ 
P2 and Pa are abstract representations, the two sides of the preceding 
formulas are not equal, but equivalent. 

If Pi and P2 are either abstract or matricial representations, then 
P2 + Pi is equivalent to Pi + P2« In fact, assuming Pi and P2 
to be abstract representations, let (iPi, Pi) and ('!P2, ,P2) be their repre- 
sentation spaces. The linear isomorphism (ei, 62) —*■ (62, Ci) of 
iPi X ^2 with iP2 X 'iPi is clearly an isomorphism of (iPi X ^2, Pi + P2) 

with ('552 X 'iPi, P2 4 - Pi)- 

3. The Kronecker product 

Let C^li, Pi) and (“iPa, P2) be representation spaces of a group G. 
Denote by 58 the space of bilinear functions on iPi X 5P2 with values 
in K. Let <pi {i = 1, 2) be a linear endomorphism of 5 Pi- If we assign 
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to every bilinear form BeSB the bilinear form defined by 

ej) = <^262) (e.e'ip,, i = 1, 2) 

we clearly obtain a linear endomorphism ^ of S. We shall say that ^ 
is the linear endomorphism of !93 which corresponds to the pair (^i, ^>2). 
Let 0i be some other endomorphism of (f = 1 , 2 ), and let w be the 
linear endomorphism of 93 which corresponds to the pair (0i, 02). 
Then we see easily that the linear endomorphism which corresponds 
to the pair (<pi o 0 j, ^2 o 02) is ir o We may compensate for this in- 
version of order by going over to the corresponding endomorphisms 
in the dual space 93 ' of 93 , because ‘(ir o o V. 

Definition 2 . Let 9)1 and 9^2 be vector spaces over a field K. The 
dual space of the space of bilinear functions on 91 1 X 9^2 is called the 
Kronecker product of 9I1 and 9I2 and is denoted by 9I1 x 9 l 2 -‘ 

Let Ci be an element of 91 » (i = 1 , 2 ). To the pair (ci, 62) there 
corresponds a linear function on 93 which assigns to every Bs 93 the 
value B(ei, 62). But a linear function on 93 is an element of 9I1 x 912 - 
Hence we have a mapping of 9I1 X 9I2 into 91 i x 9I2. We shall denote 
by 61 X ©2 the element of 91 i x 9I2 which corresponds to (ci, 62). 

The mapping (ei, 62) ei x €2 is not a linear mapping of 9I1 X 9I2 
into 9I1 X 9I2, but it is bilinear; i.e. we have 

(aci + o'e'i) X 62 = aci X ©2 + o'e'i x 62 / e,> e,'e9}A 

X (062 “I” a 62) — uci X O2 “ 1 “ a ei x ©2 a zK J 

If (Pi is a linear endomorphism of 91 i {i = 1 , 2 ), the linear endo- 
morphism *4/ of 9I1 X 9^2 transforms ei x ©2 according to the formula 

‘^(©1 X ©2) = ^1©1 X ^2©2. 

We shall denote V by <Pi x <Pi- 

Now, let (9I1, Pi) and (9J2, P2) be representation spaces of a group G. 
It follows from what we have said that the mapping <r — » Pi(<r) x P2(v) 
is again a representation of G. This representation is called the 
Kronecker product of the representations Pi and P2, and is represented 

by Pi X P2. 

Let {©ml, • • • , ©m<i„} be a base in 91m (m = 1, 2). Then the did 2 
elements ©u x ©2,- (1 ^ i ^ di, 1 ^ j ^ ^2) form a base in 9I1 x 912- 
In fact, since 9I1 x 9I2 has the same dimension as SB, i.e. did2, it will be 
sufficient to prove that the elements eu x ©2/ are linearly independent. 
Assume that 2 i, 0 i,eii x ©2,- = 0, a„siC; then Si,o,7B(ei,-, 62,) = 0 for 
every Bs 93 . For every pair (t, j) there exists a bilinear function B^ 
* If 9 I 1 “ 91> * 9 I 1 the elements of 91 X 91 are the covariant tensors of order 2. 
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such that Bijifiikt e2j) = 5,ik8,j. If we set B = Bn, we obtain Oj/ = 0, 
which proves our assertion. 

If <f>t is a linear endomorphism of iPi (i = 1, 2), we set 

<PlCu ~ <P2^2i — 

and we have 

(^1 X ^2)(eii X ©2/) = SjHOjnbi,eu x ©21 

If we set fj+<j,(,_i) = eij X 62,1 we have 

(^ 1 X ^2)f, = 

with 

( 1 ) = aikbji 

This leads to the following definition : 

Definition 3. Let a = {aik) and /S = (6,i) be matrices of degrees di 
and di respectively. We denote by ax^ {and call Kronecker product of a 
and jS) the matrix (Cr.) of degree didi whose coefficients are given by 
formula (1). If Pi and P2 are matricial representations of a group G, 
we call the Kronecker product 0/ Pi and P2 the representation Pi x P? 
which assigns to every aSG the matrix Pi(<r) x P2(o‘). 

It follows immediately from our previous considerations that, if a 
and d are matrices of degree di and a' and j8' matrices of degree di, then 

(aj8) X (a'/30 = (oi x a')0 X |8') 

On the other hand, we see immediately that *{a x |8) = ‘a x ‘jS- 
Therefore, if a and |3 are regular matrices, we have (a x /3)* = a* x /3*. 
Since (a*)* = a, we also have (a x /3*)* = a* xP- 

Furthermore, we see easily that a x (|8i + /32) = a x + a x 182. 

It follows that, if Pi, P2 and Ps are abstract representations of a 
poup G, then (Pi x P2)* is equivalent to Pf x P* » and Pi x (P2 + P») 
is equivalent to Pi x P2 + Pi x Pa. Furthermore, Pi x P2 is changed 
into an equivalent representation if Pi and P2 are changed into equiva- 
lent representations. 

Although we do not have a x ^ P x ce, the representation Pi x P2 
is nevertheless equivalent to P2 x Pi* In fact, the representation 
spaces of these two representations are isomorphic under an isomor- 
phism which maps every element of the form ei x 62 (with 
i = 1, 2) onto 62 X ei. It follows that (Pi + P2) x Pa is equivalent to 
PlxPi -i-PsxPa. 

Another simple argument of the same kind shows that (Pi x P2) 
X Pa is equivalent to Pi x (P2 x Pa). 
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4. A remark on the representation Pi x P* 

Let Pi and P2 be matricial representations, of degrees di and d2 
respectively, of a group G. Let O be the set of all rectangular matrices 
with d\ lines and d^ columns ; O is a vector space of dimension did^. Let 
us assign to every <r£G the endomorphism A, of O which maps any matrix 
aSO on A,a = Pi(<r)aP2(ff“'). It is easy to verify that A„ = A, o At 
( ff,TS(?) and that A* is the identity mapping of O if e is the neutral 
element of G. Therefore, the mapping o- ^ A, is an abstract repre- 
sentation A of G. We assert that A is an abstract foim of the represen- 
tation Pi X P* • 

Let us denote by a,+rf,(,_i) the matrix in O which contains a 1 at 
the intersection of the i-th line and the j-th column and has zeros 
elsewhere. The did2 elements a:f+rf,(,_i) (1 ^ ^ di, 1 ^ j ^ di) form 

a base of O. A simple computation gives 

Pi(<T)a,t.,/,(,_i)P2(ff-‘) = 2*iai,(ff)6,i(<r“‘)afci.,,,(i_i) 

where (at.(ff)) and (b;j(<r)) are the matrices Pi(<t) and P2(o’). If we set 
P^W = {b*i(<r)),\vchabvehfi(<r) = and we see that the matricial 

form of A corresponding to our choice of a base in O is Pi x P*> which 
proves our assertion. 

Let Pi be an abstract form of P< {i = 1, 2), and let (^i. Pi) be the 
representation space of P,. The space O may be interpreted as the 
space of linear mappings of ‘!P2 into 'iPi. From this point of view. A, 
may be defined to be the endomorphism of O which assigns to every 
aSO the mapping A,(a) defined by 

AT(a)(e2) = (Pi(ff) o a o P2((r-‘))e2 (e2S'!P2). 

It is easy to extract from this fact a new proof of the equivalence of A 
with Pi X P* • 

§IV. ScHUR’s Lemma 

Proposition 1 (Schur’s Lemma). Let Pi and P2 be two irreducible 
matricial representations of a group G in a field K, of degrees dx and di 
respectively. A necessary and sufficient condition for the equivalence of 
Pi and P2 is that there should exist a rectangular 'matrix a 7 ^ 0 with 
coefficients in K, with dx rows and di columns, such that Pi(or)a = aP2(<»’) 
for every aSG. 

If Pi is equivalent to P2f we have dx = di and there exists a regular 
matrix 7 such that P2(<r) = 7“*Pi(«r)7, whence Pi(<r)7 = 7P2(<r). 

Conversely, let us assume that there exists a matrix a 7 ^ 0 such 
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that Pi((r)a = aP2(<r) for every o-sG. We construct representation 
spaces and 'iP2 for Pi and P2, and we interpret a as a linear mapping of 
^2 into "iPi. Let Oi be the image of ^2 under this mapping; since 
a 7^ 0, we have Oi {0). The formula Pi(<r)a = aP2(ff) shows at 
once thatOi is invariant. Since is irreducible, we haveQi = ^1. 
Let Q2 be the set of vectors in ^2 which are mapped on 0 by a. The 
same formula as above shows that O 2 is an invariant subspace of ^2* 
Since O2 ^ 'iPa, we have O2 = {0}. It follows that a is a univalent 
linear mapping of '^2 onto iPi, which proves that di = di and that a 
is a square matrix of determinant 7^ 0. Hence we may write P2(o’) 
= aPi((r)a“S which shows that Pi and P2 are equivalent. Schur’s 
lemma is thereby proved. 

Let P be an irreducible matricial representation of the group G.' 
The matrices a such that P(cr)a = aP(a) for all aZG obviously form an 
algebra 0 (i.e., if ai and are such matrices, then ai + a2, aia2 and 
aai also have the property in question, where a is any element of K). 
It follows from the proof of Schur’s lemma (applied to the case where 
Pi = P2 = P) that every matrix a 5^ 0 in 0 has an inverse a“‘; it is 
clear that a~* also belongs to 0. We express this fact by saying that 0 
is a division algebra. 

Let y be any element 5^ 0 in 0, and let Z be the set of elements of 0 
which may be expressed in the form R{y), R being' a rational function 
with coefficients in K. It is clear that Z is a field which contains K 
and is of finite degree over K (because Z is contained in the ring of all 
matrices of a certain degree d with coefficients in /C). It follows that, 
if K is algebraically closed, we have Z = K, which means that 7 is of 
the form aE, azK, E being a unit matrix. We have proved 

Proposition 2. Lei P be an irreducible representation of a group G 
in an algebraically closed field K. The only matrices which commute 
simultaneously with all matrices P((r), vSG, are the scalar multiples of the 
unit matrix. 

Proposition 3. Let A and P be two representations of a group G in an 
algebraically closed field K, and assume that P is irreducible. If A and 
A X P* are semi-simple, the number of times that P is contained in A is 
equal to the number of times that the unit representation is contained in 

A X P** 

By the unit representation of a group G we mean of course the 
representation which assigns to every aSG the number 1 (considered 
as a matrix of degree 1). An abstract form of this representation has 
a representation space @ of dimension 1 and assigns to every asG 
the identity mapping of (5 onto itself. 
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Let M be any semi-simple representation of G in K, and let SO? = SD?i 
+ • • * + SD?a be a decomposition of its representation space into a 
direct sum of irreducible subspaccs. We may assume that SD?i, • • • , 
SD?» are all the terms (if any) which are isomorphic to the space @ 
of the unit representation {n is an integer such that 0 ^ n ^ h). 
Then each SD?< with 1 ^ ^ n is spanned by a vector e, 0 such that 

M(<r)ei = e< for every o-sG. Conversely, let f be any vector such that 
M(<r)f = f for every a. We may write f = 2^f<, LeSD?,-. We have by 
assumption 2fi = 2M(v)f», M(<r)fieSD?,; the sum of the spaces 9)?< being 
direct, we have M(a)fi = f, (1 ^ ^ h). If i > n, 90?< cannot con- 

tain any vector fi 5 ^ 0 with this property. It follows that f is a linear 
combination of Ci, • • • , €«. We conclude that the number of times 
that the unit representation is contained in M is equal to the maximal 
number of linearly independent vectors e in SO? such that M((r)e = e 
(or all txzG. 

We come now to the proof of Proposition 3. The representation A 
is equivalent to a sum Ai A* of irreducible representations, 

and A X P* is equivalent to Ai x P* -f * • • + A* x P*. This shows 
that it is sufficient to prove Proposition 3 in the case where A is itself 
irreducible. 

We may take as representation space of A x P* the space of all 
linear mappings A of the representation space 'ip of P into the repre- 
sentation space ? of A (cf. §III, p. 182). The representation A x P* 
then assigns to every <rsG the mapping A A’ = (A((7))4(P(o-))“^. 
If A' = A for all <r, we have A(<r)A = AP((r), and Schur’s lemma says 
that this can happen with &n A 9 ^ 0 only in the case where A and P 
are equivalent. Assuming that this is the case. Proposition 2 shows 
that all elements A such that A' = A for all <r£G are the scalar multiples 
of one of them. This shows that the unit representation is not con- 
tained in A X P* if A is not equivalent to P and is contained exactly 
once in A X P* if A is equivalent to P. Proposition 3 is thereby proved. 

§V. Orthogonality Relations 

Let ® be a compact Lie group, and let M be a matricial representa- 
tion of ® in the field of complex numbers. We shall show how it is 
possible to compute the number of times the unit representation E is 
contained in M. 

We introduce the invariant integration process on ®, normalized 
as usual by the condition that /@1 • d<r = 1. We denote by Mo = 
/@M(<r) do- the matrix whose coefficients are the integrals over ® of the 
coefficients of M(o). 
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We may consider M as a matricial form of an abstract representa- ' 
tion, which we also denote by M. Let SD? be the representation space, 
and let {ei, • • • , e^} be the base in SD? by which the matricial form M 
is derived. If e is any sector in 911, we assert that M(o)Moe == Mo® 
for every ffeG. In fact, we set MWe = Sf_iM<(T)e<. We have 

Mo® = dr)6i 

M(<r)Mo® = ’SiU^Uilr) 

= 2i,/@(m;<((T)u,(T) dT)e,- 

if M(<r) = (m<,(<T)). But we have 

2,/W/i(<r)Mj(T)ey = M((r)M(T)e = M(ffT)e 

and our assertion follows from the formulas 

f&Ui(<rT) dr = f&Ui(T) dr 

Conversely, if £ is any vector such that M(v)f = f for every aSG, 
we have clearly Mo£ = £. It follows that the vectors fe911 such that 
N/Kv)! = £ for all veG are exactly those vectors which are of the form 
MoCf ^69)1. In other words, the number of times that the unit representa- 
tion is contained in M is equal to the rank of the matrix Mo« 

Now, let A and P be two irreducible representations of ® in the 
field of complex numbers. We set 

M(o-) = A(<r) X P*(v) 

Mo = da 

We know that the unit representation E is not contained in M if A 
is not equivalent to P and that E is contained exactly once in M if A is 
equivalent to P. Hence, Mo is the null matrix in the first case, and 
is a matrix of rank 1 in the second case. 

The coefficients of M(<r) are the products of the coefficients of 
h-(<r) by the coefficients of P(<r“‘)- It follows that, if A and P are not 
equivalent, we have 

/@o(<7-)6(<!r~*) da = 0 

where a{a) and b(a) are arbitrary coefficients of A(o-) and P(<r) respec- 
tively. 

In order to investigate the case where A and P are equivalent, we 
shall assume that A = P and that A is a representation by unitary 
matrices (we know that, in any case, A is equivalent, to a representation 
by unitary matrices). Let 8 be a representation space for A, and let 
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{© 1 , • • • , Crf} be the base in 8 which gives rise to the matricial 
representation A. We know that we may consider the space 51IZ of 
linear mappings of 8 into itself as a representation space for A x A* 
= M. Let 0<,- be the element of 9)1 which maps e,- upon e, and e,- upon 
0 for j' 7 ^ j. Then we have 

M(<T)Qii = A(«r)6»,A(<r“*) = ^k.iak,{a)a,t{c~^)Oki 
if A(<r) = (aik(<r)). 

Let 01 be the identity mapping of 8 into itself (i.e. 0i = 2;,0ii). 
We know that the scalar multiples of 0i are the only mappings of 8 
into itself which commute with every A(a), erSG. It follows that Mo0 
is a scalar multiple of 0i for every 0s9)l. We conclude that 

/@aiw(<7)a,{((r-‘) da- = StjC,-/ 

where Ci,- is a number which does not depend on k. We know that, 
f&/M da = da for any continuous function / on There- 

fore we have 

da — hiCi, 

Comparing our two formulas, we conclude easily that c,y = 6,jC with 
some constant c. The value of c can be determined; in fact, we have 
clearly M(<r)0i = 0: for every a, wheiuie Mo0i = 0i, and it follows 
immediately that c = d~^. 

Let us now observe that, if A is a representation by unitary matrices, 
we have a,i(<7“^) = at, (a). 

Definition 1. Let & be a compact Lie group. Any function on ® 
which appears as coefficient of some irreducible representation of ® by 
unitary matrices is called a simple representative function on ®. Any 
linear combination of simple representative functions is called a repre- 
sentative function. 

We have proved 

Theorem 2. Let f and g be two simple representative f unctions on a 
compact Lie group ®. If f and g appear as coefficients in two inequiva- 
lent irreducible representations, we have f &fia)g{a~^) da = 0. Iff and g 
are coefficients of the same irreducible representation of degree d, the 
integral f®f(a)g{a) da is equal to dr^ if f = g and to 0 if f 9 ^ g. 

§VI. The Characters 

Definition 1. Let P be a matricial representation of a group G. 
The trace of the matrix P((t), considered as a function of the element 
ffSG, is called the character of the representation P. 
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Proposition 1 . Two equivalent representations have the same 
character. If a and r are conjugate elements of G and if x is the character 
of any representation of G, we have x(a) = x(r). 

Both assertions follow immediately from the formula SpaPa~^ 
= SpP, where a and are matrices, a having an inverse. 

It is clear that the relationship of equivalence between representa- 
tions defines a division of the set of all representations into classes of 
mutually equivalent representations. 

Definition 2 . A class of representations of a group G is a set of 
representations which is composed of all representations equivalent to one 
of them. 

It follows from Proposition 1 that to every class of representations 
of the group G there is associated a function defined on G, the character 
of any representation of the class. This function is called the char- 
acter of the class. 

Let and ^2 be two classes of representations of a group G in a 
field K. From what has been said in §III, it follows that: 

1 ) the star representation P* of a representation Ps^li belongs to a 
class ill which depends only on ili; 

2 ) the sum Pi P2 of a representation PiSili and a representation 
P2eil2 belongs to a class ili -j- il2 which depends only on ^1 and ^2', 
moreover ^12 -}- i?i = ili -j- i?2: 

3 ) the Kronecker product Pi x P2 belongs to a class x il2 which 
depends only on ^i and il2; moreover, il2 x -ti = ili x il2. 

Furthermore, the operations of addition and Kronecker multi- 
plication are associative in the domain of the classes of representations, 
and the Kronecker multiplication is distributive with respect to 
the addition. However, the classes of representations do not form a 
ring, because subtraction is generally impossible. 

Let us denote by xjj the character of a class of representations 51 . 

Proposition 1 . 7 / 5 ?i and ^2 are two classes of representations, we 
have 

= Xjj, + Xj?, 

In fact, if a and /3 are matrices, we see easily that Sp(a -j- jS) = Spa 
-t- SpP, Spa X /3 = {Spa)(SpP). 

If a class of representations contains an irreducible (a semi-simple) 
representation, every representation of the class is irreducible (semi- 
simple). We then say that the class itself is irreducible (semi-simple). 

Every semi-simple class ^ can be represented in the form 
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the Xi’a being non negative integers and the ^i’s being irreducible 
classes. The number Xi is the number of times that a representation 
of the class is contained in a representation of the class This 
number depends only upon ^ and it is called the number of times 
that is contained in 

Proposition 2 . Let and ^2 be two irreducible classes of represen- 
tations of a compact Lie group ® in the field of complex numbers. The 
integral 

da 

is equal to 0 if Sti 9^ 5?2 a,nd to 1 if = ^2. 

In fact, if Pi is a representation of the class Sti (i = 1 , 2 ), 
is the sum of the elements of the main diagonal of P<(<r) and our 
statement follows immediately from Theorem 2, §V, p. 186 . 

Corollary 1 . The number of times that an irreducible class of 
representations of a compact Lie group is contained in a class ^ is 
equal to 

da 

In fact, if we write ® we have and our state- 

ment follows immediately from Proposition 2. 

Corollary 2 . Two classes of representations of a compact Lie group 
coincide if and only if they have the same character. 

In fact. Corollary 1 shows that, if two classes ^ and have the 
same character, every irreducible class is contained the same number of 
times in ^ and in 

§VII. The Representative Ring 

Definition 1 . The representative ring of a compact Lie group ® is 
the ring generated over the field of complex numbers by the coefiicients of 
all representations of ®. 

In other words, the elements of the representative ring are the 
complex valued functions on ® which may be expressed as poly- 
nomials in the coefficients of the representations of &. 

More generally, let 8 be any set of representations of We shall 
denote by 0(8) the ring generated by the coefficients of the representa- 
tions belonging to 8. 

If 81, 82 are two sets of representations, we shall now find under 
what condition it is true that 0(81) = 0(82).- 

We shall say that the set 8 is closed if the following conditions are 
satisfied: 
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1 ) If PiSS, P2eS, then also Pi -j- PaSS, Pi x PaSS 

2) If an irreducible representation P is contained in a representa- 
tion belonging to S, then PsS. 

3) A representation which is equivalent to a representation belong- 
ing to 6 belongs to 8. 

Let 8i be any set of representations of Let us consider the set 
S of all irreducible representations which are contained in representa- 
tions of the form Ai x • • • x A*, with A.£8i (1 ^ ^ h). If Pi and P2 

belong to if, then every irreducible representation which is contained 
in Pi X Pa also belongs to 5F. Let 8 be the set of representations 
which are equivalent to representations of the form Pi -]-••• -j- P* 
with PySJ (1 ^ j ^ /b). It is clear that 8 is closed and is the smallest 
closed set of representations which contains 81. 

Proposition 1. Let S,i be a set of representations of & and let 8 be 
the smallest closed set of representations containing 81. The ring 0(81) 
coincides with the set A of all linear combinations with complex coefficients 
of coefficients of irreducible representations belonging to 8. 

Let P be any irreducible representation belonging to 8. Then 
there exist representations Ai, • • • , A* in 81 such that P is contained 
in Ai X • • • X Afc, i.e. there exists a regular matrix 7 such that 

7 (Ai X • • • X A/,)7-' = P -j- N 

where N is some representation. Every coefficient of the representa- 
tion Ai X • • • X A* is a product of coefficients of the representations 
Ai, • • • , Aa and hence belongs to 0(8 1). It follows that the coeffi- 
cients of P -j- N (and in particular those of P) belong to o(8i), whence 
A C 0(81). 

If A is any representation belonging to 8, the coefficients of A 
belong to A. In fact, we know that A = 6(Pi -!-•••-[- Pjb)5“* 
where 5 is a regular matrix and where Pii • • • , P* are irreducible 
and belong to 8. 

If P and P' arc two irreducible representations belonging to 8, 
we have P x P'e8. It follows that the product of any coefficient of P 
by any coefficient of P' belongs to A, from which we deduce immedi- 
ately that A is a ring. Since A Q 0(81) and every coefficient of a 
representation of the set 81 belongs to A, it follows that A = 0(81). 

Proposition 2. Let 81 and 82 be two sets of representations of 
A necessary and sufficient condition for the equality 0(81) = 0(82) to 
hold is for the smallest closed sets of representations containing 81 and 
82 respectively to be equal. 
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Proposition 1 shows that the condition is sufficient. To prove 
the converse, let us assume that there' exists an irreducible representa- 
tion" P which belongs to the smallest closed set containing Sj but not 
to the smallest closed set containing fii. Let / be any coefficient 5^ 0 
of P. If g is any coefficient of an irreducible representation belonging 
to the smallest closed set containing 81, we have, by the orthogonality 
relations, 

(1) d<r = 0 

It follows that the same formula holds for any ffSo(8i). Since 

/®/(o')/(o') ^ > 0, 

the function / does not belong to 0(81), whence 0(81) 5^ 0(82). 

Definition 2. We sag that a set 8 of representations of ® contains 
sufficiently many representations if the smallest closed set containing 8 
is the set of all representations of ®. 

It follows from Proposition 2 that this will’ happen if and only if 
0(8) is the whole representative ring. Moreover, it follows from the 
proof of Proposition 2 that, if 8 does not contain sufficiently many 
representations, there exists an irreducible representation P of ® 
such that (1) holds for every g'So(8) and for every coefficient f of P. 

Proposition 3. If ® admits a faithful representation Po, the set 
{Po, Po} contains sufficiently many representations (Po denotes the 
the imaginary conjugate representation of Po). 

We denote by do the degree of Po and we set Po((r) = (a:<;(<r)) 

(1 ^ i,j ^ do). 

Lemma 1. Let f be any continuous function on ® and let a be a 
number 5^ 0. The ring generated by the 2 dl functions »<;(<r) 

contains a function fi such that |/(a) — /i(o-)l ^ a for all 

We denote by j/,+rf,(,_i)(f), j/i+d,(,_i)+d..(f) the real and imaginary 
parts of the coefficients of a matrix f of degree do (1 ^ i, j ^ do). 

The representation Po maps ® in a continuous univalent way onto a 
subgroup of GL(do, C). Since ® is compact, Po is a homeomorphism 
and @1 is compact. To every <re® let us assign the point 
whose coordinates are the numbers yi(Po(o-)), • • • , J/ 2 ao*(Po(<r)). We 
clearly obtain a homeomorphism of ® with a compact subset K of 
R2dt* 'phg function f^ = f o ^-1 is a continuous function defined on 
K. From a well known theorem in topology ‘ it follows that/2 may be 
extended to a continuous function defined on the whole of we 

‘ Cf. Tietze's extension theorem, Lefschetz, Algebraic Topology, 34.2, p. 28. 
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still denote by /2 this extended function. Since K is compact, it is 
bounded; let M be an upper bound for the coordinates of the points 
of iC. By the Weierstrass approximation theorem, we know that there 
exists a polynomial Q{yi, • • • , = Q{y) such that the inequality 

1 / 2 ( 1 /) - Q(.y)\ ^ a 

holds for all points y = (1/1, • • • , such that \yk\ ^ M {I ^ k 
^ 2do). We define the function /i by the formula 

/i(ff) = Q(l/i(Po(<^)), • • • , l/2d,»(Po(<r))) 

Then we have \f(a) - /i(<r)| ^ o for all tre®, • Since 

l/i+<Ji)0— l)(f) — '5'(^«j(r) 

l/t+doO-i)+rfo*(r) = ~ 7 \/ — i (^»7(f) “ ®ty(f)) 

the function fi may be expressed as a polynomial in the functions 
Xi,{a), Xi,{a). Lemma 1 is proved. 

Now, we can prove Proposition 3. Assume for a moment that 
the set 8 does not contain sufficiently many representations. From 
the remark which follows Proposition 2, it follows that there exists a 
continuous function / ^ 0 on & such that (1) holds for every i/eo({Po, 
Pol). Let m be an upper bound for the absolute value of/. Since 
/®/(o-)/(<»-) da > 0, we can find a number o > 0 such that 

am < /@/(<r)/((r) da 

By Lemma 1, there exists a function /iSo({Po, Poj) such that |/(<r) 
~ /i(<^)l ^ for all <re®. It follows that 

\i®fW)Kx) da\ = |/@(/(<r) — fi(a))J(a) da\ ^ am 

which gives a contradiction. Proposition 3 is thereby proved. 

Remark. It follows from Lemma 1 that, if ® is a compact Lie 
group which admits at least one faithful representation, then every 
continuous function on ® may be approximated as closely as we 
wish by a function belonging to the representative ring of ®. Later 
on, we shall prove that this result holds independently of any 
a.ssumption on the existence of representations and we shall derive 
from it the existence of a faithful representation. 

Now, let ^ be a closed subgroup of our compact Lie group ®. If 
P is a representation of ®, the contraction to ^ of the mapping a P(<r) 
is a representation of which we shall call the contraction of P to 
Proposition 4. Assume that a compact Lie group ® admits ai least 
one faithful representation, and let ^ be a closed subgroup of ®. Then 
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every irreducible representation of ^ is contained in the contraction to $ 
of some representation of ®. 

Let Po be a faithful representation of & and let Ao be the contraction 
of Po to Then Ao is a faithful representation of and therefore 
the set {Ao, Ao} contains sufficiently many representations of It 
follows that every irreducible representation of ^ is contained in 
some representation of the form Ao x * • * x Ao x Ao x • • • x Ao. 
But any such representation is clearly the contraction to ^ of some 
representation of ®. 

Proposition 6. Let & be a compact Lie group which admits at least 
one faithful representation and let ^ be a closed subgroup of If 
^ 7^ there exists at least one irreducible representation of &, distinct 
from the unit representation, whose contraction to § contains the unit 
representation of 

Let us select a representation P® in each class ^ of equivalent 
representations of Denote by f{i, j; Pt) the coefficients of P®. 
Every function / of the representative ring o of ® may be written in 
the form 

/ = j; P^)f(i, j; P®) 

where t runs over all classes of irreducible representations and the 
o(L j ; Ps) are constants of which only a finite number are 0. 
Making use of the orthogonality relations, we obtain 

(2) /@/(<r)d<r = a(l, 1;E) 

where E is the unit representation. 

Let us assume for a moment that the contractions to ^ of the 
representations Pt 5^ E never contain the unit representation of 
Then the contraction of each f{i, j; P|j) to ^ will be a linear combina- 
tion of coefficients of irreducible representations of and, if P^ E, 
this expression will involve only coefficients of irreducible representa- 
tions of ^ distinct from the unit repre.sentation. 

By the same argument which was used in proving (2), we see 
that we shall have 


I(f; = 0(1, 1; E) = dc 

where /(♦; is the invariant integral over the compact group 
normalized as usual in such a way that /(I; $) = 1. 

The equality /(/; $) = /©/(h) dcr, which holds for all functions 
/ of the representative ring o, holds also for every continuous function 
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on ®, since such a function can be approximated as closely as we wish 
by a function of o. 

Since ^ there exists a continuous function / on @ which 
satisfies the following conditions: 1) / vanishes everywhere on 
2) / does not vanish identically on Then we have — 0, 

/®/((r)/(<r) d<T 9 ^ 0, which brings a contradiction. 

Let us now return to the study of an arbitrary compact Lie group 
®, without making the assumption that ® admits a faithful represen- 
tation. • Let 91 be the set of those elements ffS® which are represented 
by unit matrices in all representations of @. It is clear that 91 is a 
closed distinguished subgroup of ®. We denote by @1 the group 
®/91. Every representation of ® maps 91 upon the unit matrix, and 
hence defines a representation of @ 1 . Conversely, every representa- 
tion of @1 will correspond to a representation of @. It follows that 
the representative rings of ® and @1 are isomorphic. 

Furthermore, if <r is any element of ®i other than the neutral 
element, there exists a representation P of @1 such that P(<r) is not 
the unit matrix. We shall deduce from this fact that @1 admits a 
faithful representation. 

Since @1 is a Lie group, there exists an open neighbourhood Fi 
of the neutral element ei in ®i which does not contain any subgroup 
of ®i;* we denote by F the complement of Fj in ®i. If P is any 
representation of @ 1 , we denote by 9l(P) the kernel of the representa- 
tion P. It is clear that 91(P) is a closed subgroup of @1 and that the 
intersection of the groups 91 (P) for all representations P is the set 
{ei}. Hence we have 

npWP)^F) = .^ 

Since F is compact, there exists a finite set {Pi, • • • , P*j of repre- 
sentations of @1 such that HjLi (91 (P.) ^F) = (p. It follows that 
nJ-i ^(P*) C since the left side of this inclusion is a group, this 
group must be {ei}. It follows immediately that Pi + • • • -j- P* 
is a faithful representation of ®i. 

From this, we deduce easily. 

Proposition 6. Let ® be a compact Lie group. There exists a 
representation P 0 / @ with the following property: every element of the 
kernel of P is also mapped upon a unit matrix by any other representation 

* Let <r be an element of ® not contained in The function defined on 
^ W {(t) as being equal to 0 on ^ and to 1 at o- may be extended to a continuous 
function on ® (cf. l.c. note 1, p. 190). 

* This follows easily from Lemma 1, §XIII, Chapter IV, p. 127. 
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of The coefficients of the representations P and P form a system of 
generators of the representative ring of ®. 

The last statement follows from Proposition 3, applied to the group 
®i = ®/9l, where 91 is the kernel of P. 

§VIII. The Algebraic Structure of the Representative Ring 

We shall denote by ® a compact Lie group and by o the representa- 
tive ring of ®. 

If P is any representation of ®, we shall denote by d{P) the degree 
of P and by /(i, j; P) the (f, i)-coefficient of P (1 ^ i, j ^ d(P)); o is 
therefore the ring generated by all functions of the form /(i, j; P). 
We know that there exists a finite set of representations of @ which 
contains sufficiently many representations; if {Pi, * * , Pa} is such 
a set, the functions /(i, j; Pa) (1 ^ i, j ^ ^CPa), 1 ^ h) form a set 

of generators of o. We wish to find the algebraic relations which 
hold among these generators. 

It will be convenient to introduce new independent variables 
i; P) (1 ^ ij j ^ d(P), P running over all representations of ®). 
Let u be the ring of polynomials in the variables j; P) with coeffi- 
cients in C (there are infinitely many variables, but each polynomial 
contains only a finite number of them). There exists a homomorphism 
of u onto 0 which maps each u(if j; P) upon the corresponding /(i, j; P). 
Let a be the kernel of this homomorphism. We propose to determine 
a by exhibiting a set of generators of this ideal. 

To every representation P let us assign the matrix r/(P) of degree 
d{P) whose coefficients are the u(i, j; P). Among the polynomials 
belonging to a, we find in particular the following ones : 

1) The coefficients of the matrices I7(Pi 4- P2) — (f^(Pi) + ^^^(P2)), 
f^(Pi X P2) — U{Pi) X U[P2) for all possible choices of the representa- 
tions Pi, P2; 

2 ) the coefficients of the matrices l^{yPy~^) — yU{P)y~^j where 7 
is any regular matrix of degree d{P) ; 

3) the polynomial w(l, 1; E) — 1, where E stands for the unit rep- 
resentation of ®. 

Proposition 1. The polynomials listed under the headings 1), 2)^ 3) 
form a set of generators of the ideal a. 

Let Qi be the smallest ideal containing the polynomials listed in 
1), 2), 3). We have to prove that ai = a. 

Let us select a representation in each class of equivalent irreducible 
representations; let {P«}aeA be the set of representations obtained 
in this way (A being some set of indices). We assert that every 
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polynomial in u is congruent modulo 0 i to some finite linear combina- 
tion of the variables Po) (1 ^ i ,3 ^ (i(Pa);aSA). It is sufficient 
to prove this for the constant 1, for each variable u{i, j; P) and for the 
products of any two of these variables. We have 1 s u{l, 1; E) 
(mod tti), and E is certainly one of the representations Pa. If P is any 
representation, there exists a matrix y such that P = 7(P«, + ‘ ’ 

+ P«*)7“^ («!, • ‘ , ajkSA); it follows that the coefficients of l/(P) 

are congruent modulo Oi to the corresponding coefficients of 7(1/ (Pa,) 
+ •••-}- 1/(P<»»))7“S which are themselves linear combinations of 
the variables u(i, j ; Pa). Finally, we observe that u{i, j ; P) u(i', j ' ; P') 
is a coefficient of C/(P) x U(P') and is therefore congruent modulo tti 
to a coefficient of t/(PxP')» i-e. also to a linear combination of the 
variables u{i, j; Pa). Our assertion is thereby proved. 

Let P be any polynomial in the ideal a. We have 

P = Sa(f, j; a)uii, j; Pa) (mod tti) 

where the a(t, j; a)’s are constants. It follows that Sa(f, j; a)u{i, j; Pa) 
sa, whence Sa(f, j; a)fii, j; Pa) = 0. Multiplying by J(k, 1; Pa) 
and integrating over the group, we obtain (by the orthogonality 
relations) a{k, 1; a) = 0 for all combinations {k, I’, a). It follows that 
PStti) Proposition 1 is proved. 

If we know any system of generators [zi, • • • , z™} of the repre- 
sentative ring 0, we may obtain the algebraic relations among these 
generators in the following way: we express each f(i, j; P) as a poly- 
nomial in the quantities z, and we substitute these expressions in the 
relations among functions/ which result from 1), 2), 3). 

We shall now study the homomorphisms u of the representative 
ring 0 into the field of complex numbers. If Zi, • • • , z^ form a 
system of generators of o, a homomorphism w is uniquely determined 
when the numbers w(zi) = Oi, • • • , w(zm) = Om are given. These 
numbers cannot be taken arbitrarily but must satisfy the relations 
P(oi, • • • , Om) = 0, where the P(zi, • • • , Zm) — 0 are the relations 
which hold among zi, • • ■ , Zm in o. It follows that the homo- 
morphisms of a into C may be identified with the points of the alge- 
braic variety defined by the equations P = 0. 

Definition 1. Let o be the representative ring of a compact Lie 
group ®. The set of homomorphisms of o into the field C of complex 
numbers is called the algebraic variety associated with @. This variety 
will be denoted by 3ll(@). 

If a system of generators {zi, • • • , Zm] is given, the set of points 
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(«(3i), • • • , w(3„))(a)e9in(@)) is called the model of 9R(@) correspond- 
ing to the generators zi, • • • , Zm- 

Definition 2. Let 91 be the set of all representations of a compact 
Lie group ®. By a representation of 9i we understand a mapping f 
which assigns to every PsSI o regular matrix f(P) of degree equal to the 
degree d(P) of P, in such a way that the equalities 

(1) f (Pi + Pa) = f (Pi) + r(P 2 ) ; r(Pi X Pa) = f (Pi) X f (Pa) ; 

f(7P7“‘) = 7f(P)7~‘ 

hold for any representations Pi, P 2 , P 0 / ® and any regular matrix y of 
degree d(P). 

Let w be any homomorphism of the representative ring 0 into C. 
Let u§ assign to any representation P the matrix fi(P) whose coefficients 
are the numbers <i(/(t, j; P)) (1 ^ i, j < d(P)); we obtain a mapping 
which assigns a matrix to every element of 91. 

Proposition 2. If a)t30?(@), the mapping is a representation of 
9i and the mapping w — > f i is a one-to-one mapping of 2IIl(@) onto the set 
of representations of 9i. 

The conditions (1) are obviously satisfied for fu. In order to 
prove that is a representation of 9i, it will therefore be sufficient to 
prove that fi;(P) is a regular matrix. We have P*((r) • ‘P(<r) = 1 (the 
unit matrix) for every aS®. It follows that 

2;/(f, r, ?*)f{k, r, P) = 5a (1 ^i,k^ d(P)) 

Since w is a homomorphism, we have 

2,cb(/(a, i; ?*))u){f{k, j] P)) = 5,* 

whence fi(P*) • T“(P) = 1; which proves that f<5(P) is regular and that 

(2) f«(P*) = (r<;(P))* 

If u)i, 0)2 are distinct elements of 2(ll(®), there exists a representative 
function f{i, j; P) such that wi(/(a, j; P)) ^ <hi{f{i, j; P)) ; it follows that 

f«.(P) fi:(P). , • 

Finally, let f be any representation of 9?. To each variable 
“(b j) P) let us assign the number (o(u{i, j; P)) which stands at the 
intersection of the f-th row and the j'-th column of f(P). Since the 
variables u(i, j; P) are algebraically independent, w may be extended 
to a homomorphism (also denoted by w) of the ring of polynomials 
in the variables u. Since f is a representation of 9i, the polynomials 
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in the categories 1), 2) above are obviously mapped upon 0. More- 
over, let E be the unit representation; then f(E) is a number 0 
which is equal to its own square in virtue of the equality E x E = E. 
It follows that f(E) = 1, whence w(m(1, 1; E) — 1) = 0. 

By Proposition 1, the polynomials of the ideal a are all mapped 
on 0 by the homomorphism w. Since o may be identified with the 
factqr ring of o in the polynomial ring, we see that w defines in a natural 
way a homomorphism w of o into C. It is clear that f = Proposi- 
tion 2 is thereby proved. • 

Remark. We have incidentally proved that, if f is any representa- 
tion of then we have 

f(P*) = (r(P))* 

for any representation P of 

Let fi, fa be any two representations of 91. We see immediately 
that the mapping P f i(P)f 2 ’*(P) is again a representation of 91. It 
follows immediately that the representations of 91 form a group. 

Definition 3. Making use of ike correspondence established by 
Proposition 2 between the elements of an[l(®) and the representations of 91, 
o group structure is defined in 2fll(®). The group obtained in this way 
is called the algebraic group associated with &. 

We shall now introduce a topology in 2n[l(@). To every set of 
generators {zi, • • • , z^j of o there corresponds a model M, of S(Tl(@), 
and the elements of are in a one-to-one correspondence with the 

points of this model. Since Ms (_ C”*, M* carries a natural topology 
(induced by the topology in C”‘): the one-to-one correspondence 
between Ms and S)Tl(@) therefore defines a topology in 9E(@). We shall 
see that this topology does not depend upon the choice of the model 
Ms. Let Ms' be an other model, defined by a set of generators {z[, 
• • • , Then each z< can be expressed as a polynomial in z[, 

■ • , z'„>, and each z(» can be expressed as a polynomial in Zi, • • • , Zm. 

It follows immediately that the correspondence between points of M, 
and Ms' which correspond to the same element of 3Tl(@) is a horoeo- 
morphism, which proves our assertion. 

Let {Pj, • • • , Pi } be a system of sufficiently many representations 
of ®. We .set Po = Pi -j- • • • -}- Pi -|- Pi -I- • • • -i- Pa and we 
denote by do the degree of Po. We know that the dl functions f(i, j ; Po) 
(1 ^ i, j ^ d) form a set of generators of o. Let us assign to every 
we91I(®) the matrix fiCPo), which we also denote by w(Po). It is 
clear that we obtain a representation of the group 9Tl(®) by matrices 
of degree do. Since the functions f{i, j; Po) give rise to a model of 
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9Tl(®), this representation is faithful and is a homeomorphism. It 
follows immediately that the topological structure and the group 
structure on 3T[l(®) combine to define 2ni(®) as a topological group. 

More generally, if P is any representation of ®, the mapping 
w — » fiCP) is a representation of 31l(®). We shall denote this represen- 
tation by P. 

Proposition 3. Let P be o representation of & whose coefficients 
form a system of generators of the representative ring of &. Then P maps 
9Il(@) onto the set of all matrices (a;,,) which have the following property: 
if P is any polynomial such that P(- • ■ f{i, j;P) • • •) = 0 identically, 
then P(- • • Xti • • •) = 0- 

In fact, if <o£S(Il(®), the coefficients of P((io) = w(P) are the numbers 
w(/(t, j; P)). Since w is a homomorphism, the equality P(- • • f{i, j; 
P) . . •) = 0 implies P(- • • (a{f{i,j; P)) • • •) = 0- . 

Conversely, let (a;,,) be any matrix which satisfies our condition. 
Since the elements f{i, j; P) form a system of generators of the repre- 
sentative ring 0, our condition implies the existence of a homomorphism 
« of 0 into C such that j; P)) = Xij (1 ^ i, j ^ d(P)). It follows 
that the matrix (x,,) is equal to w(P), which completes the proof of 
Proposition 3. 

Remark. It can be proved that, if P is any representation whatso- 
ever of then P maps 91l(®) onto the set of those matrices which are 
regular and satisfy the condition stated in Proposition 3. We shall 
omit this proof, which is a little more difficult. 

Corollary. The algebraic group associated with ® is a Lie group. 

In fact, this group is isomorphic (as a topological group) with a 
subgroup of GL{d', C) which is defined by algebraic relations between 
coefficients and is therefore closed in GL{d; C). At the same time, it 
now becomes clear why we have called this group the algebraic group 
associated with ®. 

§IX. Topological structure of the associated group 

Let ® be a compact Lie group, and let £(ll(®) be its associated 
algebraic group. If / is any function belonging to the representative 
ring 0 of ®, then the imaginary conjugate / of / also belongs to o. 
The mapping / — > / is an automorphism of o which changes every 
complex constant into its imaginary conjugate. Now, let w be any 
homomorphism of o into C; it is quite easy to verify that the mapping 
/ — » w(/) is again a homomorphisnu of o into C. We shall denote this 
new homomorphism by w‘. 
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Let P be any representation of ®. We have 

(1) P(«‘) = i‘(P) = 

where P is the imaginary conjugate representation of P. It follows 
that (wiW 2 )‘ = w‘iw* 2 . Since (w‘)‘ = w, the operation ‘ appears as an 
automorphism of order 2 of the group 9Tl(®). This automorphism is 
obviously also a homeomorphism of 31l(®) with itself. 

It follows that the set of elements w for which w = w‘ is a closed 
subgroup ®i of 3K(®). 

Let <r be any element in ®. The mapping/ — »/(o)(/eo) is clearly 
a homomorphism of o into C. If P is any representation of ®, we 
have P(w<,) = w,(P) = P(<7); it follows that the mapping <r — » w, is a 
continuous homomorphism of ® into anrc(®). . This homomorphism 
maps ® onto some compact subgroup ®2 of 31X(®). Since /(v) = /(v), 
we have = w,, whence ®2 C. ®i- We shall prove that ®i = ® 2 . 

Proposition 1. Let w be an element of 9Il(®) such that u = «*, 
‘ being the automorphism defined by (1). Then there exists an element 
ae® such that w(/) = /(<r) for every /So. 

We first prove 

Lemma 1. The group ®i is compact. 

Let Po be a unitary representation of ® whose coefficients form a 
system of generators of o. Wo have, for any wS2fll(®), 

«‘(Po) = «(Po) = «(Pr) = («(Po))* 

(cf. Remark after Proposition 2, §VIII, p. 197). Therefore, if w = w‘, 
the matrix w(Po) = Po(w) is unitary. On the other hand, Po is a 
faithful representation of 3Tl(®) and therefore maps ®i topologically 
onto a closed subgroup of (?L(d(Po)i C). Since this subgroup is con- 
tained in U{d (Pa)), it is compact, which proves Lemma 1. 

Since @i and ®2 are compact Lie groups, in order to prove that 
®i = ® 2 , we may apply the criterion of Proposition 5, §VII, p. 192. 
Let A be any representation of ®i; the contraction of A to ®2 is a 
representation P of ® 2 . Assuming that P contains the unit representa- 
tion of ® 2 , we want to prove that A contains the unit representation of 
®i. There exists by assumption a regular matrix y such that 

1 0....0 
0 

M(<7) 

0 
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for all <re®. Let/ufw) be the coefl&cients of the representation 7 A 7 ~* 
of @1 (1 ^ fc, 1 ^ d(A)). Making use of the representation Po intro- 
duced in the proof of Lemma 1, we denote by x, 7 («) the coeflBcients 
of the representation Po of 5ni(®). The contraction of Po to being 
a faithful representation of &i, we know that the functions Xij{w), 
x,,(a)) form a system of generators of the representative ring of ®i. 
It follows that we have, for w6®i, 

/«(«) = Fkti' • • , Xtjfw), Xii{u), ■ • •) 
where each Fki is a polynomial with complex coefficients. We have 


ii(* ’ ' } * ’ *) — (vS®) 


On the other hand, we have x„(w,) = f(t, j; Po)(cr) for all <rS® and 
x,-,(<w) = w(/(f, j; Po)) for all toS®i. Since to = w‘, we have Xii(u) 
= <o(/(f, j; Po)). Since w is a homomorphism, the relations 

f\t(- • ■ ,f(iJ;Po),f(tJ;Po), ■ • •) = Su 


imply FiiO 


, x.,(to), x.,(co). 


7A(<o)7-‘ = ( * 
* 


) = 5 II, which proves that 

0 ... 0 \ 

*...*) («e®i) 

*...*/ 


and hence that A contains the unit representation of @i. Proposition 1 
is thereby proved. 

In the case where & has at least one faithful representation, the 
representation Po which was used in the proof is faithful. It then 
follows immediately from Proposition 1 that is isomorphic with ® 
(as a topological group). 

Proposition 2. If the compact Lie group @ admits a faithful repre- 
sentation, the group sni((j) is homeomorphic to the product of ® and R”, 
where n is the dimension of ®. 

We make use again of the representation Po of @ which was intro- 
duced in the proof of Lemma 1. Under our assumptions, Po is faith- 
ful. The corresponding representation Po of sni(®) maps topologically 
this last group onto a linear group and maps the elements of ®i 
onto unitary matrices. Furthermore, the argument used in the proof 
of Lemma 1 shows immediately that the following statements hold 
true: if t is any matrix in then t* also belongs to if r is unitary, 
then T represents an element of ®i. On the other hand, it follows 
from Proposition 3, §VIII, p. 198 that ^ is an algebraic group. Propo- 
sition 2 will therefore follow from 
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Lenuna 2. Let $ he an edgehraic subgroup of GL{d; C) such that 
Ihe condition tS^ implies t*s^. If t is any matrix in and if r = a p 
is the representation of r as the product of an unitary matrix o and a 
positive definite hermitian mMrix p, then we have cSv'p, pE^. The group ^ 
is homeomorphic to the product of U (d) and R’*, where n is the 
dimension of $ U(d). 

We can find a matrix p such that pi = ppm“‘ is a diagonal matrix; 
the coefficients of the main diagonal of p are positive real numbers. 
We may write pi = exp ai, with 

lai 0 0 

ai = (o Oz . . . .0 


\0 0 Od 

where Oi, • • • , Od are real numbers. 

The group is obviously also algebraic. We have 

p2 = (T*)~be$, whence p?s§i and p^^S^i for every integer k. 

Let ' • Xii ■ • •) = 0 be any one of the algebraic equations 
which define $i, and let F\x\, • • • , x«) be the polynomial deduced 
from F by the substitution xa — » 0 if i j, xu ~^Xi. We have 

(1) • • • , =0 (fc = 0, ±1, ±2, • • •) 

We shall deduce from (1) that • • • , e‘") is identically zero. 

In fact, we would otherwise have • • • , e*"”) = Stme*-*”, 

where each .4 m is a real exponent and hm 0. Assuming that Ai 
> Aj > • • • , we should have 

for Ifcl sufficiently large and k of the same sign as Ai: this would be in 
contradiction with (1). 

In particular, we have F'(e“*, • • • , e") = 0, whence piS^i, 
pe$, and or = Tp~*e^, which proves the first part of Lemma 2. 

Since <r and p are continuous functions of t, $ is clearly homeo- 
morphic with the product of ^ U(d) and of the set H of all positive 
definite hermitian matrices contained in The proof of the first 
part of Lemma 2 shows that a matrix ptH is of the form exp a, where a 
is a hermitian matrix which has the property that exp taB^ for all 
real or complex t. The matrix -y/ — 1 a is skew hermitian, whence 
exp t — I aS^ ^ U{d) if t is real. This means that \/ — 1 oi belongs 
to the Lie algebra g of ^ l/(d). Conversely, let /3 be any matrix 

such that -v/~l i3ea; then, we have exp when t is purely imag- 
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inary. LetG'(- • • xa • • •) = 0 be any one of the algebraic equations 
which define If we substitute for the a:,/s the coefficients of 
exp <j3, • • Xij • • •) becomes an entire function of t which vanishes 

identically when t is purely imaginary. This function therefore van- 
ishes identically, whence exp The matrix j 8 is hermitian because 

\/ — 1 /3 belongs to the 'Lie algebra of U (d ) ; it follows that exp tfi 
is positive definite hermitian if t is real, whence exp t^eH. We know 
that the mapping \/ — 1 jS — » exp j 8 maps fl topologically onto H, 
which proves the second part of Lemma 2 . 

It follows immediately from Proposition 2 that 911 (®) is a group 
of dimension 2n. Moreover, it follows from the proof of Lemma 2 
that 0 and \/ — 1 g have no element 5 ^ 0 in common. Therefore, 
0 - 1 - \/ — l 0 isa vector space of dimension 2n. Since it is obviously 
contained in the Lie algebra of it must coincide with it. This 
proves; 

Proposition 3. Let &be a compact Lie group which admits a faithful 
representation, and let [Mi, ■ • • , Mn\ bo a base of the Lie algebra of &. 
Let [Mi, M,] = 'ZkCijkMk be the corresponding equations of structure. 
The Lie algebra of the associated algebraic group 3Il(@) has a base 
[Ml, • • • , M„, M[, • ■ • , M'„] such that 

[Mi, Mj] = hkCiikMk, [M'i, M'j] = — hkCijkMk, 

[Mi, M',] = 


§X. Examples 

We shall determine the associated algebraic groups of the linear 
groups which were introduced in Chapter I. 

The associated algebraic group of U{n) is obviously GL(n, C). 

Let us now consider the group SU{n). The identity mapping 
Po of SU{n) into GL{n, C) is a representation of SU{n). It follows 
from Proposition 3, §VII, p. 190 that the coefficients of Po + Po 
form a system of generators of the representative ring 0 of SU(n). 


If aeSVin), we have Po(<t) = (‘Po(<r))~‘ and |Po((r)| = 1 ; it follows that 
the coefficients of PoCc) can be expressed as polynomials in the coeffi- 
cients of Po(<r). Therefore, the coefficients of Po alone form a 
system of generators of 0. Let Po be the representation of the associ- 
ated algebraic group of SU(n) which extends Po and let $ be the 
image of the associated group under Po. Since SU{n) (] SLin, C), 
it follows from Proposition 3, §VIII, p. 198 that Q SL(n, C). We 
have dim $ = 2 (dim SU(n)) = 2{n^ - 1) = dim /SL(n, C), which 
proves that ^ is the component of the unit matrix in SL(n, C). By 
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Lemma 2, §IX| p. 201, we know that SL{n, C) is homeomorphic 
with {SU(n)) X therefore we have $ = SL{n, C). Since Po 

is a faithful representation, we may say that the associated group of 
SU(n) is SL{n, C). 

The identity mapping of 0(n) into GL(n, C) is a faithful representa- 
tion of 0(n) by real matrices. It follows that the coefficients of a 
matrix in 0(n), considered as functions on 0(n), form a system of 
generators of the representative ring of 0{n). It can then be seen 
easily that the associated algebraic group of 0{n) is 0(n, C) and that 
the associated algebraic group of SO(n) is 0(n, C) ^ SL{n, C), which 
is a subgroup of index 2 in 0(n, C). 

The group jSp(n) is the group of unitary matrices a of degree 2n 
such that *aJ<T = J, where 



€» being the unit matrix of degree n. It follows that the condition 
<rsSp{n) implies = 1. On the other hand, we know that Sp(n) 
is connected; it follows immediately that <rS)Sp(n) implies Q = 1. 
Following the same procedure as in the case of SU(n), we see that the 
coefficients of a matrix of Sp(n), considered as functions on Spin), 
form a system of generators of the representative ring of Spin). The 
associated algebraic group of Spin) may therefore be identified with a 
subgroup of Spin, C). If t is a matrix in Spin, C), we have hJr = J, 
whence (*f)*J*f* = J*;but J* = /and(‘f)* = ‘(f*), whence f*e/Sp(n, 
C). By Lemma. 2, §IX, p. 201 we conclude that the associated 
algebraic group of Spin) is Spin, C). At the same time we prove 
that Spin, C) is homeomorphic with Spin) X T?*"*'''", which proves, in 
particular, that Spin, C) is connected and simply connected. 

§XI. THE Main Approximation Theorem 

We have already seen (Lemma 1, §VII, p. 190) that, if ® is a 
compact group of matrices, then any continuous function on ® may 
be approximated as closely as we wish by a function belonging to the 
representative ring o of ®. As we announced earlier, this result holds 
also for arbitrary compact Lie groups. We shall now prove this 
fundamental result, which is due to H. Peter and H. Weyl. 

Theorem 3 (Peter-Weyl). Let ® be a compact Lie group and let f 
be a continuous function on ®. If a is any number > 0, there exists 
in the representative ring of & a function g such that |/(o-) — gia)\ ^ a 
for all ffS®. 
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We shall denote by g tbe space of all complex valued continuous 
functions on Since ® is compact, every function fs% is bounded. 
We shall denote the maximum of the absolute value of / by M(J). 
We have clearly 

M{af) = \a\M(J) (asC) 

M{S + g) < M(/) + M{g) 

We can make 5 a metric space in which the distance of two functions 
f and g is M(J — g). A subset $ of 5 is said to be bounded if there 
exists a number A such that M(f) ^ A for all /e4>. 

The oscillation of a function /sj on a subset .E of @ is the least 
upper bound of the numbers |/(<r) — /(t)| for all o-, rSE. 

A subset # of S is said to be a set of equicontinuous functions if, for 
every number a > 0, there exists a neighbourhood Ua of the neutral 
element in @ such that, / being any function in 4> and a being any 
element of ®,'the oscillation of / on the set irUa is ^ a. 

Lemma 1. Let ^ be a bounded set of equicontinuous functions, and 
let a be a number >0. If a subset <^i of is such that M{f — g) > a 
for all pairs (/, g) of distinct elements of <I>i, we may conclude that 4>i is 
finite. 

Let A be a number such that M(J) ^ A for all /e4>. If ffoS®, the 
set of numbers /(ffo) (for all /e4>) is contained in the compact region 
of the complex z-plane which is defined by the inequality \z\ ^ A. It 
follows immediately that there exists a finite subset 4'<r, of with the 
following property: to every /£4> there corresponds a function /iS^»o 
such that the inequality |/(<ro) — /i((ro)| < a/6 holds true. Let <t 
be any point of troUa/t', we have 

- /i(<r)l ^ |/(a) - /(<ro)l + |/(<7o) - /i(<ro)l + |/i(<7o) - fx{<r)\ < | 

On the other hand, to every pair (/, g) of functions of 4'i we may 
associate a point <t = o-(/, g) such that l/(<r) — g((r)| ^ a. If 
contains m functions, there cannot exist more than m^ pairs (/, g)Sf'i 
X such that <r(/, g)e<roUa/t, because otherwise there would exist 
one of these pairs, say (/, g), such that |/(<r) — /i(<r)| < a/2, |g((r) 
“ /i(‘r)| < a/2 with the same/iSi^,„ and this would imply |/(o-) — g(ff)l 
< o. 

Since ® is compact, it can be covered by a finite number of sets 
V\, • • • , Vs each of which is of the form anUa/i- Since there are 
only a finite number of pairs (/, g)s$i X 4>i such that <r(/, g)sF,- 
(1 ^ ^ N), we conclude that is finite. 
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Lemma 2. If a sequence of functions belongs to a hounded set of 
equicontinuous functions, it is possible to extract from it a subsequence 
which converges uniformly on &. 

In fact, let y be any integer > 0 . We can construct a finite 
subset of with the following properties: 1 ) if /, gs.^^, we have 
■^(/ ~ o) ^ 1/m; 2) if / is any function in there exists a function 
such that M{f — g) < 1/m.‘ Let now Cfm) be any sequence of 
functions in 4>. We denote by Mo the set of all integera > 0. We shall 
define by induction on y an infinite subset M,. of Mo. Suppose that 
M ^ 0 and that M„ has already been defined. Then, since <!>,, is finite, 
there exists a function such that the inequality M(/m — 

< l/(ju + 1) holds for infinitely many integers msM„; M„+i will be the 
set of these integers. We select in each M,, an integer ^ y. Since 
M, My^iovv > y, we have M(/„„ - gf) < l/y, M(fm], - gf) < l/y, 
whence M(fmu fm/x) 2/y. It follows immediately that the sequence 
(/m,.) converges uniformly on ®. 

We shall now introduce in 5 an operation which is a generalization 
of the scalar multiplication defined in Chapter 1 , §III, p. 9. If / 
and g are any functions in %, we set 

f’ 9 = f®fi<r)9i<r) da 

where the integral is the invariant integral defined in §VIII, Chapter V, 
p. 167, normalized by the condition /@1 da = 1 . 

The following properties are obvious: 

1 ) For g fixed, f • g is linear in /, i.e. we have (oi/i + 02 / 2 ) • g 

— ai(/x ' 9) + o>2{fi ' g) (Qi) Q 2 gC). 

2) We have g -f = f- g 

3) If / 7 ^ 0, we have / • / > 0 . 

We shall let ||/|| denote the number (/•/)^ If o, b are any 
real numbers, we have (of + bg) ■ (af + bg) = a^{f • f) .+ 2ab‘3t(J ■ g) 
+ b'‘(g • g), where 91 indicates the taking of the real part. Since this 
expression 15 ^ 0 for all real a, b, we have 

im-9)V^ if-f)i9-9) i.e. m'9)\ ^ ll/li • llffll 

Let I? be a real number such that exp t>)(/ • g) = \f ■ g\. If 

we replace / by (exp \/ — 1 d)f in our inequality, we get the Schwarz 

• Let fi be any function in g- H /i, • • • , fr are already defined, and if there 
exists a function / such that M(.f -/,) ^ !/#» for 1 ^ ^ r, we select such a 

function and call it /,+t. This inductive process cannot be continued indefinitely 
(because of Lemma 1). If it stops with /,, we may take >= {fi, • • • , 
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inequality: 

On the other hand, we have ||/ + g|l* = f "S + 29 l(/ • g) + q' g 
^ ll/ll* + 2||/11 llflfll + \\g\\^ = (ll/ll + 11011)*, which proves MmfcoitfsM’s 
inequality: 

1I/+ nil « 11/11 + llsll. 

Now, let k{<r, t) be a complex valued continuous function defined 
in ® X ® which satisfies the condition 

k{(r, t) = fc(r, (t). 

If / is any function in g, we shall denote by Kf the function which is 
defined by the formula 

Kf{<r) = r)/(T) dr 

We shall prove that Kf belongs to 5. Let a be any number > 0. 
There exists a neighbourhood Ua of the neutral element e in ® such 
that the inequality lfc(<7p, t) — k(<T, r)\ < a holds whenever pSt/o. In 
fact, there would otherwise exist three sequences (am), (pm), (tm) of 
elements in ® such that lim„^_ «p„ = «, lfc(<rmp„, t„) — k(<rm, r»,)| ^ a. 
Since & is compact, the sequences (</„) and (t^) would have subsequences 
converging respectively to elements a, t and we would have \k(a€, r) 
— k(<r, t)1 ^ a, which is impossible. If p belongs to t/,, we have 

(1) lKf(ap) - Kf(<r)\ ^ a/@l/(T)l dr = a(l • 1/1) < a\\f\\ 

which proves the continuity of the function Kf. Moreover, if A 
denotes an upper bound for the values taken by fc on @ X ®, we also 
have 

(2) \Kf(c)\ ^ Af&\f(r)\dr ^ AM 
These two inequalities prove 

Lemma 3. The operator K maps the set of all functions fe^ such 
that 11/11 ^ 1 onto a hounded set of equicontinuous functions. 

Another property of the operator K is expressed in the formula 

(3) Kf-g^f-Kg 

which is entirely similar to the formula which expresses the hermitian 
character of a matrix. In order to prove (3), we observe that 

A/ - 0 = t)/(t) dT)g(a) da = r)f(T)g(a) dc dr 

= J@/(T)(-/#(r, <r)0(«r) da) dr = f ■ Kg 
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We shall say that a number c is an “eigenvalue" of the function k 
if there exists in g a function <p 9 ^ Q such that K<p — ctp. Any such 
function is called an eigenfunction belonging to the value c. 'Our 
next step will be to prove the existence of eigenvalues. 

It follows immediately from ( 2 ) that ||i^/|| ^ -4||/||. Hence the 
numbers IIX/H remain bounded when / varies in the set of functions 
/ such that 11/11 = 1. We shall denote by ||J:|| the least upper bound 
of 1 1 A/I I for 11/11 = 1. It is clear that ||A/|| 4 ||fc|| ||/11 for any function 

m- 

Lemma 4. The number ||A:|| is the least upper hound of the values 
taken by Kf • f when ||/|| = 1. 

If ll/ll = 1, we have |A/-/1 < ||A/1| ||/|| ^ 1|A:||. In order to 
prove the converse, let c be the least upper bound of \Kf • /| for 1 1/| | = 1 . 
It follows immediately that |A/-/| ^ c ||/||2 for any /. Let / and g 
be two functions such that ||/|1 = 1 , ||(/|| = 1 . We have 

K{f^g)-(J+g) Kf f + Kg‘g + Kf-g-\-Kg f 

= Kf-f+Kg-g + 2^{Kf g) ^ c||/+g||* 
(K(f-g))-{f-g) =.Kf‘f + Kg^g- 2 mKf-g) > -c||/-g|l* 

whence 43i(A/ • j) ^ c(||/ + g\\^ + ||/ - gril*) = 2c(||/l|2 + ||g||2) = 4c 
If we assume Kf 9 ^ 0 and take g = ||A/11~*A/, we obtain ||A/|| ^ c. 
This last inequality holds also if A/ = 0 . We have therefore proved 
that ||A:|| = c. 

Lemma 6. One at least of the numbers ||A:|(, — ||A;|| is an eigenvalue 
of the function k. 

We can find a sequence (/«) of functions in % such that ||/,„|| = 1 
and such that A/m ■/„ tends towards one of the numbers ||/(:||, — 11 ^: 1 1 . 
We set c = limm_ A/m • f„. 

Replacing if necessary the sequence (/«) by a subsequence, we may 
assume without loss of generality that the sequence (A/m) converges 
uniformly on ® to a function <p, which clearly belongs to 5 (cf- Lemmas 
2 , 3). We therefore have limm-* « M{<p — Kfm) = 0. 

We observe now that the operation f • g is continuous with respect 
to the metric defined by M. In fact, we have (|/|p = /@/(t)/(t) 
dr ^ (M(/)) 2 , whence l(/i - fi) • (gi - gt)! ^ ||/i - / 2 II ||fifi - grail ^ 
MUx-h)M{g,-g,). 

Since A/m • /m is real, we have 

||A/m - c/m||^ = ||A/ml|* + C*||/m||* - 2c(Afm •/«) 

and the right side tends to ||v>||* — c* as m increases indefinitely. It 
follows that ll^ll ^ |c|, whence ^ 9 ^ 0 provided c 5 ^ 0. On the other 
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hand, we have ^ Hfcil* ^ c*, and therefore the right side 

of our formula is ^ 2c® — 2c(if/m •/».), a quantity which tends to 
0 with l/m. We conclude that limm_,, \\Kfm — c/ml| = 0 and there- 
fore also lim„_,, — cKfm\\ = 0. Since lim*,_,» \\Kfm — <p\\ 

= 0 we have limm_,« M{K{Kfm) — K<p) = 0, whence 

\\K,p - c^ll = lim„_« \\K{KU) - cKSJ,\ = 0 

which proves that Ktp = c<p. Lemma 5 is therefore proved if c 0. 
If c = 0, we have ||A:1| = 0, Kf = 0 for every / and Lemma 5 is then 
trivial. 

We shall say that two functions (p and yp belonging to 5 are orthog- 
onal to each other if ^ ^ is equal to 0. 

Let $ be the set of eigenfunctions of k which belong to eigen- 
values 5 ^ 0. We can find a subset #* of 4* with the following proper- 
ties: a) if V’ and yp are in and <p 9 ^ yp, then • ^ = 0; 6) we have 
ll^ll = 1 for every ^S$*; c) is maximal with respect to the proper- 
ties a), b) (i.e. it is impossible to imbed in a properly larger subset 
of # for which a), b) hold).‘ 

Lemma 6. Let a be a number > 0. There are only a finite number of 
functions in which belong to eigenvalues greater than a in absolute 
value. 

In fact, let <pi, ' ' ‘ , <f>h be functions of such that K<pi = Ciipi, 

|c,| > a (1 ^ i ^ h). We have K{<pi — <p,) = Ci<pi — Cjypj whence 

\\K{(fii — ^,)||® = c- -b c] > 2o®. We know that^M(jfC(v5i — ^,)) ^ 
\\K{<pi — ^,)|| > a y/ 2 . Lemma 6 then fellows'" from Lemmas 1 
and 3. 

Lemma 7. Any function f in $ is a linear combination of a finite 
number of functions in #*. 

Let c be the eigenvalue to which / belongs, and let *pi, • • • , tph 
be the function.^ of belonging to c. We set/' = / — Sj_i(/ • 

Since Kf = cf, K<f>i = C(pi, we have also Kf = cf. Moreover, /' is 
orthogonal to </»!, • • • , <ph- Let yp be any function of distinct from 
<Pi, • ■ ■ , <Ph’, then yp belongs to an eigenvalue d 9 ^ c. We have 

f -yp = \/d{f' • Kyp) = l/d^Kf yp) = c/d{f • whence f ■ yp = 0. 

We see that /' is orthogonal to every function in $*. If we had 
f 9 ^ 0, the set composed of and of the function H/'H"*/' would still 
have the properties o), b) above, which is impossible. Therefore 
f = 0, which proves Lemma 7. 

It follows from Lemma 6 that is a countable set. We arrange 
the elements of in a sequence (^„) (1'^ m < or 1 ^ M ^ Mo 

‘ This follows immediately from Zorn’s lemma. 
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according as to whether is infinite or finite), and we denote by 
the eigenvalue to which <p^ belongs. We observe that, if is a 

finite linear combination of functions of $*, we have llSCpVJ„|l = S|c„|*. 

Lemma 8 (Bessel’s Inequality). If f is any function in g, the 
series S„|/ • ^,,1* is convergent, and its sum is ^ 1|/||*. 

We set Qi — f — • v>m)«’m> where i is any positive integer if 

is infinite, and is at most equal to the number of elements of 
if is finite. We have Qi ’ Vn = 0 {1 ^ ix ^ i)> from which it follows 
easily that 

ii/ir = iyi* + 

which proves Lemma 8. 

Lemma 9. If fs%, the series "ZffKf • converges uniformly on @ 
to the function Kf. 

We have 

^ifKf • = Sj(z/ • ^ = Sj:(/ • K.P,) ^ 

Cfi Cfi 

whence, making use of (2), 

M(Xi(Kfv>M ^ A\\:^{if><pM = A(Sjl/.v.l*) 

and it follows from Lemma 8 that the right side tends to 0 as i and J 
increase indefinitely (in the case where is infinite). Therefore 
the given series does converge uniformly. There remains to prove 
that its sum is Kf. 

We set kniir, r) = k{o, r) — S*_iC„^„(<r)^„(T). Since each c„ is 
real, we have kn(<r, r) = A„(t, <r). If is any function in g, we have 
K„\f/ = K}f/ — 2iC,,(^ • (where Kn is defined for kn as K was 

defined for k). It follows that Knif' ’ Vn = Ky[> ’ <Pii — c,,(^ * <p„) 
= • K(p„ — c,,{f • ^„) = 0 if 1 ^ ^ In particular, if ^ is an 

eigenfunction of K„ belonging to an eigenvalue d 0, we have 
Ip • <p^ = 0 (1 ^ /I ^ »), Kxp = Kn4> = dip and ip is an eigenfunction 
of K belonging to d. It follows that ^ is a linear combination of the 
functions (p, for which c, = d. We have 4' — and b, = ip ‘ ip,, 

whence 6, = 0 if m ^ Let o be a number > 0; if n is choosen to be 
larger than all indices u for which |c„| ^ a (there are only a finite 
number of these indices), we may conclude that |dl < o, whence, by 
Lemma 5, llif„ll ^ o. It follows that lim«_»» ijii^n/ll = 0 (if is 
infinite; if is finite, K,J = 0 if n is the number’ of elements in #*). 
But KrJ = Kf - X^iiKf ’ <p„)<p„, whence \\Kf - <p„)^„[| = 0, 

which completes the proof of Lemma 9. 
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Lemma 10. If the function k{a, t) is of the form xi<r~h), where 
X is a continuous function on & such that x(<r~'^) = x(ff), then every 
eigenfunction of k belonging to an eigenvalue c ^ 0 is a representative 
function on 

If f is any function in % and pS@, we denote by /<> the function 
defined by /'(ff) = /(p<r). Assume that / is an eigenfunction of k 
belonging to an eigenvalue c 0. We have 

c/'Cv) = f&x{<r~^fi'~^r)f{T) dr 

= /®x(v“‘t0/(pt') dr' = /@x(v“V)/'’(t') dr'' 

in virtue of the invariant character of our integration process. Hence 
fo is again an eigenfunction belonging to c. We may assume that the 
functions of the set which belong to c are <pi, • ' • , v>a. By Lemma 
7, we have 

= Sy_igo(p)^J 9'i>(p) = <f>i 

Let P(p) be the matrix (gaip)). Since we have P(pip 2 ) 

= P(pi)P(p 2 ). On the other hand, since each <pi is continuous on the 
compact group it is also uniformly continuous on it follows that, 
for every a > 0, there exists a neighbourhood Ua of the neutral 
element « in ® such that M(¥>< — v’i) < a whenever pSl/a. It follows 
that limp_e gaip) = limp_« = 6^, = ?«(«)• The mapping p 

— » P(p) of & into the set of matrices of degree h is therefore a con- 
tinuous representation of ®, and the functions gi, are representative 
functions. But we have v?,(p) = ^?(€) = SjL.igf„(p)^,(€), which shows 
that each is likewise a representative function. Lemma 10 is 
thereby proved. 

Lemma 11. Let x be a continuous function on ® such that x(<r“*) 
= x(v)» o,nd let a be a number > 0. Then there exists a representative 
function g of @ such that M{x — g) < a. 

Let K be the operator associated with the function k(<T, t) = x(v~*t). 
We determine a neighbourhood V of the neutral element such that the 
inequality lx(o-“‘r) - x(v“01 < o/2 holds for all tSF. We can 
construct a continuous function fi with real non negative values such 
that /i(«) ^ 0, /i(<r) = 0 if <r does not belong to V. The number 
= /©/iW dr is 0; we set / = J~^fi, whence dr = 1. We 

have 

lx(v) - Kf{,r)\ = |x<v-‘) - Kfia)\ = |/@(x(<r-i) - xi<r-hmr) dr\ < ^ 
Making uses of Lemmas 9 and 10, we see that there exists a representa- 
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tive function flf such that M(iS/ — g) < a/2. It follows that Af(x — g) 
< a, which proves Lemma 11. 

Let now / be an arbitrary continuous function on We set 
= /(<^) +/Wi Xiiff) = V-l ( /(g) -/(g)), whence x<(g“0 = X<(g) 
(i = 1, 2) and / = i(xi — V— 1 Xa)- Since xi and xa may be 
approximated as closely as we want by representative functions, the 
same holds for /. Theorem 3 is thereby proved. 

§XII. FIRST APPLICATIONS OF THE MAIN APPROXIMATION 

Theorem 

Theorem 4. A compact Lie group admits at least one faithful 
representation. 

Let ® be a compact Lie group. Making use of Proposition 6, §VII, 
p. 193, we see that, in order to prove that @ admits a faithful represen- 
tation, it is sufficient to prove that, if a is any element of ® distinct 
from the neutral element «, there exists a representation P of @ such 
that P(ff) is not a unit matrix. Let / be a continuous function on ® 
such that f{a) /(«). Since / can be approximated as closely as we 
want by representative functions, we see that there exists a representa- 
tive function which takes distinct values at c and «, and our assertion 
follows immediately from this fact. 

Proposition 1. If ^ is a closed subgroup of a compact Lie group @, 
any irreducible representation of ^ is contained in the trace on $ of some 
representation of ®. 

This follows at once from Theorem 4 above apd from Proposition 4, 
§VII, p. 191. 

Theorem 5 (Theorem of Tannaka). Let 9? be the set of all repre- 
sentations of a compact Lie group ®. Let ®i be the set of all representa- 
tions t of dt which satisfy the supplementary conditions f(P) = f(P), 
where P is any element of and where P is the imaginary conjugate 
representation of P. If we define a multiplication in &i by the formula 
rif 2 (P) = fi(P)f 2 (P), ®i becomes a group. Let <r be any element of ® 
and define the representation f, of by f,(P) = P(g). Then the mapping 
«r — » is an isomorphism of @ with ®i. 

This follows immediately from Proposition 1, §IX, p. 199 and from 
Theorem 4 above. 

Corollary. Let ®be a compact Lie group of dimension n. Then the 
associated algebraic group of ® is homeomorphic to the prodwit of ® 
and R". 

This follows immediately from Proposition 2, §IX, p. 200 and 
from Theorem 4 above. 
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Proposition 2. Let f be a corUinuous function on a compact Lie 
group ® such that f{a) = /(to-t”*) for any a, re®. If a is any number 
> 0, there exists a function fi which is a linear combination of char- 
acters of irreducible representations of ® such that |/(<r) — /i(<r)| ^ a 
for all <re®. 

Let P be any irreducible unitary representation of ®; denote by 
Pi,(<r) the coefficients of P(<r). We have 

gniroT-^) = ^kigik(r)gkii<T)gij(T-^) 

and = Suir). Making use of the orthogonality relations, we 

obtain 

f®gii(T<rr~'^) dr = 0 if i 9^ j 

where d and x are respectively the degree and the character of the 
representation P. 

We know from the general approximation theorem that there exists 
a function /2 of the representative ring of ©such that |/(ff) — fii<T)\ ^ a 
for all <rS®. It follows that |/®/(r(rT~^) dr — dr\ ^ a. 

Since /(cr) = f(jaT~^), we have f®fir(n~') dr = f(a). On the other 
hand, /2 is a linear combination of coefficients of irreducible unitary 
representations of ® and therefore the function /i(<r) = /@/ 2 (T<rT“*) dr 
is a linear combination of characters of irreducible representations of 
®. Proposition 2 is thereby proved. 

§XIII. Compact Abelian Groups 

Proposition 1. A compact connected abelian Lie group ® of dimen- 
sion n is isomorphic (as a topological group) with the n-dimensional 
torus T“. 

In fact, let fl be the Lie algebra of ®. Since ® is abelian, we have 
[X, y] = 0 for any elements X and Y of g. It follows that g coincides 
with the Lie algebra of 7?”. Since R” is simply connected, the universal 
covering group of ® is 7?". But it is well known that a compact connected 
group which is locally isomorphic with 7?” is isomorphic with T”. 

Let j be a real number modulo 1 (i.e. a residue class of the additive 
group of real numbers modulo the group of integers), and let a: be a 
real number whose residue class modulo 1 is y. Since the value of 
exp (2ir -y/ — 1 x) depends only upon j, we may set 

exp (27r \/~^ l) = exp (2ir ») 

The mapping { — » exp (2jr \/ — 1 j) is clearly a representation of T*. 
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Any element <rS7’" may be represented in the form (fi, * • • , Jn), 
with (1 ^ ^ n). If we set P<((r) = exp (2ir \/ — 1 {<), each 

P< is a representation of T”. Moreover, P = Pi + ’ * ' + Pn is a 
faithful representation of T". If mi, • • • , m„ are any integers, the 
mapping o- — » exp (2ir y/ — 1 SimiXi) is a representation of T” which 
we shall denote by P”‘ • • • P“". We have PT"' = Pi (1 ^ ^ n) ; if 

mi, • • • , m„ are all positive, P”‘ • • • P”" is the Kronecker product 
of mi times the representation Pi, • • • , m„ times the representation 

P«. 

We have' P = P 7 ' + • • • + Pn*> by Proposition 3, §VII, p. 190, 
the set {P, P} contains sufficiently many representations of T". It 
follows that every irreducible representation of T" is contained in 
some representation obtained by Kronecker multiplication of P and 
P, each taken a suitable number of times. It follows immediately 
that every irreducible representation of T" is of the form P7‘ • • • P”" 
with suitable integers mi, • • • , m„. 

In the case of T", the irreducible representations are of degree 1. 
Therefore, the Kronecker product of two irreducible representations 
is likewise irreducible. It follows that the irreducible representations 
form a group under the operation of Kronecker multiplication, the 
inverse operation in this group being the passage to the imaginary 
conjugate representation. This group is the product of n times the 
additive group of integers by itself. It is easy to see directly that T” 
is isomorphic with the group of all irreducible unitary representa- 
tions of JR: this is a particular case of the famous duality theorem of 
Pontrjagin. This fact can also be deduced from Theorem 5, §XII, 
p. 211; the latter theorem is therefore a far reaching generalization 
of Pontrjagin’s theorem. 

Let us finally observe that the application to T" of the theorem 
of Peter-Weyl yields the following well known approximation theorem: 

Letf{xi, ’ • • , Xn) he a continuous function of n real variables which 
is 'periodic of period 1 with respect to each variable. Given any number 
a > 0, there exists a trigonometric polynomial (i.e. a function of the form 
g{xi, • • • , Xn) = Sc(mi, • • • , m„) exp (2ir y/ —1 HimiXi)) such that 
|/(«i, • • • , x„) — g{xi, '■•,x„)\^afor all values of Xi, , x„. 
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infinitesimal transformations, 82 
integration of differential forms, 161 
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involutive distribution, 86 
isomorphism, local, 37 

Kronecker product, 179 
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products of, 75 
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unitary, 4, 10 

Maurer-Cartan, forms of, 152 
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special, 119, 203 

Peter- Weyl, theorem of, 203 
Pfaffian forms, 146 
Poincard group, 52 

♦ , 
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representative ring, 188 

Schur^s lemma, 182 
spinor group, 65 
star representation, 178 
submanifolds, 85 
symplectic geometry, 18 
symplectic groups, 21, 33, 36, 60, 203 
complex, 23, 203 

tangent vectors, 76 
Tannaka, theorem of, 211 
topological groups, 26 
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products of, 27 

unitary groups, 4, 33, 36, 60, 119, 202 
special,^ 119, 203 
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